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PEEFACE 


In the first volume we were always concerned with theorems be. 
longing to the projective group, and these theorems were classified 
according as they were consequences of the groups of Assumptions 
A, E ; A, E, ; A, E, P ; or A, E, P, Among the spaces satis- 
fying A, E, P (the properly projective spaces) may be mentioned the 
modular spaces, the rational nonmodular space, the real space, and 
the complex space. Any one of these may be specified categorically 
by adding the proper assumptions to A, E, P. The passage from the 
point of view of general projective geometry to that of the particular 
spaces is made in the first chapter of this volume. 

Having fixed attention on any particular space, we have a set of 
groups of transformations to each of which belongs its geometry. 
For example, in the complex projective plane we find among others, 
(1) the group of all-continuous one-to-one reciprocal transformations 
(analysis situs), (2) the group of birational transformations (algebraic 
geometry), (3) the projective group, (4) the group of non-Euchdean 
geometry, (5) a sequence of groups connected with Euclidean geometry 
(cf. § 54). The groups (2), (3), (4), and (5) all have analogues in the 
other spaces mentioned in the paragraphs above, and consequently 
it is desirable to develop the theorems of the corresponding geometries 
in such a way that the assumptions required for their proofs* are 
put in evidence in each case. This will be found illustrated in 
the chapters on afl&ne and Euclidean geometry. 

The two principles of classification, {a) and (5), give rise to a 
double sequence of geometries, most of which are of consequence in 
present-day mathematics. It is the purpose of this book to give 
an elementary account of the foundations and interrelations of the 
more important of these geometries (with the notable exception of (2)). 
May I venture to suggest the desirability of other books taking 
account of this logical structure, but dealing with particular types 
of geometric figures ? 

The ideal of such books should be not merely to prove every 
theorem rigorously but to prove it in such a fashion as to show in 
which spaces it is true and to which geometries it belongs. Some 
idea of the form which would be assumed by a treatise on conic 
sections written in this fashion can be obtained from § 83 below. 
Other subjects for which this type of exposition would be feasible 
at the present time are quadric surfaces, cubic and quartic curves, 
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rational cm*ves, configurations, linear line geometry, collineation 
groups, vector analysis. 

Books of this type could take for granted the foundational and 
coordinating work of such a book as this one, and thus be free to 
use all the different points of view right from the beginning. On the 
other hand, a general work like this one could be much abbreviated 
if there were corresponding treatises on particular geometric figures 
(for example, conic sections) to which cross references could be made. 

OSWALD YEBLEIT 

Bkooklix, Maine 
August, 1917 




CONTENTS 


CHAPTEE I 


FOUNDATIONS 

SECTION PAOK 

1. Plan of tlie chapter 1 

2. List of Assumptions A, E, P, and Hq 1 

3. Assumption K 3 

4. Double points of projectivities 5 

5. Complex geometry 6 

6. Imaginaiy elements adjoined to a real space 7 

7. Harmonic sequence 9 

8. Assumption H 11 

9. Order in a net of rationality 13 

*10. Cuts in a net of rationality 14 

*11. Assumption of continuity 16 

*12. Chains in general 21 

*13. Consistency, categoricalness, and independence of the assumptions ... 23 

*14. Foundations of the complex geometry 29 

*16. Ordered projective spaces 32 

*16. Modular projective spaces 33 

17. Eecapitulation 36 


CHAPTEE II 

ELEMENTAEY THEOEEMS ON ORDER 


18. Direct and opposite projectivities on a line 37 

19. The two sense-classes on a line 40 

20. Sense in any one-dimensional form 43 

21. Separation of point pairs 44 

22. Segments and intervals 45 

23. Linear regions 47 

24. Algebraic criteria of sense 49 

25. Pairs of lines and of planes 50 

26. The triangle and the tetrahedron 62 

27. Algebraic criteria of separation. Cross ratios of points in space .... 65 

28. Euclidean spaces 58 

29. Assumptions for a Euclidean space 69 

SO. Sense in a Euclidean plane 61 

*31. Sense in Euclidean spaces 63 

*32. Sense in a projective space 64 

83, Intuitional description of the projective plana 67 



CONTENTS 


CHAPTER III 

THE AFFIKE GKOUP IN THE PLANE 

SECTION PAGE 

34. The geometry corresponding lo a given group of transformations ... 70 

35. Euclidean plane and the affine group 71 

36. Parallel lines 72 

37. Ellipse, hyperbola, parabola 73 

38. The group of translations 74 

39. Self-conjugate subgroups. Congruence 78 

40. Congruence of parallel point pairs 80 

41. Metric properties of conics 81 

42. Vectors 82 

43. Ratios of collinear vectors 85 

44. Theorems of Menelaus, Ceva, and Carnot 89 

46. Point reflections 92 

46. Extension of the definition of congruence 94 

47. The homothetic group 95 

48. Equivalence of ordered point triads 96 

49. Measure of ordered point triads 99 

50. The equiaffine group 105 

♦51. Algebraic formula for measure. Barycentric coordinates 106 

♦52. Line reflections 109 

♦53. Algebraic formulas for line reflections 116 

54. Subgroups of the affine group 116 

CHAPTER lY 

EUCLIDEAN PLANE GEOMETEY 

55. Geometries of the Euclidean type 119 

56. Orthogonal lines 120 

57. Displacements and symmetries. Congruence 123 

58. Pairs of orthogonal line reflections 126 

59. The group of displacements 129 

60. Circles 131 

61. Congruent and similar triangles 134 

62. Algebraic formulas for certain parabolic metric groups . 135 

63. Introduction of order relations 138 

64. The real plane 140 

65. Intersectional properties of circles 142 

66. The Euclidean geometry. A set of assumptions 144 

67. Distance 147 

68. Area 149 

69. The measure of angles 151 

70. The complex plane 164 

71. Pencils of circles 157 

72. Measure of line pairs 163 

73. Generalization by projection 167 



CONTENTS 


CHAPTER V 

ORBINAX. AXD IVIETRIC PROPERTIES OP COJHCS 
SECTION PAGE 

74. One-dimensional projectivities 170 

75. Interior and exterior of a conic 174 

76. Double points of projectivities 177 

77. Ruler-and-compass constructions 180 

78. Conjugate imaginary elements 182 

79. Projective, affine, and Euclidean classification of conics 186 

80. Foci of the ellipse and hyperbola 189 

81. Focus and axis of a parabola 198 

82. Eccentricity of a conic 196 

83. Synoptic remarks on conic sections 199 

84. Focal properties of collineations 201 

85. Homogeneous quadratic equations in three variables 202 

86. Nonhomogeneous quadratic equations in t-wo variables 208 

87. Euclidean classification of point conics 210 

88. Classifi.cation of line conics 212 

*89. Polar systems 215 


CHAPTER VI 

INVERSION G-EOMETBY AND RELATED TOPICS 

90. Vectors and complex numbers 219 

91. Correspondence between the complex line and the real Euclidean plane . 222 

92. The inversion group in the real Euclidean plane 225 

98. Generalization by inversion 231 

94. Inversions in the complex Euclidean plane 235 

95. Correspondence between the real Euclidean plane and a complex pencil 

of lines 238 

96. The real inversion plane 241 

97. Order relations in the real inversion plane 244 

98. Types of circular transformations 246 

99. Chains and antiprojectivities 250 

100. Tetracyclic coordinates 253 

101. Involutoric collineations 267 

102. The projective group of a quadric 269 

103. Real quadrics 262 

104. The complex inversion plane 264 

105. Function plane, inversion plane, and projective plane 268 

106. Projectivities of one-dimensional forms in general 271 

*107. Projectivities of a quadric 273 

*108. Products of pairs of involutoric projectivities 277 

109. Conjugate imaginary lines of the second kind 281 

110. The principle of transference 284 



CONTENTS 


CHAPTER VII 

AFFmK AND EUCLIDEAN GEOJtfETRY OF THREE DIMENSIONS 
SECTION PAGE 

111. Affine geometry 287 

112. Vectors, equivalence of point triads, etc 288 

113. The parabolic metric group. Orthogonal lines and planes 293 

114. Orthogonal plane reflections 295 

115. Displacements and symmetries. Congruence 297 

116. Euclidean geometry of three dimensions 301 

*117. Generalization to n dimensions 304 

118. Equations of the affine and Euclidean groups 305 

119. Distance, area, volume, angular measure 311 

120. The sphere and other quadrics 315 

121. Resolution of a displacement into orthogonal line reflections .... 31 7 

122. Rotation, translation, twist 321 

123. Properties of displacements 325 

124. Correspondence betw’een the rotations and the points of space .... 328 

125. Algebra of matrices 333 

126. Rotations of an imaginary sphere 335 

127. Quaternions 337 

128. Quaternions and the one-dimensional projective group 339 

*129. Representation of rotations and one-dimensional projectivities by 

points 342 

130. Parameter representation of displacements 344 


CHAPTER VIII 
NON-EUCLIDEAN GEOMETRIES 

131. Hyperbolic metric geometry in the plane 350 

132. Orthogonal lines, displacements, and congruence 362 

133. Types of hyperbolic displacements 365 

134. Interpretation of hyperbolic geometry in the inversion plane .... 367 

135. Significance and history of non-Euclidean geometry 360 

136. Angular measure 362 

137. Distance 364 

138. Algebraic formulas for distance and angle 366 

139. Differential of arc 366 

140. Hyperbolic geometry of three dimensions 369 

141. Elliptic plane geometry. Definition 371 

142. Elliptic geometry of three dimensions 373 

143. Double elliptic geometry 376 

144. Euclidean geometry as a limiting case of non-Euclidean 376 

145. Parameter representation of elliptic displacements 377 

146. Parameter representation of hyperbolic displacements 380 



CONTENTS 


CHAPTER IX 

THEOKEIVIS ON SENSE AND SEPARATION 
SECTION PAGE 

147. Plan of the chapter 385 

148. Convex regions 385 

149. Piirtlier theorems on convex regions . 388 

150. Boundary of a convex region 392 

151. Triangular regions 395 

152. The tetrahedron 397 

153. Generalization to n dimensions 400 

154. Curves 401 

155. Connected sets, regions, etc 404 

156. Continuous families of sets of points 405 

157. Continuous families of transformations 406 

158. Affine theorems on sense 407 

159. Elementaiy transformations on a Euclidean line 409 

160. Elementary transformations in the Euclidean plane and space .... 411 

161. Sense in a convex region 413 

162. Euclidean theorems on sense 414 

163. Positive and negative displacements 416 

164. Sense-classes in projective spaces 418 

165. Elementary transformations on a projective line 419 

166. Elementary transformations in a projective plane 421 

167. Elementary transformations in a projective space 423 

*•^168. Sense in overlapping convex regions 424 

^169. Oriented points in a plane 425 

^170. Pencils of rays 429 

*171. Pencils of segments and directions 433 

*172. Bundles of rays, segments, and directions 435 

*173. One- and two-sided regions 436 

174. Sense-classes on a sphere 437 

175. Order relations on complex lines 437 

176. Direct and opposite collineations in space 438 

177. Right- and left-handed figures 441 

178. Right- and left-handed reguli, congruences, and complexes 443 

*179. Elementary transformations of triads of lines 446 

*180. Doubly oriented lines 447 

*181. More general theory of sense 461 

182. Broken lines and polygons 454 

183. A theorem on simple polygons 457 

184. Polygons in a plane 468 

185. Subdivision of a plane by lines 460 

186. The modular equations and matrices 464 

187. Regions determined by a polygon 467 

188. Polygonal regions and polyhedra 473 

189. Subdivision of space by planes 475 

190. The matrices iSTa) BTg 477 

191. The rank of * 



CONTENTS 


SECTIOK 

192. Polygons in space 480 

193. Odd and even polyhedra 482 

194. Regions bounded by a polyhedron 488 

196. The matrices and for the projective plane 484 

196. Odd and even polygons in the projective plane 489 

197. One- and two-sided polygonal regions 490 

198. One- and two-sided polyhedra 493 

199. Orientation of space 496 

IKDEX 601 



PROJECTIVE OEOMETRY 


CHAPTER I 

FOUNDATIONS 

1. Plan of the chapter. In the first volume of this hook we have 
been concerned with general projective geometry, that is to say, with 
those theorems wliich are consequences of Assumptions A, E, P. In 
many cases we also made use of Assumption but most of the 
theorems which we proved by the aid of this assumption remain true 
(though trivial) when this assumption is false. The class of spaces 
to which the geometry of Vol. I applies is very large, and the set of 
assumptions used is therefore far from categorical. 

The main purpose of geometry is, of course, to serve as a theory 
of that space in which we envisage ourselves and external nature. 
This purpose can be accomplished only partially by a geometry based 
on a set of assumptions which is not categorical. We therefore pro- 
ceed to add the assumptions which are necessary in order to limit 
attention to the geometry of reals, the geometry in which the number 
system is the real number system of analysis. 

These assumptions are stated in two ways, the one (§ 3) dependent 
on the theory of the real number system and the other (§§ 7-13) 
independent of it. We also state the assumptions (§§ 5, 14, 15, 16) 
necessary for certain other geometries which are of importance 
because of their relations to the real geometry and to other branches 
of mathematics. At the end of the chapter we give a summary of 
the assumptions for the various projective geometries which we are 
considering. 

2. List of Assumptions A, E, P, and Hq. For the sake of having 
all the assumptions before us in the present chapter, we reprint A, E, 
P, and Hq. The assumptions serve to determine a class S of elements 
called points, and a class of subclasses of S called lines. The phrase 

1 
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a point is on a line or a Hne is on a point ” means that the point 
belongs to the line (cf. p. 16, VoL I). 

Assumptions of Alignment: 

A 1. If A and B are distinct points, there is at least one line on 
loth A and B. 

A 2. If A and B are distinct points, there is not more than one 
line on loth A and B. 

A3. If A, B, C are points 
not all on the same line, 
and B and E {B E) are 
points such that B, C, B are 
on a line and C, A, E are 
on a line, there is a point 
F such that A, B, F are on 
a line and also B, E, F are 
on a line. 

Assumptions of Extension : 

E 0. There are at least three points on every line. 

E 1. There exists at least one line. 

E 2. All pomts are not on the same line. 

E 3. All points are not on the same plane* 

K 3'. If is a three-space,^ every point is on S^. 

Assumption of Projectivity : 

B. If a projectivity leaves each of three diMinct points of a line 
invariant, it leaves every point of the line invariant^ 

Assumption 

The diagonal points of a complete guadrangle are noncollinear.% 

As was explained when Assumption P was first introduced, this 
assumption does not appear in the complete list of assumptions for 
the geometry of reals, but is replaced by certain other assumptions 
from which it (as well as H^) can be derived as a theorem. The list 
of assumptions for this geometry will consist of Assumptions A, E, 
and the new assumptions. 



# Cf . § 7, VoL 1. 
t Cf . § 9, VoL I. 


J Cf . § 86, VoL I. 
§ Cf . § 18, VoL I. 
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3, Assumption K. The most summary way of completing the list 
of assumptions for the geometry of reals is to introduce the following : 

K. A geometric numher system (Chap. VI, VoL I) is isomorphic'^ 
with the real numher system of analysis. 

Thus a complete list of assumptions for the geometry of reals is 
A, E, K. 

The use of Assumption K implies a previous knowledge of the real number 
system. t Its apparent simplicity therefore masks certain real difficulties. 
What these difficulties are from a geometric point of view will be found on 
reading §§ 7~13, where K is analyzed into independent statements H, C, R. 
These sections, however, may be omitted, if desired, on a first reading. 

Since a geometric number system in one one-dimensional form is 
isomorphic with any geometric number system in any one-dimensional 
form in the same space, it is evident that the principle of duality is 
valid for all theorems deducihle from Assumptions A, E, K. 

In order that the results of VoL I be applicable to the geometry 
of reals, it must be shown that Assumption P is a logical conse- 
quence of Assumptions A, E, K. Since multiplication is commuta- 
tive in the real number system, this result would follow directly 
from Theorem 7, Chap. VI, Vol. I. The proof there given is, how- 
ever, incomplete. It is shown (Theorem 6, loc. cit.) that if P holds, 
multiplication is commutative; but it is not there proved that if 
multiplication is commutative, P is satisfied. The needed proof may 
be made as follows: 

Theorem 1. Assumption P is valid in any space satisfying 
Assumptions A and E and such that multiplication is commutative 
in a geometric numher system (Chap. VI, Vol. I), 

Proof. It is obvious that the number systems determined by any 
two choices of the fundamental points are isomorphic (cf. 

Theorems 1 and 3, Chap. VI, VoL I), so that we may base our argument 
on an arbitrary choice of these points. We are assuming that multi- 
plication is commutative, and are to prove that any projectivity H 

This term is defined in § 52, Vol. I, 

t The real number system is to be thought of either as defined im.terms which 
rest ultimately on. the positive integers (cf. Pierpont, Theory of Punctions of Heal 
Variables, pp. 1-94; or Pine, College Algebra, pp. 1-70) or by means of a set of 
postulates (cf. E. V, Huntington, Transactions of the American Mathematical 
Society, Vol. VI (1906), p. 17). 
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which leaves three distinct points of a line fixed is the identity. By 
definition, 11 is the resultant of a sequence of perspectivities 

where [IT] denotes the points of the given line. By Theorem 6, 
Chap. Ill, A^ol. I, this chain of perspectivities may be replaced by 
three perspectivities 

Moreover, by Theorem 4, Chap. Ill, Yol. I, the pencils [P] and [QJ 
may be chosen so that their respective axes pass through two of the 
given fixed points of EL. Let us denote these points by and 



respectively and let JIoo be the third fixed point. By another applica- 
rion of Theorem 4 the pencils [P] and [0] may be chosen so that 
their common point P is on the line SUco (fig. 2). 

Now, since P«, is transformed into itself, S, and XI must be 
coUinear. Since is fixed, T, II^, and U must be coUinear. Since 
Py is fixed, Sf T, and are coUinear. If P is any point of the line 
P^Pj,, it is transformed by the perspectivity with S as center to a 
point P of the line P^P ; the perspectivity with T as center trans- 
forms P to a point Q of the line PP^ ; the perspectivity with U as 
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center transforms Q back to a point of the line We have 

to show that H.^ = H. 

Let JTq be the trace on the line of FT\ let be the trace 
of ET\ and is the trace of TJQ, 

The complete quadrangle TBSF determines Q E^HJI), 

and hence (Theorem 3, Chap. VI, Vol. I) in the scale 

The complete quadrangle TBQU determines Q E^EyE^), 

and hence in the scale E^E^E^ 

E^^Hy^E^. 

Since multiplication is commutative, E = E\ which proves the theorem 

The reader will find no difficulty in using the construction above to prove 
that the validity of the theorem of Pappus (§ 36, Vol. I) is necessary and 
sufficient for the commutative law of multiplication and for Assumption P. 


4. Double points of projectivities. Definition. A projective trans- 
formation of a real line into itself is said to be hy^perboliCy parabolicj 
or elliptic,^ according as it has two, one, or no double points. 

It was proved in § 58, Vol. I, that the determination of the double 
points of a projective transformation t 

pa?' = aa?o -f hx^ 
px[ = cx^ + dxy^ 


depends on the solution of the equation 


( 2 ) 

where A = ac? — • 6c. 
its discriminant 


— (c5 -f- rf) p + A = 0, 

This equation has two real roots if and only if 


is positive. Hence we have 

If A. the transformation (1) is hyjperlolic. For an ellijptic or 
jparalolic projectivity A is always positive. 


These terms are derived from the corresponding types of conic sections 
(see § 37). In a complex one-dimensional form a somewhat different terminology 
is used (cf. § 98). 

t In this volume we shall generally write homogeneous cohrdinates in the form 
(jCfl, Xj), whereas in Vol. I we used x^). 
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In case the projectivity (1) is an involution, a = ~ 54, VoL I), 

and hence — 4 A is the discriminant of (2). Hence 

A)i involution is elliptic or hyperbolic according as A is positive 
or negative. 

The intimate connection of these theorems with the theory of linear 
order is evident on comparison with the first sections of Chap. 11. 
A deduction of the corresponding theorems from the intuitive concep- 
tions of order is to be found in Chap. IV of the Geometria Projet- 
tiva of Enriques. 

EXERCISE 

A projectivity for which A > 0 is a product of two hyperbolic involutions. 
A projectivity for which A : 0 is a product of three h^’perbolic involutions. 

5. Complex geometry. Assumption K provides for the solution 
of many problems of construction which could not be solved in 
a net of rationality. But even in the real space the fundamental 
problem of finding the double points of an involution has no general 
solution. 

To see this it is only necessary to set up an involution for which 
A > 0, Take any involution of which two pairs of conjugate points 
AA^ and BB' form a harmonic set H(AA', BB^). If the scale 
i^, JS is chosen so that A = A^ ^ Ji, B = then = P ^ and 
the involution is represented by the bilinear equation (§ 54, YoL I) 

xx^ = — 1 . 

The double points of this involution, if existent, would satisfy the 
equation 

which has no real roots. 

An effect of Assumption K is thus to deny the possibility of 
solving this problem. If, however, we negate Assumption K and 
replace it by properly chosen other assumptions, we are led to a 
geometry in which this problem is always soluble, namely, the 
geometry of the space in which the geometric number system is 
isomorphic with the complex number system of analysis. Although 
this geometry does not have the same relation to the space of external 
nature as the real geometry, it is extremely important because of its 
relation to other branches of mathematics. 
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One way of founding this geometry is to replace Assumption K 
by another assumption of an equally summary character, namely, 

J. A geometric number system is isomorphic with the complex num~ 
her system of analysis. 

Since tliis number system obeys the commutative law of multi- 
plication, the corresponding geometry satisfies Assumption P, and all 
the theorems of YoL I apply. Thus, a set of postulates for the com- 
plex geometry is A, E, J. 

The problem of finding the double points of a one-dimensional 
projectivity is completely solvable in the complex geometry ; for 
any such projectivity may be represented by the bilinear equation 
(§ ^ I) ^ _ 5 _ 

and therefore its double points are given by the roots of 

a)x— 5 = 0, 

which exist in the complex number system. 

The analogous result holds good for an ^^-dimensional projectivity. 
In this case the problem reduces to that of finding the roots of an 
algebraic equation of the Tith degree. 

6. Imaginary elements adjoined to a real space. In this connection 
it is desirable to think of another point of view which we may adopt 
toward the complex space. Suppose we are working in a real geometry 
on the basis of A, E, K (or of A, E, H, C, E ; see below). It is a 
theorem about the real number system* that it is contained in a 
number system (the complex number system) all of whose elements 
are of the form ai -f- 5 where a and h are real and i satisfies the 
equation 4 ^+ 1 = 0. 

Hence it is a theorem about the real space that it is contained in 
another space which contains the double points of any given involution. 

This may be seen in detail as follows: By the theory of homo- 
geneous coordinates the points of a real projective space S are in a 
correspondence with the ordered tetrads of real numbers x^, x^), 

except (0, 0, 0, 0), such that to each tetrad corresponds one point, and 
to each point a set of tetrads, given by the expression (mx^, mx^, 

* Tins same question is discussed from the point of view of a general space and 
a general field in Chap. IX, Vol. I. 
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mx^ where x^, x^, x^ are fixed and m takes on all real num- 
ber values except zero. By the property of the real number system 
mentioned above, the set of all ordered tetrads of real numbers is 
contained in the set of all ordered tetrads z^ where 

z^, z^, z^ are complex numbers. 

Let us define a coinjplex jpoint as the class of all ordered tetrads of 
complex numbers of the form 

{kz^, kz^, kz^, kz^ 

where for a given class z^, z^, z^^ z^ are fixed and not all zero and k 
takes on ah complex values different from zero. Let the set of these 
classes satisfying two independent linear equations 

. 3 ^ Vo + “A + Vo + Vs = 0. 

Vo + Vi + Vo+¥s = 0 

be called a complex line. With these conventions it is easy to see 
that the set of all complex points and complex lines satisfies the 
assumptions A, E, P, and thus the complex points constitute a proper 
projective space. Let us call tliis space S^. 

The space contains the set of all complex points of the form 

{kx^, kx^, kx^, kx^ 

where x^, x^, are all real. Let us call this subset of complex 

points S^. If any set of complex points of which satisfy two equa- 
tions of the form (3) with real coefficients be called a ‘‘real line,” we 
have, by reference to the homogeneous coordinate system in S, that 
the complex points of are iu such a one-to-one correspondence 
with the points of S that to every line in S corresponds a “ real line” 
in S^, and conversely. 

Thus, is a real projective space and is contained in the complex 
projective space S^. Obviously S may also be regarded as contained 
in a complex projective space where S' consists of the points of S 
together with the points of which are not in S^, and where each 
line of S' consists of the complex points of S' which satisfy two 
equations of the form (3) together with the points of S whose coordi- 
nates satisfy the same two equations. 

Definition. Points of the real space S are called real points, and 
points of the extended space S', complex points. Points in >S' but not 
in S are called imaginary points. 
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This discussion of imaginary elements does not require a detailed 
knowledge or study of the complex number system as such. It is, in 
fact, a special case of the more general theory in Chap. IX, VoL I 
(cf. particularly §92), which applies to a general projective space. 
It serves in a large variety of cases where it is sufficient to know 
merely the existence of the complex space S' containing S and satis- 
fying Assumptions A, E, P. It is a logically exact way of stating the 
point of view of the geometers who used imaginary points before the 
advent of the modern function theory. 

There are problems, however, which require a detailed study of the 
complex space, and this implies, of course, a study of the complex 
number system and such geometrical subjects as the theory of chains 
(see §§11, 12, below, and later chapters). 

There is a very elegant and historically important method of intro- 
ducing imaginaries in geometry without the use of coordinates, 
namely, that due to von Staudt.^ It depends essentially on the 
properties of involutions which are developed in Chap. VIII, VoL I, 
and §§ 74-75 of this volume. The reader will find it an excellent 
exercise to generalize the Von Staudt theory so as to obtain the result 
stated in Proposition Chap. IX, Vol. L 

7. Harmonic sequence. We shall now take up a more searching 
study of the assumptions of the geometry of reals. In Chap. IV, Vol. I, 
it was proved that every space satisfying Assumptions A, E contains 
a net of rationality R^, and that this net is itself a three-space which 
satisfies not only Assumptions A and E but also Assumption P 
(Theorem 20). To this rational subspace, therefore, apply all the 
theorems in Vol. I which do not depend essentially on Assumption H^. 
For example, every line of R® is a linear net of rationality and may 
be regarded (with the exception of one point chosen as co) as a com- 
mutative number system all of whose numbers are expressible as 
rational combinations of 0 and 1. 

Throughout VoL I we left the character of this net indeterminate. 
It might contain only a finite number of points or it might contain 
an infinite number. We propose now to introduce a new assumption 
which will fix definitely the structure of a net of rationality. 

* Cf . K. G. C. von Staudt, Beitrage zur Geometrie der Lage, Nurnberg (1856 and 
1857). tJ. Liiroth, Matbematische Annalen, Vol. VIII (1874), p. 145. Segre, Memorif 
della R. Accademia delle scienze di Torino (2), Vol. XXX VIII (1886). 
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Definition. Let JET^, be any three distinct points of a line h ; 
let S and T be two distinct points collinear with but not on h ; 
and let be a point of intersection of SH^ and Denote the 


T 



points of the line h by \H] and those of the line by [K], and 

let n be a projectivity defined by perspectivities as follows : 

[^]£[ir]£[n(^)]. 

The set of points 

E^, E^, E,, 

such that II(Ei)=Ei^^, together with the set 

-ELt, -Shi 


such that Il(E_._^) — E_i, is called a harmonic sequence. The point 
Eaa is not in the sequence but is called its limit point. 

The projectivity 11 is evi- 
dently parabolic and carries 

ir. J 4- 

Theoeem 2. The middle one 
of any three consecutive^ points 
of a harmonic sequence is the 
harmonic conjugate of the limit 
point of the sequence with re- 
gard to the other two. 

Proof. By construction -we have 



Fig. 4 




* This term refers to the subscripts in the notation JET/, 



§§7,8] HAEMOXIC SEQUE]S^CE 11 

CoROLLAKY. All points of a harmonic sequence "belong to the same 
Tiet of rationality. 

Theorem 3. Two harmonic sequences determined by and 

by M^y M^y are projective in any projectivity 11 by which 

Proof. By Theorem 3, Chap.IV, VoL I, the projectivity 11 transforms 
harmonic sets of points into harmonic sets. 

8. Assumption H. By reference to fig. 3 it is intuitively evident 
to most observers that in any picture which can be drawn representing 
points by dots, and lines by marks drawn with the aid of a straight- 
edge, no point H- which can be accurately marked will ever coincide 
with Hj(i ^j)‘ On the other hand, there is nothing in Assumptions 
A and E to prove that ^ because (Introduction, § 2, VoL I) 
these assumptions are all satisfied by the miniature spaces discussed 
in § 72, Chap. VII, Yol. I, and if the number of points on a line is 
finite, the sequence must surely repeat itself. Thus we are led to 
make a iurther assumption. 

Assumption H.* If any harmonic sequence exists, not every one 
contains only a finite number of points. 

The existence of a harmonic sequence determined by any three 
points follows directly from Assumptions A and E. That any two 
sequences are projective follows from Theorem 3. Hence Assumption 
H gives at once 

Theorem 4. Any three distinct collinear points P^, Poo deter- 
mine a harmonic sequence containing an infinite number of points and 
having P^ and P^ as consecutive points and P^ as the limit point. 

Theorem 5. The principle of duality is valid for all theorems 
deducible from Assumptions A, E, H. 

Proof. This principle has been proved in Chap. I, Yol. I, for all 
theorems deducible from A and E. If 77^, 77^, 77^, are any three planes 
on a line Z, let a line V meet them in P^, P^ respectively. The 
projection by I of the harmonic sequence determined on V by P^, P^, 
P^ is the space dual of a harmonic sequence of points. Since the 

* Cf. Gino Fano, Giomale di Matematiche, Vol. XXX (1892), p. 106. Obviously 
Assumption (Vol. I, p. 46) is a consequence of H. Hence, after introducing 
Assumption H, we have that a net of rationality satisfies not only A, E, E but also 
Hq, and thus every theorem in Vol. I can be applied to a net of rationality. 
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sequence of points is infinite, so is the sequence of planes. Hence the 
space dual of Assumption H is true. The principle of duality in a 
plane or a bundle follows as in § 11, Chap. I, Vol, L 

By reference to the definition of addition in Chap. VI, VoL I, it is 
evident on the basis of Assumptions A and E alone that the trans- 
formation a is a parabolic projectivity. Denoting it by a, it 

is clear that if there is any integer n such that is the identity, 
then = c:”*, Iz and m being any integers. Hence, if a has a finite 
period, there is only a finite number of points in a harmonic sequence, 
contrary to Assumption H. Hence 

Theorem 6. A jparaholic jprojectivity never has a finite •period. In 
other words^ if of three points determining a harmonic sequence the 
limit point is taken as oo in a scale and two consecutive points as 0 
and I, then the sequence consists of 

0 

1 -1 

14-1 = 2 

2-h1 = 3 ^2- 1=--3 

34-1 = 4 --3-1=-4 


that is, of zero and all positive and negative integers. 

Corollary 1. The net of rationality determined "by 0, 1, oo consists 

of zero and all numbers of the form — where m and n are positive or 
negative integers. 

Froof. By Theorem 14, Chap. VI, Vol. I, the net of rationality 
determined by 0, 1, oo consists of all numbers obtainable from 0 
and 1 by the operations of addition, multiplication, subtraction, and 
division (excluding division by zero). 

Corollary 2. The homogeneous coordinates of any point in a linear 
planar or spatial net of rationality may he taken as integers. 

Proof. If x^, x^, x^ are the homogeneous coordinates of a point 

in the net, they are defined, according to Chap. VII, Vol. I, in terms 
of the coordinates in certain linear nets. Hence they may be taken 

77h 

in the form 0 or — ^ where m^ and n^ are integers. If m is the product 
of their denominators, mx^, mx^, mx , mx are integers. 
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The first of these corollaries enables ns to obtain the following 
simple result with regard to the construction of any point in a net of 
rationality. Let he the harmonic conjugate of with regard to 

n 

and II _ ^ The sequence 

B;^, ... 

is projective (fig. 5) with 

B^,, B^,, B_,, B,, B,, B,, B,,... 


T 



0 fj 1 Z 3 CO 


Fig. 5 

and therefore must he harmonic. The points B^, B^, B„ determine 
a harmonic sequence 

. . jy_3, B ,, JT_x, B^, B,, B,, ^3, • • •. 

n n n n n n 

By Cor. 1, any point of the net of rationality is contained in a 
sequence of the last variety for some value of n. 

9. Order in a net of rationality. Definition. If and are points 
of R (H^B^B^) different from B^, A is said to ^precede B with respect 
to the scale B^, B^, B^ if and only if the nonhomogeneous co5rdi- 
nate (cf. § 53, Vol. I) of A is less than the nonhomogeneous coordinate 
of B. If A precedes B^ B is said to follow A. 

From the corresponding properties of the rational numbers there 
follow at once the fundamental propositions : With respect to the 
scale B^, B^, B^, (1) if A precedes B, B does not precede A\ {2) HA 
precedes B and B precedes (7, then A precedes C ; (3) if A and B are 
distinct points of R (B^Bffff), then either A precedes Box B precedes 
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The use of the properties of numbers in the argument above and in 

analogons cases does not imply that our treatment of geometry is dependent 
on analytical foundations. Every theorem which we employ here is a logical 
consequence of the assumptions A, E, H alone. 

The argument which is involved in the present case may be stated as 
follows : The coordinates relative to a scale of the points 

* * *, ••• 

of a harmonic sequence, when combined according to the rules for addition 
and multiplication given in Chap. VI, \ oL I, satisfy the conditions which are 
known to characterize the system of positive and negative integers (including 
zero). From these conditions (the axioms of the system of positive and nega- 
tive integers) follow theorems which state the order relations among these 
integers, and also theorems which state the order relations among the rational 
numbers, the latter being defined in terms of the integers. But by Theorem 6, 
Cor. 1, the rational numbers are the coordinates of points in 
Hence the points of R ( ) satisfy the conditions given^ above. 

It wmuld of course be entirely feasible to make the discussion of order in a 
net of rationality without the use of coordinates. 

*10. Cuts in a net of rationality. Definition. Two subsets, [A] 
and [J: , of a net of rationality constitute a mt {A, B) 

with nspect to the scale if and only if they satisfy the 

following conditions ! (1) Every point of the net except Jfa> is in [-4J 
or [.B] ; (2) with respect to the scale JT^, every point of [A] pre- 

cedes every point of [I?]. If there is a point 0 in [N] or in [B] such 
that every point of [U] distinct from 0 precedes it and every point of 
[5] distinct fro:u 0 follows it, the cut is said to be closed and to have 
0 as its cut-point; otherwise the cut is said to be open. The class 
[A] is said to be the lower side and [J?] to be the upper side of the cut 

With respect to the scale //„. E^, E„ any point 0{0^E„) of a net 
R(E^E^E„) determines two sets of points [A] and [r] such that every 
A precedes or is identical with 0 and 0 precedes every B. These sets 
of points are therefore a closed cut having 0 as cut-point. Not every 
cut, however, is closed, for consider the set [^], including all points 
whose coordinates in a system of nonhomogeneous codrdinates hav- 
ing E„ as the point co are negative or, if positive, such that their 
squares are less than 2 ; and the set [B], including aU points whose 

^ An asterisk at the left of a section number indicates that the section may be 
omitted on a first reading. We have marked in this manner most of the sections 
which are not essential to an understanding of the discussion of metric geometry- 
in Chaps. Ill and IV. 
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coordinates are positive and have their squares greater than 2. Since 
no rational number can satisfy the equation 

this equation is not satisfied by the codrdinates of any point in the 
net. The sets [J] and [.S] constitute an open cut. 

Uefinitiox. With respect to the scale an open cut 

^precedes all the points of its upper side and is fveceded hy all points 
of its lower side. A closed cut precedes all the points which its cut- 
point precedes and is preceded hy all points by which its cut-point is 
preceded. A cut (J, B) precedes a cut (C, D) if and only if there is a 
point B preceding a point C, 

Theouem 7. (1) If a cut (A, B) precedes a cut (C, D), then {C, D) 
does not precede (A, B), 

(2) If a cut (A, B) is not the same as the cut {C, B), then either 
(A, B) precedes (C, B) or (C, D) precedes (A, B), or both cuts are closed 
and have the same cut-point, 

(3) If a cut (A, B) precedes a cut {C, B) and (C, B) precedes a cut 
(E, F), then (A, B) precedes (E, F), 

Proof. These propositions are direct consequences of the definition 
above and of the corresponding properties of the relation of precedence 
between points. 

Definition. With respect to the scale a cut (A^, A^) is 

said to be between two cuts {B^, B^ and {C^, in case (B^y B^^) pre- 
cedes (A^, Ag) and (A^, A^) precedes {C^, or in case {C^, C^) precedes 
(A^, Ag) and (A^, A^) precedes (B^, B^). If any one of these cuts is 
closed, it may be replaced by its corresponding cut-point in this defi- 
nition. (Thus, for example, any open cut is between any point of its 
upper side and any point of its lower side.) 

An open cut (A, j^) is said to be algebraic if there exists an equation, 

UqX^ + + h otn = ^7 

with integral coefficients, and two points Aq, jBq, such that the coordinates of 
all points of [A] between A^ and make the left-hand member of this 
equation greater than zero and all points of [^] between A q and B^ make it 
less than zero.* If it is assumed that this equation has a root between A^ and 
this is equivalent to assuming that there exists a point corresponding to 
the cut (A, B) on the line AqBq but not in the given net. 

* It is perhaps needless to remark that not every algebraic equation with integral 
coefficients can be associated in this way with a cut. Tor example, ^ 1 — O, 
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For tlie purposes of geometric constructions it would be sufficient to assume 
tlie existence of cut-points for all algebraic open cuts (see Chap. IX, VoL I). 
For many purposes, indeed, it would be desirable to make tbe assumption 
referred to on p. 97, Chap. lY, Yol. I, and which we here put down for refer- 
ence as Assumption Q. 

Assumption Q. There is not more than one net of rationality on a line* 

But it is customary in analysis to assume the existence of an irrational 
number corresponding to every open cut in the system of rationals, and it is 
convenient in geometry to have a one-to-one correspondence between the points 
of a line and the system of real numbers. Hence we make the assumption 
which follows in the next section. 

It must not be supposed that in the assumption which follows we are 
introducing new points in any respect different from those already considered. 
What we are doing is to postulate that a space is a class of points having 
certain additional properties. The assumption limits the type of space which 
we consider ; it does not extend the class of points. In this respect our pro- 
cedure is not parallel to the genetic method of developing the theory of 
irrational numbers. 

EXERCISE 


The points of R together with the open cuts with respect to the 

scale Hq, JTi, constitute a set [A] of things having the following property: 
If and [T] are any two subclasses of [A] including all A's and such that 
every S precedes every T, then there is either an >8^ or a T which precedes all 
other T’s and is preceded by all other ^’s. 


*11. Assumption of continuity. We shall denote the cut-point of a 
closed cut (ilf, N) by In the following assumption it is not stated 

whether the cuts (A^, JJ, B^^), and (D^, are open or closed. If 
one of them is closed, therefore, the corresponding one of the symbols 
liitist be understood in the sense just defined. 

Assumption C. If every net of rationality contains an infinity of 
points y then on one line I in one net R{H^H^ITf) there is associated 
with every open cut (A, B), with respect to the scale a point 

B) which is on I and such that the following conditions are satisfied: 

(1) If two open cuts {A^ B) and ((7, D) are distinct, the points 
Pu, and jrjj are distinct; 

(2) If (Ay A^) and (By are any two cuts and (Cy any open 
cut letvjeen two points A and B of ^(II^IIyEf), and if T is a project 


tivity such that 






thm T is a point associated with some cut (D^, between 

(A^, A^) and B^. 
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Definition. The set of all points of R together with all 

points associated with cuts in R{H^EJH[^), with respect to the scale 
E^, is called the cham C(E^E^E^), The points of R (E^E^E^) 
are called rational, and any other point of the chain is called irrational 
with respect to R A point associated with a cut which fol- 

lows is called positive, and one associated with a cut w^hich precedes 
E^ is called negative. 

Theorem 8. The point (associated, hy Assumption 0, with an 
open cut (A, B) of R [H^E^Ef), is not a point of R (E^EfBf). 

'Proof The associated point could not be E^, because there are 
projectivities of R{E^EfI„) which leave E^ invariant and change 
the given cut into different cuts, and therefore, by Assumption C, 
change the associated point. Now suppose a point D, distinct from 
E„ but in R {Efdflf), to be associated with some open cut. Since 
the given cut is open, there must be a point A between D and the 
cut. If is a point on the opposite side of the cut from D, A and B 
both precede or both follow D with respect to the scale E^, E^, E^. 
The transformation which changes every point of I into its harmonic 
conjugate with regard to E^ and D has, when regarded as a trans- 
formation of the points of R{E^EfB[^) with respect to the scale 
E^, E^, E^, the equation 

p z=2d^ X, 

where d is the coordinate of D. It therefore transforms rational points 
which follow 2> into rational points which precede it, and vice versa. 
Hence A and B are transformed into two points, A' and B\ which 
precede D if A and B follow D, or which follow D if A and B pre- 
cede D. By Assumption C (2), the point D which is associated with 
an open cut between A and B is transformed into a point E associated 
with a cut between A^ and B’, By Assumption C (1), JD^ is distinct 
from JD, contrary to the hypothesis that D is a fixed point of the 
transformation. 

Theorem 9. The points of CifT^Effff), excluding E^, form, with 
reference to the scale in which E^= 0, E^ — 1, E^=^ oo, a number sys- 
tem isomorphic with the real number system of analysis. 

Proof The definitions of Chap. VI, Vol. I, give a meaning to the 
operations of addition and multiplication for all points of the line L 
In that place we derived all the fundamental laws of operation, except 
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the coiHoiutative law of multiplication, on the basis of Assumptions 
A and E. We have also seen in the present chapter (Theorem 6, Cor. 1 ) 
that the coordinates of points in R are the ordinary rational 

numbers. Hence it remains to show that the geometric laws of com- 
bination as applied to the irrational points are the same 

as for the ordinary irrational numbers. 

The analytic definition of addition of irrational numbers^ may 
be stated as follows: If a and I are two numbers defined by cuts 
and then a + J is the number defined by the cut 

y^+y.^. 

To show that our geometric number system satisfies this condition 
in suppose first that a is a rational point of 

and b an irrational point. The projective transformation 

(4) i)c!=zx + a 

changes the set of points into the set cl], which is the same 
as Similarly, it changes [y^] into \_y^-\- 3/J. Hence, it changes 

the cut (a;^, y^) into y^+ y^, and hence, by Assumption C ( 2 ), 

changes b into a point determined by a cut which lies between every 
pair and y^+y^- Therefore h is changed into the point asso- 

ciated with the cut (ic, -f y^^ y^. But the transform of 6 is a 4- 6. 
Hence the geometric sum -j- 5 is the number defined by the .cut 

y^+y^- 

Next, suppose both a and b irrational The transformation ( 4 ) 
changes [.rj into the set of irrational points \x^+ a], h into 6 + a, 
and ^]* paragraph above, the cut which defines 

any x^'{-a precedes the cut which defines any Hence, by 

Assumption 0 ( 2 ), the cut which defines any point x^+a precedes 
the cut which defines S 4- a, and this precedes the cut which defines 
^2+ Any point of the lower side of the cut {x^+ x^^ y^4- y^ 

precedes the cut defining one of the points x^-^ a, by the paragraph 
above, and hence precedes the cut defining b + a. Similarly, any point 
of the upper, side of this cut follows the cut defining Z) -4 a. Hence 
{x^+x^, y^+y^ is the cut defining b + a. Thus we have identified 
geometric addition of points in C{HJR^B^) with the addition, of 
ordinary real numbers. 

* Cf . Fine, College Algebra, p, 60 j or Yeblen and Lennes, Infinitesimal Analysis, 
Chap, I, 
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The analytic definition of multiplication of irrational numbers may 
be stated as follows : If ci and b are positive numbers defined by the 
cuts y^) and {x^, let [a{] be the set of positive values of x^. 

Then ah is the number defined by the cut ix[x^, Viyd- ^ i^^ga- 
tive and h positive, ah=: — {— a) h. If a is positive and b negative, 
ab=z — {a(~h)). If both a and b are negative, ab a)(— b). If 
a=:zO or & = 0, ab — 0. 

Consider the transformation 

= ax. 

If a is positive and rational while b is positive and irrational, this 
transforms into \clx^, which is the same as \x[x^^. It also trans- 
forms b into ab and [^J into [^yj, which is the same as [yyy^- 
Hence, by Assumption C(2), ab is the number associated with 

If both a and b are irrational and positive, we again have [^J, 
Z), and [yj transformed into [ax,^, ab, and [ayj, where, as in the 
analogous case of addition, the cut defining ax^ precedes the cut 
defining ab, which in turn precedes the cut defining ay^. Moreover, 
any x[x^ precedes some ax^, and any yj/^ follows some ay^. Hence, 
by the same argument as in the case of addition, {x[x^, y^y^) is the 
cut with which ab is associated. 

The transformation ic' — (— 1) aj 

changes the cut {x^, x^ defining the irrational number a into the open 
cut (— x^, — x^, which therefore defines an irrational a\ But since 
x^-~ may be any negative rational and x^— x^ may be any positive 
rational, the sum of a and a\ which has been proved to be determined 
by the cut x^, x^— x^, must be zero. Hence we have that {—l)co 
is the irrational — a such that — a + a = 0. 

The transformation , , - , 

x’z=zx{— 1) 

is the same as a:'= (— 1) a? for all rational points. Hence, by Assumption 
C (2), these transformations are the same for all points of 
Hence, for points of {^l)x^x{^ 1). 

By the associative law of multiplication (which, it is to be remem- 
bered, depends only on Assumptions A and E) we have, if a is nega- 
tive and b positive, ^ j — j 
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where (— £ 3 ^) & is determined by the analytic (cut) rule. If a is positive 
and b is negative, it follows similarly, with the aid of the relation 
(--V)a = a{— 1), that 

ab = a(-l){— = (a(-~6)); 

and if both a and I are negative, 

aJ = (- 1)(~ a){- 1)(- &) = (- 6). 

COROLLAEY. With respect to a scale in which Jr^=oo, ^^=0, 
we have ab = ha whenever a and I are in C 

Theorem 10. Any projectivity which transforms and JS^ 

into points of the chain transforms any point of the chain 

into a point of the chain. 

Proof We have seen that aj'= ax and a, for rational or 

irrational values of a, are projectivities which change into itself 
and all other points of C{E^E^E^) into points of the chain. The 
transformation 1/a? is a projectivity which interchanges E„ and E^ 
(see § 54, Chap. VI, VoL I), and by Theorem 9 it changes every point 
of C{E^E^Hf), except E^ and E^, into a point of 0{E/IfP„). 

As in the proof of Theorem 11, Chap. VI, Vol. I, it follows that 
E^, JET^, E^ can be transformed into any three points of the chain by 
a product of transformations of these three types. Moreover, any 
projectivity is fully determined as a transformation of C{E^E^Ef) 
by the three points into which it transforms E^, E„. 

For, suppose there were two such projectivities, 11 and 11', the prod- 
uct n"^n' would transform E^, E^, E^ into themselves. Hence, by 
Theorem 16, Chap. IV, Vol. I, it would leave invariant every point 
of R {E^E^Hfj, Hence, by Assumption C (2), it would leave invariant 
every point of C{E^EfIf), Hence H^^H' would be the identity for 
all points of the chain, and H would be the same as H' for all points 
of the chain. Hence every projectivity changing E^, E^ into 
points of the chain is expressible as a product of projectivities of the 
forms x^ = ax^ x+ a, od ^1 /x. As all these transform the chain 

into itself, the theorem follows. 

Corollary 1. Any projectivity leaving invariant three points of 
the chain C{E^Effff) leaves every point of the chain invariant 

Proof. Let H be the given projectivity leaving the given points, say 
B^, invariant Let P be the projectivity such that Vi^fBfBf) 
= {EfEfBLfy Then PIIP“^ leaves E^, E^ invariant and hence 
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leaves all points of the chain invariant, as shown in the proof of the 
theorem. Hence n leaves all points of the chain invariant. 

Goeollary 2. Any pro jectivity of the chain into itself 


is of the form 


px[ = ax^ + hx^, 
px[ = cx^ + dx.^. 


a h 
c d\ 


= 5 ^ 0 , 


where the coefficients are real numbers, 

^12. Chains in general. Definition, n (A, B) is an open cut in 
any net of rationality R {K^KfAf) with respect to the scale 
let n be a projectivity transforming R {K^K^Kf) into R and 

into This projectivity transforms (A, B) into a cut {C, D) m 
with respect to the scale If X is the point 

associated by Assumption C with (C, B), the point n~^(X) = X^ is 
called the ii'rational cut-point associated with (A, B). 

The point is independent of the particular projectivity 11. Tor let 

be any projectivity changing {A, B) into a cut (X, F) in R 
with respect to the scale E^y E^, and let Y be the point associated 
with {FyF) and ]r^ = n'‘"^(F). Then 11 • 11'“^ changes {F,F) into 
(C, D) and hence, by Assumption C (2), must change Y into X. This 
can take place only if Y^ = X\ that is, only if the cut-point X' asso- 
ciated with {A, B) is unique. 

By projecting any net of rationality into R {Efiflf) it is shown 
that the cut-points associated with it satisfy the conditions stated for 
the points associated with the cuts of R{E^EfIf) in Assumption C. 
Hence the theorems of the last section also apply to any chain what- 
ever, a chain being defined as follows : 

Definition. The totality of points of a net of rationality R(ABG), 
together with all the irrational cut-points defined by open cuts with 
respect to the scale A, B, 0 in R{ABC)y is called the chain defined 
by A, B, G and is denoted by C(ABC), The irrational cut-points are 
said to be irrational with respect to R(ABC). 

Thus we have 

Theorem 11. (1) The projectile transform of a chain is a chain, 

(2) Erery open cut in any net of rationality defines a unique 
irrational cut-point collinear with, but not in^ the net, 

(3) If two such cuts with respect to the same scale and in the same 
net are distinct^ their cut-points are distinct. 



22 


FOUITDATIONS 


[CHAt. I 


(4) If two open cuts are homologous in a projectimty , their cut-points 
are homologous in the same projeotwity. 

(5) Any projectivity which transforms three points A, C into 
three points of the chain C(ABC) transforms any point of the chain 
into a point of the chain. 

Theorem 12. There is one and only one chain containing three dis- 
tinct points of a line. 

Proof, Let A^ B, 0 he the given points. They belong to the chain 
C(ABC) into v^hich is transformed by a projectivity 

such that B^H^H^-p^ABC. By Theorem 11 (5) any projectivity such 
that ABCp^BAG transforms all points of C(ABC) into points of 
C(ABC), But by definition such a projectivity transforms C(ABC) 
into C(BAC); hence C(BAC) is contained in C(ABC), In like man- 
ner C[ABC) is contained in C(BAC). Hence C(ABC)==^ C(BAC)=^ 
C(BCA), etc. 

How suppose A, B, 0 to be points of some other chain C {PQB). By 
Theorem 11(5) a projectivity such that^ PQBAj^QPAB changes 
all points of C{PQB) into points of C(PQB), But by definition it 
changes C(PQB) into C(QPA), Hence C(QPA) is contained in 
Z{PQE). But the same projectivity changes C{QBA) into C(PQE), 
Hence C(PQE) == C(QPA), In like manner C(QPA) — C(FBA) = 
C{CBA}^C(ABCy 

Corollary. A chain contains the irrational cut-point of emry open 
cut in any net of rationality in the chain. 

Theorem 13. The Pxjndamental Theorem oe Projectivity for 
A CHAm. If A, By Cy I) are distinct points of a chain and A\ B\ 
any three distinct points of a linCy then for any projectivities giving 
(Ay By Cy B) 7 ^ (A\ By C\ B) and (A, B, Cy B) -j (B, B', 0^, B[) we 
have B^B[, 

Proof. Let 11, be the two projectivities mentioned in the theorem, 

then leaves every point of C(ABC) fixed; for it leaves every 
point of R(ABC) fixed, and hence, by Theorem 11 (4), must leave 
every irrational cut-point of an open cut in R(ABC) fixed. But 
is then the identical transformation as far as the points of 
C(ABG) are concerned. Hence B'=B[. 


* Ct Theorem 2, Chap. Ill, VoL I. 
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This theorem may also be stated as follows : 

An^ projective coi'Tesponcleiice between the points of two chains is 
imiqiiely determined by three pctirs of homologous points. 

Our list of assumptions for the geometry of reals may now be com- 
pleted by the following assumption of closure. 

Assumption Pu On at least one line, if there is one there is not 
more than one chain. 

It follows at once, by Theorem 12, that every line is a chain. It also 
follows, by an argument strictly analogous to the proof of Theorem 5, 
that the dual propositions of Assumptions C and R are true. Hence 
we have 

Theoeem 14 The principle of duality is valid for all theorems 
deducible from Assumptions A, E, H, C, E. 

*13. Consistency, categoricalness, and independence of the assump- 
tions. Let us now apply the logical canons explained in the Intro- 
duction (Vol. I) to the foregoing set of assumptions. 

Theoeem 15. Assumptions A, E, H, G, E are consistent if the real 
member system of analysis is existent. 

Proof. Consider the class of all ordered tetrads of real numbers 
xj), with the exception of (0, 0, 0, 0). Any class of these 
ordered tetrads such that if one of its members is {a^, a^, a^, aj) all 
its other members are given by the formula {ma^, ma^, ma^, maj), 
where m is any real number not zero, shaE be called a point. Any 
class consisting of all points whose component tetrads satisfy two 
independent linear homogeneous equations 

Vo+ ^2^3+ '^8^8= 

shall be called a line. The class of all points and lines so defined 
satisfy the assumptions A, E, H, C, E (cf. § 4, Vol. I). 

Theoeem 16. Assumptions A, E, H, G, E form a categorical set. 

Proof In Chap. VII, Vol. I, it has been proved that the points of a 
space satisfying Assumptions A, E, P can be denoted by homogeneous 
coordinates which are numbers of the geometric number system of 
Chap. VI, VoL I. Since P is a logical consequence of A, E, H, C, E 
(cf. Theorem 13), this result applies here, and by Theorem 9 the 
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number system, in question is isomorphic with the real number 
system of analysis. 

Now if two spaces and satisfy A, E, H, C, E, consider a homo- 
geneous coordinate system in each space and let each point of 
correspond to that point of which has the same coordinates. This 
correspondence is evidently such that if three points of are coUinear, 
their correspondents in are collinear. 

It is worthy of remark that the above correspondence may be set 
up in as many ways as there are collineations of into itself. 

Theokem 17. Assiunptioiiis A 1, A 2, A 3, E 0, E 1, E 2, E 3, E 3', 
H, C, E are an independent set 

Proof. The method of proving that a given assumption is not a 
logical consequence of the other assumptions was explained in the 
Introduction, p. 6, Yol. I. Suppose there is given a class of objects 
[ar] and a class of subclasses of \x\ If we call each x a point and 
each element of the class of subclasses a line, then each of our 
assumptions, when thus interpreted, will be either true or false ^ with 
respect to this interpretation. If all the assumptions but one are true 
and the one is false, it cannot be a logical consequence of the others ; 
for a logical consequence of true statements must be true. In the 
sequel we shall call the objects, x, pseudo-points, and the subclasses 
of [x] which play the rOle of lines, pseudo-lines. 

A 1. The pseudo-points shall be the points of a real projective 
plane tt together with one other point 0. The pseudo-lines shall be 
the lines of tt. A 1 is false because there is no pseudo-line contain- 
ing 0. A 2 is true because it is satisfied by the ordinary projective 
plane. A 3 is true because the only sets of points A, B, C, D, E which 
satisfy its hypothesis are in tt. The only pseudo-plane is tt, and there 
is no pseudo-space. Hence it is evident that E 0, E 1, E 2, E 3 are true 
and E 3' is vacuously true. Assumptions H, C, E are evidently true. 

*If the hypothesis of a statement is not verified, we regard the statement as 
true. Following the terminology of E. H. Moore (Transactions of the American 
Mathematical Society, Vol. Ill, p. 489), we shall describe statements which are 
true in this sense as “vacuously true” or “vacuous.” 

It is possible to put any or all of the assumptions into a form such that they are 
vacuous for the ordinary real space. For example. Professor Moore has pointed 
out that A 1 could be replaced by the following proposition, which is vacuous for 
ordinary space. 

A 1. Let A be a point and J5 be a point. If there is no line which is on A and 
on then -4 =: 4 
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A 2. The pseudo-points shall be the points of a real projective 
three-space together with one other pseudo-point 0. The pseudo- 
lines shall be the lines of each pseudo-line, however, containing 0. 
Thus any two pseudo-points are collinear with 0 ; a pseudo-plane is 
an ordinary plane together with 0; a pseudo-space is Sg together 
with 0. Hence it is evident that A 2 is false and A 1, A 3, E 0, E 1, 
E 2, E 3, E 3^ are true. There exist harmonic sequences of pseudo- 
points, some of which are ordinary harmonic sequences. Hence 
Assumption H is true. By reference to the definition of a quad- 
rangular set and harmonic conjugate it is clear (because every line 
contains 0) that any pseudo-point F is harmonically conjugate to 0 
with regard to any two pseudo-points which are collinear with P. 
Hence a linear net of rationality contains all the pseudo-points of a 
pseudo-line. The operations of addition and multiplication are not 
unique, however, and hence the definition of order does not apply; 
there are no open cuts, and Assumptions C and E are vacuously 
true. 

A3. The pseudo-points shall be the points of a real projective 
space Sg, with the exception of a single point 0. The pseudo-lines 
shall be the lines of S^, except that in case of those lines which pass 
through 0 the pseudo-lines do not contain 0. Clearly A 3 is false 
whenever the pseudo-points A, P, P, D, E are chosen so that the 
lines AB and DE meet in O. A 1, A 2, E 0, E 1, E 2, E 3, E 3' are 
obviously true. A harmonic sequence and a net of rationality of 
pseudo-points can be found identical with an ordinary harmonic 
sequence and net of rationality on any line not passiag through 0. 
Hence H, C, and E are also true. 

E 0. The pseudo-points shall be the vertices of a tetrahedron, and 
the pseudo-lines the six pairs of pseudo-points. Thus the pseudo- 
planes are the trios of pseudo-points, and a pseudo-space consists of 
aU four pseudo-points. A 1 and A 2 are obviously true. A 3 is true 
because we may have E==A and D=B. E 1, E 2, E 3, E 3^ are true. 
H, C, E are vacuously true. 

E 1. There shall be one pseudo-point and no pseudo-line. E 1 is 
false and aE the other assumptions are vacuously true. 

E 2. There shall be three pseudo-points and one pseudo-line con- 
taining all three pseudo-points. A 1, A 2, E 0, E 1 are true. A 3, E 3, 
E 3', H, 0, E are vacuously true. 
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E3. The pseudopoints and pseudolines shall be the points and 
lines of a real projective plane. A 1, A 2, A 3, E 0, E 1, E 2, H, C, E 
are true and E 3^ is vacuous. 

E 3^ The pseudO'points and pseudo-lines shall be the points and 
lines of a real four-dimensional projective space. E 3^ is false and all 
the other assumptions are true. 

H. The pseudopoints and pseudolines shall be the points and 
lines of any modular projective three-space (cf. § 72, Yol. I, and § 16, 
below). All the assumptions A and E are true, H is false, and 0 and 
E are vacuously true. 

C. The pseudopoints and pseudo-lines shall be the points and 
linear nets of rationality of a three-dimensional net of rationality in 
an ordinary real projective space. All the assumptions are true except 
C, wliich is false. E is vacuously true. 

E. The pseudo-points and pseudo-lines shall be defined as the 
points and lines in Theorem 16, the coordinates, however, being ele- 
ments of the system of ordinary complex numbers. AU the assump- 
tions are true except E, which is falsa 

Assumption C, which is more complicated in its statement than 
the others, is, however, such that neither of the two statements into 
which it is separated may be omitted. This result is established in 
the following theorem : 

Theorem 18. AssurnpUon C(l) is not a conseguence of Assump- 
tion C (2) and all the other assumptions. Assumption C (2) is not a 
consequerice of C (1) and of the other assumptions even if we add to 
G (1) the folloiaing : If a projeetivity transforms into itself and 

and into points of R{H^H^IIf), and transforms an open cut 
(A, B) into an open cut (C, B), it transforms the point associated with 
(A, B) into the point associated with (0,1)). 

Proof. ^ (1) Any real number x determines a class of numbers 
of the form aa? -{- 6 where a and 1) are any rationale. is the same 
as for aU rational values of a and 6. Hence, if x and y are two 

irrationals, and are either identical or mutually exclusive. Thus 
the class of all real numbers falls into a set of mutually exclusive 

* This argument makes use of portions of the theory of classes which could not 
he treated adequately without a long digression. Hence we assume knowledge of 
the methods and terminology of this branch of mathematics without further 
explanation. 
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classes [JT]. TVitli each class K we associate a particular one of its 
numbers,^ k, and thus obtain a set of numbers [k] such that every 
real number can be written uniquely in the form ak + k 

Now consider the number system whose elements are the complex 
numbers of the form ai + h, where a and h are rational and i = V--1. 
If we take as pseudo-points and pseudo-lines the points and lines of 
a three-sjjace based (as in the proof of Theorem 15) on this number 
system, it is clear that all the assumptions except C are satisfied. 
If we also take as the pseudo-points those having the 

coordinates (0, 1, 0, 0), (1, 1, 0, 0), (1, 0, 0, 0), the net of rationality 
V({EJS^^ consists of E^ and the points whose coordinates are 
1, 0, 0), where x is rational. Suppose now that we associate the 
pseudo-point (ai -f- &, 1, 0, 0) with every cut in this net which in the 
ordinary geometry would determine an irrational point (ak -f- 6, 1, 0, 0). 
Every point is thus associated with an infinity of cuts, contrary to 
Assumption C(l). Moreover, the cuts with which any point is asso- 
ciated occur between every two pseudo-points and hence between every 
two cuts of R(EJEJS^. Therefore Assumption C(2) remains true 
in this space. 

(2) For the second half of the theorem the pseudo-points and 
pseudo-lines shall be the points and lines of a three-space based on a 
commutative number system whose elements are the ordinary rational 
numbers and all open cuts in the rational numbers. The laws of 
combination shall be such that addition is precisely the same as for 
the ordinary number system and multiplication is the same between 
rationals and rationals or rationals and irrationals, but different 
between irrationals and irrationals. Thus the product of the num- 
bers associated with two open cuts will not, in general, be the number 
associated with the cut given by the usual rule. Hence the pro- 
jective transformation d ^ ax will not preserve order relations, and 
Assumption C (2) must be false. On the other hand, C (1) and the 
other assumptions are obviously true. 

* We do not show how to set up the correspondence. The assumption that this 
correspondence exists is a weaker form of the assumption used hy Zermelo 
(Mathematische Annalen, Vol. LIX, p. 514) in his proof that any class can be well 
ordered. Our proof of the second part of the theorem is dependent on the validity 
of Zermelo’s result that the continuum can he well ordered. The whole theorem 
is therefore subject to the doubts that attach to the Zermelo process because of the 
lack of explicit methods of setting up the correspondences in question. 
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The existence of the required new number system can be inferred 
from Hamel’s theorem"^ that there exists a well-ordered set of real 
numbers 

( 5 ) a^, - • *, 66 ^, • • • 

such that every real number can be given uniquely by an expression 
of the form 

( 6 ) + • • * + 

containing only a finite number of terms, the a’s all being rational. 
The ordinary rules of combination for cuts determine a multiplication 
table for the a’s ; that is, a set of rules of the form 

where the yS’s are rational The laws of combination for the number 
system in general may now be stated as follows: Express the two 
numbers to be added or multiphed in the form (6) ; add or multiply 
by the rules for addition and multiplication of polynomials, reducing 
the result in the case of multiplication by means of the multiplication 
table for the «’s. 

Now suppose we denote by 

( 8 ) a-i, K, 

the same set of numbers [a] arranged in a different order of the same 
type as (5). Such an order would be obtained, for example, by inter- 
changing and a, and leaving the other a’s unaltered. There is 
therefore a one-to-one correspondence in which every corresponds 
to the a{ having the same subscript. Moreover, since the set of all a’s 
includes the same elements as the set of all a'’s, every real number 
is expressible in the form 

( 9 ) «„+ + «„<■ 

A new law of multiplication, which we shall denote by x , is now 
defined by setting up a multiplication table for the a^’s according to 
the rule that 

(10) a[ X aj = oc^a'.^ + • • • + a„a^ 

whenever 

( 11 ) + . . . + a^a^. 

* Mathematische Annalen, Vol. LX, p. 469. 
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The product, according to the new law of combination, of two real 
numbers is obtained by expressing each in the form (9), multiplying 
aceurdiiig to the rule for polynomials, and reducing by the multipK- 
cation table for the a^'s. 

Since the set of aH expressions of the form 



forms a number system, the set of all expressions of the form 

« 0 + +- • • • 

forms a number system isomorphic with the first. For if we let each 
a- correspond to the -with the same subscript, the sum of any two 
elements of the first number system corresponds, by definition, to 
the sum of the corresponding two elements in the second number 
system. Similarly for the product of a rational by a rational or of 
a rational by an irrational. The product of two irrationals in the first 
system corresponds to the product of two irrationals in the second, 
because the two poljmomials in the a's are multiplied by the same 
rules as the two in the a^’s, and are also reduced by corresponding 
entries in the respective multiplication tables. 

We may insure that the two number systems shall be distinct by 
selecting the a's, in the first place, so that V2 and a^=V3, and 
then choosing the so that a\ = 

^ 14. Foundations of the complex geometry. Let us add to Assump- 
tions A, E, H, C the following assumption : 

Assumption E. On some linCy Z, not all points belong to the same 
chain. 

Let ij, be three points of 1. The geometric number system 
determined by the method of Chap. VI, Vol. I, by the scale i^, Z is 
commutative for all the points in the chain but not neces- 

sarily for other points. However, it is clear, without assuming the 
commutativity of multiplication, that 

a, od = ax, d = m (a = constant) 

define projectivities. For d — x~^ this follows from § 54, Vol. I; for 
d=: x + a it reduces to Theorem 2, Chap. VI, Vol. I; and for the other 
two cases, to Theorem 4, Chap. VI, Vol. I. 

Let J be any point of Z not in and let [X] be the set of 

all points in Then, by Theorem 11 (1), the set of points 
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[X4- cT] is a f.hain. This chain has no point except jg in common 
with C(FaPiZ), because, ^ X-\-J=X' ^ F, it would follow that 
X-X= J, and thus J" would he a point of C(F^F^F). Let us denote 
the chain [X + J] by C'. 

In order to continue this argument we need the following assump- 
tion of closure : 

Assumption I. Through a point F of any chain C of the line I, 
and any gwint J on I hut not in O, there is not more than one chain 
of I which has no other point than F in common with C. 

Now let F be any point of I not in or C'. Such points 

exist, because, for example, the chain does not coincide with 

C{F^P^Ff) or C'. The chain 0{PJIi) has, by Assumption I, a point 
different from F, in common with C{P^P^Pf). Let X^ be this point. 
In case X^^ F, the projectivity 

(12) X'=^X+J{F-Xz^-X) 

transforms into J, X^ into itself, and F into itself. Hence it trans- 
forms C(FF^)= C(FXfi) into C(JX^F,). Hence every point of 
C (JX^F), and in particular P, is of the form X JX", where X and 
X" are in [A"]. If X^=F, the projectivity 

(13) X'=JX 

transforms C(J^, F, F) into C(lgJ'Jg), which contains F. Hence, in 
this case P is of the form JX Thus we have 

Lemma 1. Every point of the line lis expressMe in the form A+JB, 
where A and B are in C (FBF)- 

Lemma 2. Ttvo points A + JB and A' -j- JB', where A, B, A', B' are 
in C(FFE,), are identical if and only if A — A! and B = F. 

T or if B=t=^B’ , A A- JB =A'+ JB’ implies J ~ (A' — A) (B — B’)~'‘-, 
and thus J would be in C(FFZ) '> if B = B', it implies directly 
that A = A’. 

Each of the projeetivities X'—JX and X’ — XJ transforms the 
chain C(FFF) into C{FJF). Hence, if A be any point of C{FPiE,), 

(14) AJ== JA', 
where A’ is also ha C {P^P^F)- 
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Each of the projectivities Ar'= (ij — J)X and X'=X(^ — J) trans- 
forms C{PqP^F^) into J)^). Hence, if A be any point of 

A{P^-J) = {P^-J)A", 


where is also ia By the distributive law (Theorem 5, 

Chap. VI, VoL I) it follows that 

A-AJ==A’'-JA^L 

By (14), this reduces to 

A-JA^ = A^^-JA'^. 


By Lemma 2, it follows that A—Al^ — J^. Hence .4^7"= JLI. From 
this we can deduce, by the elementary laws of operation, 

{A^JB){C^JI))=A{C^JI))^JB{C^^JD) 

^AC-^AJD^JBC-VJBJI) 

= CA-\- CJB + JD A 4- JBJB 
= C{A + JB) + JD{A + JB) 

= {C + JI>){AA-JB). 

Hence the geometric number system determined by any scale on I 
is commutative. Since chains are transformed into chains by any 
projective transformation, it follows that the geometric number sys- 
tem determined by any scale on any line in a space satisfying A, E, 
H, C, E, I satisfies the commutative law of multiplication. Hence, 
by Theorem 1, 

Theorem 19. Assumjption P is satisfied m any space satisfying 
Assumptions A, E, H, C, E, I. 

Since every point in the geometric number system is expressible 
in the form A + JB, we have 

(15) r = A ^+ JB ^, 

where A^ and are in C Thus J is one of the double points 

of the involution 

(16) XX'- ^B^{X+X')-A= 0, 

which transforms C(iJiJ12) into itself. Any two points of C(i^JJ.g) 
which are conjugate in this involution may be transformed projec- 
tively into and ^ by a transformation which carries into 

itself. This reduces the involution to 


(171 


XX' =4 
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wliBrB ji miist 1)6 neggitivB rBlativoly to tho scale si nce t he 

double points are not in The transformation A = V— JX^ 

now reduces (17) to XA'' = — P 

and thus transforms J" to a point satisfying the equation 
Hence we have 

Theorem 20. The geometric numher system in any space satisf tying 
Assumptions A, E, H, C, E, I is isomorphic loith the complex nmnher 
system of analysis, le. ivith the system of numhers a+ ib, where 
p=:-- 1 and a and h are real, 

^15. Ordered projective spaces. There is an important class of 
projective spaces which may be referred to as the ordered projective 
spaces and which are characterized by the Assumptions S given below. 
This class of spaces includes the rational and real projective spaces 
and many others. The set of assumptions, A, E, S, is not categorical, 
but it may be made so by adding a suitable continuity assumption or 
by some other assumption of closure. 

These assumptions introduce a new class of undefined elements, 
called seyisesf in addition to the points and lines which are the 
imdefined elements of Assumptions A and E. The senses are denoted 
by symbols of the form 8 {ABC), where A, B, C denote points.! 

S 1. For any three distinct collinear points A, B, C there is a sense 
S{ABC). 

S 2. For any three distinct collinear points there is not more than 
one sense S{ABC), 

S3. 8{ABC) = S{BCA). 

S4 S{ABC)^S{ACB), 

55. If 8{ABC) = S(AB^C') and SiA'B' C')== S{A''B'^ then 
S(ABC) = S(A^B'^C^), 

56. If 8{AB0) = 8{B00), then 8(AB0) = 8(AC0), 

S 7. OA and OB are distinct lines, and 8 {OAAj) = 8 (OAAJ and 
OAA^A, = OBB^B^, then S(OBBj== 8{0BB^). 

^ Sets of assumptions more or less related to these have been given by A. E. 
Schweitzer, American Journal of Matliematics, Vol. XXXI, p. 365, and A. N. White- 
head, The Axioms of Projective Geometry, Cambridge Tracts, Cambridge, 1906. 

t With respect to the intuitional basis of these assumptions, cf. figs. 6-12. 
Chap. II. 
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If ^{ABC) be identified with the sense-class which is discussed 
below in § 19, Chap. II, it will be seen that S 1 and S 2 are immedi- 
ately verified and S 3, • • •, S7 reduce to Theorems 2-6, Chap. IL This 
shows that the assumptions S are satisfied by a rational or a real 
projective space. 

These assumptions are capable, as is shown in Chap. II, of serving 
as a basis for a very complete discussion of geometric order relations. 
Assumption P is not a consequence of A, E, S alone. 


EXERCISES 

1. Prove that Assumption H is a consequence of A, E, and S. 

2. Prove that with a proper definition of the symbol < (less than) the 
geometric number system in an ordered projective space satisfies the following 
conditions : 

(1) If a and b are distinct numbers, a<b or b< a, 

(2) li a <b, then a 9 ^ b. 

(3) If a < 5 and b<c, then a<c, 

(4) If <2 < 2/, there exists a number, x, such that a<x and x<b* 

(5) If 0 < a, then b<a+ b for every b. 

(6) If 0 < a and 0 < 5, then 0 < a • &. 

(Cf. E. y. Huntington, Transactions of the American Mathematical Society, 
Vol. yi (1905), p. IT.) 

3. Introduce an assumption of continuity and with this assumption and 
A, E, S prove Assumption P. 

4. Prove that P is not a consequence of A, E, S alone. 

^16. Modular projective spaces. We have seen (§ 7) that, in any 
space satisfying Assumptions A and E, any two harmonic sequences 
are projective. Hence, if one harmonic sequence contains an infinity 
of points, every such sequence contains an infinity of points, and 
by § 8 these points are in one-to-one reciprocal correspondence with 
the ordinary rational numbers. On the other hand, if one harmonic 
sequence contains a finite number of points, every other harmonic 
sequence in the same space contains the same finite number of 
points. Hence the spaces satisfying Assumptions A and E fall into 
two classes — those satisfying Assumption H and those satisfying 
the following: 

Assumptioj^ H. If any harmonic sequence exists, at least one con- 
tains only a finite number of points. 
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The spaces satisfying H may be called modular^ and those satisfy- 
ing H noiimodular. 

It follows, just as in Theorem 5, that the principle of duality is 
true for any modular space. 

Let n be any parabolic projectivity on a line, and let be its 
inyariant point. If E^ be any other point of the line, the points 

. . . E^, n ii\e^) . . • 

form a harmonic seQ[uence, by definition. If this is to contain only 
a finite number of points, there must be some positive integer n such 
that W{E^)=^ where m is zero or a positive integer less 

than %. li n — we have 

and hence = 1. 

Hence all the points of the harmonic sequence are contained in the set 
AT, IL{E^I 

Li case h is not a prime number, that is, if there exist two positive 
integers, Ic^ different from unity such that Ic = Tc^ • let us con- 
sider the parabolic projectivity Il\ The points 

satisfy the definition of a harmonic sequence. Since any two harmonic 
sequences contain the same number of points, it follows that the given 
sequence could not have contained more than Jc^ points. In case 
breaks up into two factors, the same argument shows that the given 
harmonic sequence could not contain a number of points larger than 
either factor. This process can be repeated only a finite number of 
times and can stop only when we arrive at a prime number. Hence 
we have 

Theorem 2 1. The number of points in a Tharmonic sequenee is prime. 
The points of a harmonic sequence may be denoted by 

where Ti is a parabolic projectivity. The period, p, of any parabolic 
projectivity is a prime number. 
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WittL reference to a scale in which = 0, 11 = 1, and the limit 

point of the harmonic sequence is cc, II has the equation 

a/ =x + l. 

Hence the coordinates of the points in the harmonic sequence are 

0 , 1 , 2 , • • ^ — 1 , 

respectively, where 2 represents 1 -h 1, 3 represents 2 + 1, etc. Since 
= 1, we must have that ^ = 0, jp + 1 = 1, np-i-h^k, etc. In other 
words, the coordinates of the points in a harmonic sequence are ele- 
ments of the field obtained by reducing the integers modulo p, as 
explained in § 72, YoL L 

By Theorem 14, Chap. YI, YoL I, the net of rationality determined 
by the points whose coordinates are 0, 1, oo consists of the point oo 
and all points whose coordinates are obtainable from 0 and 1 by 
the operations of addition, subtraction, multiplication, and division 
(except division by zero). Since all numbers of this sort are con- 
tained in the set 

0, 1, • _2^-l, 

we have 

Theorem 22. The number of points in a net of rationality in a 
modular space is ^ + 1, jp being a prime number constant for the 
space in question. 

Obviously, if Assumption Q (§ 10) be added to the set A, E, H, 
the number of points on any line must be j9 + l, ^ being prime. 
A space satisfying A, E, H shall be called a rational modular space. 
The problem of finding the double points of a projectivity in a rational 
modular space of one or more dimensions leads to the consideration 
of modular spaces bearing a relation to the rational ones analogous 
to the relation which the complex geometry bears to the real geometry. 
The existence of such spaces follows from the considerations in Chap. 
IX, Vol. I (Propositions and KJ. The geometric number systems 
for such spaces may be finite* (Galois fields) or infinite.! 

*E, H. Moore, The Subgroups of the Generalized Finite Modular Group, 
Decennial publications of The University of Chicago, VoL IX (1908), pp. 141-190 ; 
L. E. Dickson, Linear Groups, Chap. I. 

t L. E. Dickson, Transactions of the American Mathematical Society, Vol. VIII 
(1907), p. 889. See also the article by E. Steinitz referred to in § 92, Vol- J 
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IT. RecapitulatiOE. The various groupings of assumptions which 
we have considered thus far may be resumed as follows : A space 
satisfying Assumptions 


A, E 
A,E,P 
A, E,H 
A, E, H 
A, E, S 
A, E, H, Q 
A, E, H, Q 
A, E, H, a K] 
or A, E, K J 


is a general projective space ; 

is a proper projective space ; 

is a nonmodular projective space ; 

is a modular projective space ; 

is an ordered projective space ; 

is a rational modular projective space ; 

is a rational nonmodular projective space ; 

is a real projective space ; 


A, E, H, C, R, 

5^ IS a complex projective space. 
A, E, J J 


The first six sets of assumptions are not, and the remaining ones 
are, categoricaL The set of theorems deducible from any one of these 
sets of assumptions is called a projective geometry, and the various 
geometries may be distinguished by the adjectives applied above to 
the corresponding spaces. 
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18. Direct and opposite projectivities on a line. In § 9 a point A 
was said to precede a point B relative to a scale if the coordi- 

nate of A in this scale was less than the coordinate of B. Supposing 
the coordinate of A to be ct and that of B to be h, the projectivity 
changing to A and to B and leaving fixed has the equation 

( 1 ) = 

In this transformation the coefficient of w is positive if and only if 
A precedes B, But the transformations of the form 
( 2 ) cc^== ax -h 

where a is positive, evidently form a group. This group is a subgroup 
of the group of all projectivities leaving invariant, for the latter 
group contains all transformations (2) for which a; ¥= 0. 

The group of transformations (2) for which a is positive is, by what 
we have just seen, such that whenever a pair of points A and B are 
transformed to A' and B^ respectively, A precedes B if and only if A^ 
precedes B^. The discussion of order relative to a scale could therefore 
be based on the theory of this group. 

The order relations defined by means of this group have all, how- 
ever, a special relation to the point and they can all be derived by 
specialization from a more general relation defined by means of a more 
extensive group. We shall therefore enter first into the discussion of 
this larger group, and afterwards (§23) show how to derive the rela- 
tions of “precede” and “follow” from the general notion of “sense.” 
The definitions for the general case, like those for the special one, will 
be seen to depend simply on the distinction between positive and 
negative numbers. 

A projective transformation of a line may be written in the form 


(3) 


< = Vo + 

= «io*o + «iA> 


^10 “n 


¥= 0 , 


where the a^*s are numbers of the geometric number system. 

S7 
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Under Assumptions A, E, H, C, E (or A, E, K) the a^Js are real 
If attention be restricted to a single net of rationality satisfying As- 
sumption H, the fly’s may be taken (Theorem 6, Cor. 2, Chap. I) as 
integers. The discussion which follows is valid on either hypothesis.* 

DefixitioIx. The projectivities of the form (3) for which A > 0 
are called direct, and those for which A < 0 are called opposite. 

Since the determinant of the product of two transformations (3) 
is the product of the determinants, the direct projectivities form a 
subgroup of the projective group. The same transformation (3) cannot 
be both direct and opposite, for two transformations (3) are identical 
only if the coefficients of one are obtainable from those of the other 
by multiplying them all by the same constant p; but this merely 
changes A into p“A. 

In form, the definition is dependent on the choice of the coordinate 
system which is used in equations (3). Actually, however, the defi- 
nition is independent of the coordinate system, for if a given projec- 
ti\dty has a positive A with respect to one scale, it has a positive A 
with respect to every scale. This may be proved as follows : 

Let the fimdamental points of the scale to which the coordinates 
in (3) refer be ij, ij, J^, and let Q^, Q^, Q„ be the fundamental points of 
any other scale. By § 56, Vol. I, the coordinates of any point R 
with respect to any scale Q^, Q^, Q„ are such that yjy^ — R (Q*©,,, Q-fi)- 
Suppose that, relative to the scale ij, P, the projectivity which 
transforms Q^, Q^, Q„ to ij, ij, respectively has the equations 


(4) 


Vi> 


^00 ^01 

K K 


= D¥= 0. 


Thus any point R whose coordinates relative to the scale 

are {x^, is transformed by this projectivity to a point R' vrhose 

coordinates relative to the scale ij, R are y^). 

Since cross ratios are unaltered by projective transformations, 

B Q^R) = B (P^Po, P^R') = J • 

Hence it follows that if and are the coordinates of any foint R 
relative to the scale R, the corresponding vahtes of and y^given 


*It is, in fact, valid in any space satisfying Assumptions A, E, S, P. The purely 
ordinal theorems are indeed valid in any ordered projective space (§ 15), but those 
regarding involutions, conic sections, etc. necessarily involve Assumption P also. 
Cf . the fine print at the end of § 19. 
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hy (4) are the coorduiates of JR relative to the scale Q^, Q^, Q„. Let us 
indicate (4) by y^) = T{x^, xf and (3) by (4, x^) = S{x^, xf 

Now a direct transformation (3) carries a point whose coordinates 
relative to the scale ij, JE^, H are {x^, into one whose coordinates rela- 
tive to the same scale are {x^, x[), where (x'^, x{) = S (x^, xf The coordi- 
nates of these two points relative to the scale Q^, Q^, Q„ are (y^ = 

T{x^, x^ and (y', y[) = T{x[, x[) respectively. Hence, by substitution, 

{yi y[) = X^)) = T{SiT-^(y^, yj)), 

or {yiy[) = TST-Uy^,yf 

where T~ ^ indicates, as usual, the inverse of T. The determinant of 
the transformation TST~^ is 

7^2 

A'=DA-. 

where K is real (or rational), and A' therefore has the same sign as A 
Thus the definition of a direct projectivity is independent of the 
choice of the coordinate system. 

This result can he put in another form which is important in 
the sequel: 

Depinitiox. Two figures are said to be conjugate under or equiva- 
lent with respect to a group of transformations if and only if there 
exists a transformation of the group carrying one of the figures into 
the other. 

Theokem 1. If two sets of points are conjugate under the group of 
direct projectivities on a line, so are also the two sets of points into 
which they are transformed by any projectivity of the line. 

Proof, Let S he sl direct projectivity changing a set of points [^] 
into a set of points [.S], and let T be any other projectivity on the 
line, and let T(A) and = Since T~^(A')=A, S{A)=B, 
and T{B)=B\ it follows that TST~^ {A') = B^, But the discussion 
above shows that TST^^ is a direct projectivity. Hence [A'] and 
[j^^] are conjugate under the group of direct projectivities, as was 
to be proved. 

According to the definition in § 75, VoL I (see also § 39, below), the group 
of direct projectivities is a self-conjugate subgroup of the group of all projec- 
tivities on a line. Since this is the only relation between the two groups 
which we have employed in the proof of the theorem above, this theorem 
can be generalized to any case in which we have one group of transformations 
appearing as a self-conjugate subgroup of another. 
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EXERCISES 

1. Within the held of all real numbers the positive numbers may be defined 
as those numbers different from zero which possess square roots. Generalize 
this definition to other fields, and thus generalize the definitions of direct 
projectivities. In each case determine how’ far the theorems on sense and 
order in the following sections can be generalized (cf. § 72, Vol. I). 

2. The group of projectivities w’hich transform a net of rationality into 
itself has a self-conjugate subgroup consisting of those transformations which 
are products of pairs of involutions having their double points in the net of 
rationality. This group contains all projectivities for which the determinant 
is the square of a rational number. 

*3. Work out a definition and theory of the group of direct projectivities 
independent of the use of coSrdinates. This may be done by the aid of 
theorems in Chap. VIII, VoL I (cf. §§69 and 70, below). 

19. The two sense^classes on a line. Definition. Let be 

any three distinct points of a line. The class of all ordered"^ triads 
of points ABC on the line, such that the projectivities 

are direct, is called a sense-class and is denoted by S{A^B^C^, Two 
ordered triads in the same sense-class are said to lime the same sense 
or to be in the same sense. Two collinear ordered triads not in the same 
sense-class are said to have opposite senses or to he in opposite senses. 

One sense-class chosen arbitrarily may be referred to by a particular name, 
as nght-lianded, clockwise, positive, etc.f 

The term sense/’ standing by itself, might have been defined as follows : 
•• '!Tie senses are any set of objects in one-to-one and reciprocal correspondence 
with the sense classes.” This is analogous to the definition of a vector given 
in § 12. W'hen there is question only of one line, any two objects whatever 
may serve as the two senses — for example, the signs + and — . This agrees 
with the definition of sense as “the sign of a certain determinant.” When 
dealing with more than one line, it is no longer correct to say that there are 
two senses *, there are, in fact, two senses for each line. 

^ “ Order,” here, is a logical rather than a geometrical term, just as in the defi~ 
nition of “ throw” (§ 23, Vol. I). It is a device for distinguishing the elements of 
a set. Tor example, when we say that ABO cannot be transformed into A OB by 
any transformation of a given group, it is a way of saying that the group contains 
no transformation changing A into A, B into C, and G into B, 

t A partial list of references on the notion of sense in one and more dimensions 
would include : Mdbiiis, Barycentrische Calcul, note in § 140 ; Gauss, Werke. \^oL 
VIII, p. 248 ; von Staudt, Beitrage zur Geometrie der Lage, §§ 3, 14 ; Study, Archiv 
der Mathematik und Physik, Vol. XXI (1913), p. 193 ; Encyclopadie der Math. 
Wiss. Ill AB 7, p. 618. 
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Wiien one adopts, as we do, the symbol S(ABC) to stand for a senae-class, 
there is no occasion for attaehinsj a separate meaning to the word “ sense/’ It 

may be regarded as an incomplete symbol,* like the — in the ~ of the caieolus. 

dx dx 

Theokem 2. Ij the ordered triad ABC is hi the sense-class 
then S{ABC)=S{A^B/\). If SiABC) = S{A' B^ and S{A^B^a) 
=:S{A^'B^^C^'), then S(ABC) ^ SiA'' 


C' 


~o — o o o O- O- 

A B G A" 0" 

Fig. 6 


A’ 


Proof. Both statements are consequences of the fact that the direct 
projectivities form a group. 

Theorem 3. If S{ABC) ^ 8{A!B^a^ and 8{AlB!C^) ^ S(A"B''C'^l 
then S{ABC) = S{A'^B'^a'). 

0 O O O O O O O O 

O'" 0' B' ABC A!' B^' A' 

Fig. 7 


Proof If S(ABq^ S{A'B'C^), the projectivity ABCj^A^B'a is 
opposite. Hence the theorem follows from the fact that the product 
of two opposite projectivities is direct. 

Corollary. There are two and only two sense-classes on a line. 

Theorem 4. If A, B, C are distinct collinear points, S (ABC) 

^S(BCA) and 8(ABC)^ B(ACB).\ 

Proof. Let .1, B, C be taken as (1, 1), (1, 0), (0, 1) respectively. 

Then / _ 

•^0 — 

is an opposite projectivity interchanging B and C and leaving A 
invariant. Hence S(ABC) S(ACB). In like manner, we can prove 
that S(ACB)¥^ 8(BCA). It follows, by Theorem 3, that S{ABC) 
= S(BCA). 

* The term incomplete symbol ” appears in Whitehead and Russell’s Frincipia 
Matliematica, Vol. I, Chap. Ill, of the Introduction, together with a discussion of 
its logical significance. 

t This may be expressed by the phrase “Sense is preserved by even and altered 
by odd permutations.” A transposition is a permutation in which two and only two 
elements are interchanged, and an eoen {odd) permutation is the resultant of an 
even (odd) number of transpositions. Of. Burnside, Theory of Groups of Finite 
Order, Chap. I. 
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Theoeem; 5. If S{ABD) = S{BCD), then S{ABD) = S(ACD). 
Proof. Choose the coordinates so that P = (0, 1), A = (1, 0), 
(Ij 1). The transformation of ABD to BCD may be written in 

the form — O O O O 

K = ^ 0 ’ A B CD 

= Fig. 8 

because (0, 1) is invariant and (1, 0) goes to (1, 1). This transforma- 
tion wiU be direct if and only if a > 0. The point C, being the trans- 
form of (1, 1), is (1, 1 -t- a). The transformation carrying ABB to 
ACB is _ r 

‘^03 

whicli is direct because (1 -f <x) > 0. 

As an immediate consequence of Tbeorem 1 we have 

Theorem 6, IfS{ABC)—SiA^B.fi^ aTid ABCA^B^C^A! B^ A[B[C[f 

S{A^B^a)^S{A[B[C[), 



Fig. 9 


Theorems 2-6 contain the propositions given in § 15, Chap. I, as Assump- 
tions S. Theorem 6 is slightly more general than S 7 but is directly deducible 
from it. The developments of the following sections will be based entirely on 
these propositions, and hence belong to the theory of any ordered projective 
space, except where reference is made to figures whose existence depends 
on Assumption P Theorems of the latter sort hold in any space satisfying 
A, E, P, S. 

These propositions have the advantage, as assumptions, of corresponding to 
some of our simplest intuitions with regard to the linear order relations. The 
reader may verify this by constructing the figures to which they correspond 
(cf. figs. 6-9). Each proposition will be found to correspond to a number of 
visually distinct figures. 
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20. Sense in any one-dimensional form. Definitiox. If 1, 2, 3, 
1^, 2^, 3^ are elements of the same one-dimensional form, and A, C, 
A\ B\ are coUinear points such that 

12ZV2^Z- j^ABCA^B^ a, 

then the ordered triad 123 is said Id have the same sense as 1^2^3' if 
and only if S{ABC) = S{A'B^ C^), The set of all ordered triads having 
the same sense as 123 is called a sense-class and denoted by /S(123). 

In view of Theorem 6 this definition is independent of the choice 
of the points A, B^ C, A\ B\ C'. It is an immediate corollary of the 
definition that the plane and space duals of Theorems 2-6 all hold 
good (cf. figs. 10 and 13). 

By the definition of a point conic there is a one-to-one correspond- 
ence between the points [F] of the conic and the lines joining them 
to a fixed point of the conic. We now define any statement in 



A A & B C 


Eig. 10 

terms of order relations among the points of the conic [P] to mean 
that the same statement holds for the corresponding lines [iJP]. By 
Theorem 6, above, together with Theorem 2, Chap. V, VoL I, it follows 
that this definition is independent of the choice of the point j^. The 
definitions of the order relations in the line conic, the cone of lines, 
and the cone of planes are made dually.* 

The propositions with regard to sense are perhaps even more evident intu- 
itionally when stated with regard to a conic or a flat pencil than with regard 
to the points of a line (cf. figs. 10 and 11). 

* These definitions are in reality special cases of the definition given above for 
any one-dimensional form, since the cones and conic sections are one-dimensional 
forms of the second degree (§ 41, Vol. I) and since the notion of projectivity 
between one-dimensional forms of the first and second degrees has been defined 
in § 76, Vol. I. However, at present we do not need to avail ourselves of the 
theorems in Chap. VIII, Vol. I, on which the latter definition is based. 
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21. Separation of point pairs. Definition. Two points A and E of 
a line are said to separate two points C and D of the same line if and 
only if S{ABC) ^ S{ABI)). This is indicated by the symbol AB II CJD. 

Theorem 7. (1) The relation AB II CD implies the relations CD WAB 
and ABWDC, and excludes the relation ACWBD. (2) Given any 
four distinct points of a line, we have either AB II CD or AG il BD 
or AD WBC. (3) From the relMions AB ii CD and AD WBE follows 
the relation AD II CE. (4) If AB Ii CD and ABCD-j^A'B' CD’, then 
A'B' II C’D’.* 

Proof. (1) If AB II CD, we have 

(5) S{ABC)-f^ S{ABD), 

which, by the definition of separation, implies AB WDC. By Theorems 
2-6 we obtain successively, from 

8{ABC) = S{ADB), 

S(ABC)=S(ADC), 

S{ACB) = S{DAB), 

S{ACB) = S{DCB), 

S{ABC) = S{CDB), 

S{CDA)i=S{GDB), 

the last of which implies CD II AB. The relation AC II BD is excluded 
because it means S{ACB) ¥= S{ACD), which contradicts the second of 
the ec[uations above. 

(2) By the corollary of Theorem 3 we have either S{ABC)^ 
S(ABD) (in which ease AB^CD) or S{ABC)= S(ABD). In the 
latter case either S{ABC)^ S{ADC) or S(ABC) = S(ADC). The 
first of these alternatives is equivalent to S{ACB)=t= S{ACD) and 
yields A C II BD ; the second implies S {AD C) = S (ABC) = S (ABD) 
^ S(ADB), and thus yields AD WBC. 

(3) The hypotheses give S{ABC) ¥= S{ABD) and S{ADB) ¥= S{ADE). 
The first of these gives S{BGA) = S{DBA), which, by Theorem 5, 
implies S {DBA) — S{D CA), and thus 8 {ADB) = 8 {AD C). Hence, by 
the second hypothesis, 8 {ADC) #= 8{ADE), and therefore AD II CE. 

(4) This is a direct consequence of Theorem 6. 

* The properties expressed in this theorem are sufficient to define abstractly the 
relation of separation. Cf. Vailati, Eevue de Mathdmatiques, Vol. V, pp. 76, 183; 
also Padoa, Revue de Mathdmatiques, Vol. VI, p. 36. 
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Theorem 8. If A and B are harmonically conjugate with regard 
to G and D, they separate € and D. 

Proof. By Theorem 7 (2) we have either AB 11 Cl) or AC IBD or 
AB'.^BC. We also have ABCB^BAOB. Hence ACWBI) would 
imply BC il AD, contrary to Theorem 7 (1) ; and AD 11 BC would imply 
BD li A C, contrary to Theorem 7 (1). Hence we must have AB li CD. 

Theorem 9, An involution in which two pairs separate one another 
has no double points. 

Proof. Suppose that the given involution had the double pomts 
M, W and that the two pairs which separate one another are A^ A 
and B, B^ respectively. Since the involution would be determined 
by the projectivity MNA-^MNA', 

in which, by Theorem 8, 

S{MNA) ¥= S(MNA), 

it would follow, by Theorem 6, that every ordered triad was carried 
into an ordered triad in the opposite sense. Since the involution 
carries AAB to AAB\ we should have 

S(AAB)^ S (A AB^); 
and hence S(AAB) = S{AAB% 

contrary to hypothesis. 

This theorem can also be stated in the following form : 

Corollary 1. An involution with double points is such that no two 
pairs separate one another. 

Corollary 2. If an involution is direct, each pair separates every 
other pair. If an involution is opposite, no pair separates any other 
pair. 

22. Segments and intervals. Definition. Let A, (7 be any three 

distinct points of a line. The set of all points X such that 

S(AXC)^S{ABC) 

is called a segment and is denoted by ABC. The points A and C are 
called the ends of the segment. The segment ABC, together with its 
ends, is called the interval ABC. The points of ABC are said to be 
interior to the interval ABC, and A and C are called its ends. 

Corollary 1. A segment does not contain its ends. 

Corollary 2. If D is in ABC, then 


ABC ^ ADC. 
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Corollary If 1> is in ABC, then B and D are not separated ly 
A and C, 

Theorem 10. If A and B are any two distinct points of a line, there 
are two and only two segments, and also two and only two intervals, 
of which A and B are ends. 

Proof, Let C and D be two points wbicli separate A and B bar- 
monically. If X is any point of the line distinct from A and B, either 
S{AXB) = S(ACB) 
or S{AXB}=:^S(AI)By 

In one case X is in A CB, and in the other case in ADB, 

Defiyitioy. Either of the two segments (or of the two intervals) 
whose ends are two points A, B may he referred to as a segment AB 
(or an interval AB), The two segments or intervals AB are said to 
be complementary to one another. 

Corollary. If A, B, C are any three distinct points of a line, the 
line consists of the three segments complementary to ABO, BOA, CAB, 
together with the points A, B, and C, 

Proof, Any point X distinct from A, B, C satisfies one of the rela- 
tions AC 11 BX or AB 11 CX or AXWBC, 


Theorem 11. If A^, is any set of n{n> 1) distinct points 

of a line, the remaining points of the line constitute n segments, each 
of which has two of the points A^, A^, •••, A^ as end points and no 
two of which have a point in common, 

Proof The theorem is true for n=2, 
by Theorem 1 0. Suppose it true for n==Jc. 

If 4- 1 points are given, the point A^.^^ 
is, by the theorem for the case on 

one of the Jc segments determined by the 
other Jc points, say on the segment whose 
ends are A^ and Aj. By the corollary to 
Theorem 10, this segment consists of Aj.^p 
together with two segments whose ends 



are respectively A^ and A; 5 .+i> 


Eig. 12 

Hence the theorem is valid 
f or ^ = Z'; -I- 1 if valid for n^^Jc. Hence the theorem is established by 
mathematical induction. 

Definition. A finite set of coUinear points, Ai(^ = 1, * • *, n), is in 
the geometrical order {A^A^A^A^ • • • AJ if no two of its points are 
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separated by any of tlie pairs ' * *> ^ ^ obvious 

consequence of Tbeorem 11 we now have 

Theorem 12. To any set [A] of n points of a line the notation 
• • • , may he assigned so that they are in the order • • • A J . 

A set of points in the order {A^A^ • • * AJ- is also in the orders 

• • • AA} UnA-l • • • AA}- 

EXERCISES 

1. If AE!1 CD and A CUBE, then CDWBE, 

2. The relations AE II CDy ABW CE, AB WDE are not possible simultaneously. 

3. Any two points A, B are in the orders {AE} and {EA}. Any three 
collinear points are in the orders {AEC}, {ACE}, {CAE}. 

23. Linear regions. The set of all points on a line, the set of all 
points on a line with the exception of a single one, and the segment 
are examples (cf. Ex. 1 below) of what we shall define as linear regions 
on account of their analogy with the planar and spatial regions con- 
sidered later. 

Definition. A region on a line is a set of collinear points such 
that (1) any two points of the set are joined by an interval consisting 
entirely of points of the set and (2) every point is interior to at least 
one segment consisting entirely of points of the set. A region is said 
to be convex if it satisfies also the condition that (3) there is at least 
one point of the line which is not in the set. 

Definition. An ordered pair of distinct points AB of a convex 
region R is said to le in the same sense as an ordered pair A'E' of R 
if and only if E(AEA«) = E(A'E'A«), where A« is a point of the line 
not in R. The set of all ordered pairs of R in the same sense as AB 
is denoted by S (AB) and is called a sense-class. The segment comple- 
mentary to AAooB is called the segment AB, The corresponding inter- 
val is called the interval AB. A set of points of R is said to be in 
the order {A^A^ * * • AJ- if they are in the order {A^A^ • • • A„A„}. If C 
is separated from A* by A and B, C is between A and B with respect 
to R. If S(AB) = S{CD), then C is said to precede D, and D to follow 
C, in the sense AB, 

If there is a point Eoo, other than A«, which is not in the convex 
region R, the sense S{ABAA is the same as the sense S{ABBf), and 
the segment AA^B is the same as the segment AB^^B. Hence 
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Theokem 13. For a given convex region R the above definition has 
the same meaning if any other ^oint collinear with R but not in R he 
substituted for Aa,, 

COROLLABY 1. If S (AB) S (A' B^) and S(A^B^) ^ S(A^^B^^), then 
iS{AR)=S(.W). 

Corollary 2. If S{AB) ^ S(A^B) and S(A^B) S(A^^B% then 
S{AB)=^S{A^^B% 

Corollary 3. S{AB) ^ S{BA), 

Corollary 4. If S{AB) = S{BC), then 8{AB) 8 (AO), 

TKese corollaries are direct translations of Theorems 2—5 into our 
present terminology. Theorem 7 translates into the following state- 
ments in terms of betweenness : 

Theorem 14. (1) If C is between A and B, then B is not between A 
and C. (2) If three joints A, B, C are distinct^ 0 is between A and B 
or B is between A and 0 or A is between C and B. (3) If C is between 
A and B and A is between B and F, then 0 is between B and F 

Theorem 7 translates into the following statements in terms of 
" precede ” and follows.” 

Theorem 15. (1) If C precedes B in the sense AC, then B does not 
precede C in this sense. (2) In the sense AC, either B precedes C or C 
precedes B. (3) If, in the sense AB, A precedes C and F precedes A, 
then E precedes C. 

Definition. If A and B are any two points of a convex region R, 
the set consisting of all points which follow A in the sense AB is 
called the ray AB. The point A is called the origin of the ray. The 
ray consisting of all points which precede A in the sense AB is 
said to be opposite to the ray AB. The set of all points which 
precede A in the sense AB is sometimes called the prolongation of 
the segment AB beyond A. 

EXERCISES 

1. A convex region on a line is either a segment or the set of all points on 
the line with the exception of one point.* 

2. If three points of a convex region are in the order {ABC}, they are in 
the order {CBA} but not in the order {ACB} or {CAB}. 

3. Tn a convex region, if A is between B and C, it is between C and B. 

4. Between any two points there is an infinity of points. 


* This exercise requires the use of an assumption of continuity (C and R, or JEt). 
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5. If B is on A C and C is on BD, then C is on xiD and B is on AD. 

S. The relations B is on A C, B is on A D, B is on CD are not possible 
simuitaneoiislj. 

7. If B and C are on AD, then B is on ZC or on CB. 

8. Choosing a system of nonhomogeneous coordinates in which A^ is cc, 
show that the sense AB is the same as the sense A'B' if and only if B — A 
is of the same sign as B' — A'; also that two point pairs have the same sense 
if and only if they are conjugate under the group 

x' == ax + h, 

where ct > 0. 


24. Algebraic criteria of sense. If A = {a^, a^, and 

C= (c^, c^) are any three distinct points of the line, the transformation 

< = PoVo + PA^1’ 


changes (1, 0), (0, 1), and (1, 1) into A, B, and C respectively if and 
only if Pq and satisfy the equations 

«o = Po“o + ^A' 


that is, if 


^=Po‘^i+pA> 


Po. 


Pi 


0. K 

G 0 


0 0 


With this choice of p^/p^ the determinant of the transformation (6) 
is of the same sign as 


a b 


K 


G a 

o 

o 


0 0 


o 

o 

a, h 




c, a. 

1 1 


1 1 


1 1 


By definition the projectivity is direct if and only if S is positive. 
How if a! — {a^, a[), l[), — (c^, c{) are any three points of 


the line, and 


^' = 


< K 


K ol 


< < 


two cases are possible. If S' is of the same sign as S, the projectivities 
in which 

(7) (l,0)(0,l)(l,l)7^^J5f7, 

(8) {l,0)i0,l)il,l)-xA'B'C' 

are both direct or both opposite, and hence the projectivity in which 


/9) 


ABC-f^A'B'C 
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is direct. If S' is opposite in sign to S, one of the projectivities (7) and 
(8) is direct and the other opposite, and hence (9) is opposite. Hence 
Theoeem 16. Let A = (a^, aj, £ = {b^, \), cj, A' = (a'^, a'), 

B’= (bg, 6i), C’ — {c'^, c{) he collinear points. Then S (ABC) — S {A' B' C) 
if and oiily if the expressions 


% K 

a, 


j». '.I 

i». '.I 


G a 
1 1 


and 


K K , K 

a[ h( h[ e( 


c' a( 


have the same sign. 

Coroll AKY 1. Three points given by the finite nonhoTnogeneous coot-- 
dinates a, b, c are conjugate under the group of all direct projectivities 
to three points given by the finite nonhomogeneous coordinates a\ V , d, 
resgectively, if and only if (a — b)(b — c) (c—a) and (a' — V) (b’ — d) 
{d — a’) have the same sign. 

Proof. Set a = b = ijb^, c = cjc^^ and apply the theorem. 

Corollary 2. Two points given by the finite nonhomogeneous coor- 
dinates a and b are conjugate under the group of all direct projectivities 
leaving the pioint oo of the nonhomogeneous coordinate system invariant 
to the two points given by the finite nonhomogeneous coordinates d and V 
respectively if and only if a — b and a^ — V have the same sign. 

Proof Set a = aja^^ b = bjb^^ = 0, = 1, and apply the theorem. 

Theorem 17. B separate C, D if and only if the cross ratio 
R {AB, CD) is negative. 

Proof By the last theorem, A, B separate C, D if and only if 




,0 0i 

j 


and 

\ 




^0 % 

\ 


\ «ll 


<=1 «i 


\ 


\ 


«1 


are opposite in sign. But the quotient of these two expressions has 
the same sign as B [AB^ CD) (cf. p. 166, Chap. VI, Vol. I). 

With the aid of this theorem the proof of Theorem 7 can be made 
much more simply than in § 21. 

25. Pairs of lines and of planes. Theorem 18. The points of space 
not on either of two planes a and J3 fall into two classes such that two 
points (9^, 0^ of the same class are not separated by the points in which 
the line Of)^ meets the planes a and /3, while two points O, P of differ- 
ent classes are separated by the points in which the line OP meets a and 0. 

Proof By the space dual of Theorem 10 the planes of the pencil 
ocB are separated by a and >9 into two segments. Let [Oj he the set 
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of points on the planes of one of these segments but not on the line 
and let [P] be the set of the points on the planes of the other 
segment but not on 
the line a^. 

The two planes oo 
and TT of the pencil 
which are on any two 
points 0 and P are 
separated by a and 
Hence, by Theorem 7 
and § 20, the points 
in which the line OF 
meets a and /3 are 
sepiarated by 0 and P. 

In like manner, any 
two points Oj, 0^ de- 
termine with the line a pair of planes (or a single plane) not sepa- 
rated by o: and and hence the line 0^0^ meets a and ^ in points (or a 
single point) not separated by 0^ and 0^. By the same reasoning, any 
line meets a and ^ in points (or a point) not separated by and 1^, 

Corollary 1. If I and m are, two coplanar lines, the points of the 
plane which are not on I or m fall into two classes such that two points 
0^, Og of the same class are not sepa- 
rated hy the points in which the line 
Of)^ meets I and m, while two points 0, 

F of different classes are separated ly 
the points in which OF meets I and m. 

Corollary 2. There is only one 
pair of classes [0] and [P] satisfying 
the conditions of the above theorem 
(or its first corollary) determined by a given pair of planes (or lines). 

Definition. Two points in dijfferent classes (according to Corol- 
lary 1) relative to two coplanar lines are said to be separated by the 
two lines ; otherwise they are said not to be separated by the lines. 
Two points in different classes (according to Theorem 18) relative to 
two planes are said to be separated by the two planes; otherwise 
they are said not to be separated by the planes. 
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EXERCISES 

1. If and are two coplanar lines and 0 any point of their common 
plane, all triads of points in a fixed sense-class on are projected from 0 
into triads in a fixed sense-class on (Theorem 6). If P is any other point 
of the plane, it is separated from 0 by and if and only if triads in the sense 

are not ])rojected from P into triads in the sense S<^. 

This problem can be stated also in terms of the sense of pairs of points in 
the region obtained on or respectively by leaving out the common point. 
The theortMii in this form is generalized in § 30. In the form stated in Ex. 1 
it has the following generalization. 

2. If and are two noncoplanar lines, and o is any line not intersecting 
them, all triads in a fixed sense on are axially projected from o into 
triads in a fixed sense on (Theorem 6). The lines not intersecting and 
\ fall into two classes : those by which triads in the sense are projected into 
triads in the sense and those by which triads in the sense *S\ are projected 
into triads in the sense opposite to 

3. Obtain the definition of separation of two coplanar lines by two points 
as the plane dual of the definition of separation of two points by two coplanar 
lines. Prove that if two coplanar lines separate two points, then the points 
separate the lines. State and prove the corresponding result for pairs of points 
and of planes. 

26. Tlie triangle and the tetrahedron. 

Theorem 1 %, If a line I not passing through any vertex of a triangle 
ABC meets the sides BC, CA, AB in A^, respectively, then an y other 
line m which meets the segments BAfC, CB^A also meets the segment AC 

Proof. Suppose first that m 
passes through A^] then 

ACB^B/^iABC^C), 

and hence, if B^ and B^ do not 
separate A and C, C^ and C^ do 
not separate A and B. Similarly, 
the theorem is true if m passes 
through B^. 

If m does not pass through A^ or B^, let m' he a line joining A^ to 
the point in which m meets CA, By the argument abo ve we have 
first that rn' meets all three segments BA^C, CB^A, and ACfB, and 
then that m meets them. 

Let us denote the segment AC^B by 7, BAfC by a, and CB^A by 
and the segments complementary to a, yS, 7 by a, / 3 , 7 respectively. The 




§ 26 ] 


THE TEIAHGLE 


53 


above theorem then gives the information that every line which meets 
two of the segments a, 0, j meets the third. Any line wiiieh meets a 
and 0 meets 7 , for, as it does not pass tliruugh A or it meets either 
7 or 7 : liut if it met 7 , and by hypothesis meets a, it would meet 0. 
Hence the theorem gives that a, 0, 7 are such that any line meeting 
two of these segments meets the third. By a repetition of this argu- 
ment it follows that every line of the plane which does not pass 
through a vertex of the triangle meets all three segments of one of 
the trios a:0y, a0y, a0y, (X0y, and no line v/hatever meets all three 
segments in any of the trios a0y, a0y^ o:0y, a0y. 

The lines of the plane, exclusive of those through the vertices, 
therefore fall into four classes: 

(1) those which meet a, 0, 7, 

(2) those which meet a, 0, 7, 

(3) those which meet a, /3, 7, 

(4) those which meet a, /3, 7. 

No two lines of the same class are separated by any pair of the 
lines joining the point Z^Z^ to the vertices of the triangle, while any two 
lines Zp of different classes are separated by two of the lines joining 
the point Zp?2.^ to the vertices. 

This result is perhaps more 
intuitively striking when put 
into the dual form, as follows : 

Theoeem20. The points of 
a plane not on the sides of a 
triangle fall into four classes 
such that no two points 
of the same class are separated 
ly any pair of the points in 
which the line meets the 
sides of the triangle, while 
any tivo points Af of different classes are separated hy tivo of the 
points in which the line meets the sides of the triangle. 

Definition. Any one of the four classes of points in Theorem 20 
is called a triangular region. The vertices of the triangle are also 
called vertices of the triangular region. 
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The property of the triangle stated in Theorem 19 can also serve 
as a basis for a discussion of the ordinar theorems on the tetrahedron 
and for those of the {n + l)-point in ?i-space. Suppose ve have a tetra- 
hedron whose vertices are Let us denote its faces by 

opposite to the vertex A^, etc. ; let us denote 
the edges by a^, the edge being the line A^Aj. 

Each edge a^. is separated by the vertices A.^ Aj into two segments, 
which we shall denote by <7^. and Let tt be a plane not passing 
through any vertex ; the six segments which it meets may be denoted 
by ‘ ‘ y a-nd the complementary segments by • 

Then as a corollary of 
Theorem 19 we have 
that any plane which 
meets three nonco- 
planar segments of the 
set 

meets all the rest of 
them, and, moreover, 
no plane meets all the 
segments 

If we observe that 
any plane not passing 
through a vertex must 
meet the edges 

^ 13 ^ ^14 three distinct points, it becomes clear that the planes not 
passing through any vertex fall into eight classes such that two planes 
of the same class are not separated by a pair of vertices, whereas 
two planes of different classes are separated by a pair of vertices. 
Under duality we have 


\ 

/ 

L 

<4, 

a 

A 

< 5 > 

^ 

tr 



1 


\ 


Fig. 17 


Theorem 21. The joomts not %pon the faces of a tetrahedron fall 
into eight classes such that tiao ^points of the same class are not sepa- 
rated ly the points in which the line joining them meets the faces, 
whereas two points of different classes are separated ly two of the 
points in which their line meets the faces of the tetrahedron. 


Defixitioet. Any one of the eight classes of points in Theorem 21 
is called a tetrahedral region. The vertices of the tetrahedron are 
also called vertices of any one of the tetrahedral regions. 
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It TTOulti be easy to complete the discussion of the triangle and the 
tetrahedron at this point — fur example, to detiiie the term ‘‘boundary” 
and to prove that the boundary of any one of the classes of points in 
Theorem 20 is composed of A, B, C and three segments having the 
property that no line meets them aU. We shall defer this discussion^ 
however, to a later chapter, where the results w^ill appear as special 
cases of more general theorems. 

27. Algebraic criteria of separation. Cross ratios of points in space. 
The classes of points determined (Theorems 18-21) by a pair of inter- 
secting lines, a triangle, a pair of planes or by a tetrahedron can be 
discussed by means of some very elementary algebraic considerations. 
As these are similar in the plane and in space, let us carr}’ out the 
work only for the three-dimensional cases. 

Suppose that the homogeneous coordinates of four noncoplanar 
points Ag, Ag, A^ are given by the columns of the matrix, 


( 10 ) 


'«01 «08 % 

^ 

21 22 28 

a a CL a 

81 82 83 


and let x^, x^ be the homogeneous coordinates of any other 

point X. Let us indicate by \x, the determinant of the 

matrix obtained by substituting x^, x^, x^ respectively for the ele- 
ments of the first column in the matrix above; by x, the 

determinant obtained by performing the same operation on the second 
column, etc. The expressions |y, a^\ etc. have similar mean- 
ings in terms of the coordinates of a point (y^, y^, y^, = H. The 

following expressions are formed analogously to the cross ratios of 
four points on a line (cf. § 58, VoL I): 


( 11 ) 



X, 



“ 4 ^ 

1 . Iy> 







“ 3 - 

X 

1 ■ 



y 1 





a.I 




^*41 




« 3 > 

X j 

i ■ i“l> 



y 1 

\ 



X, 

®4 

1 . 1 “l> 



"^41 




« 3 > 

X 

1 ■ hl> 


a,, 

y 


Clearly there are twelve numbers which could be defined analo- 
gously to these ; and if the notation A^, A^, Ag, A^, X, Y he permuted 
among the six points, 720 such expressions are defined. Each number 
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is EB absolute invariant of tbe six points, for it is unaltered if the 
coordinates of anj point be multiplied by a constant or if all six points 
be subjected to the same linear transformation. 

If T be not upon any of the planes determined by the points A^, A^, 
Ag, there exists a projectmty which carries Y into (1, 1, 1, 1) and 
the points A^, A^, A^, A^ into the points represented by the columns of 


( 12 ) 


/I 0 0 0\ 

0 10 0 
p 0 1 0 r 
\o 0 0 1/ 


Let (Xq, Xj, Xg, Xg) he the point into which x^) is carried 

by this projeetivity. By substituting in (11) we see that 


k 

X„ 



*34 = —* 


“ X, 

a 

s 


1, \a^, X, a, 


From this it follows that \x, a^, x, {X^[,etc. could ie 

takeifh as the homogeneous coordinates with respect to the tetrahedron of 
reference whose vertices are A^, A^, A^, A^. 


The line (X,, X,, X,, Xg) - X(1 , 1, 1, 1) 


meets the planes determined hy the four points represented by (12) 
in four points given by the values X = X^^, X = X^, X = X^, X = Xg. 
The cross ratios of pairs of these points with (X^, X^, X^, Xg) and 
(1, 1, 1, 1) are X/Xg, X^Xg, and X^/Xg. Hence are cross 

ratios ofX and Y with pairs of points in which the line joining them 
meets the faces of the tetrahedron A^A^A^A^. 

By Theorem 17, the points X and Y are separated by the planes 
A^A^A^ and A^A^A^ if and only if is negative. They will be sepa- 
rated by and A^A^A^ if and only if is negative, and by 

A^A,^A^ and A^A^A^ if and only if is negative. Hence, by Theorem 21, 
we have 


Theorem 22. The points X and Y will he in the same class with 
respect to the tetrahedron A^A^A^A^ if and only if are all 

positive. 

Corollary. The eight regions determined hy the tetrahedron A^A^A^A^ 
are those for which the algebraic signs of appear in the 

following combinations : (-f-, +, -f), (+, +, -), (+, +), (-, +, +), 
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EecalEng tliat ’ i*, a^— 0 is the equation of the plane 

(cf. § 70, VoL Ij, vre see that if 

a(x)^ + a^x^=0 

)S (x) = + /SjXj = 0 

are the equations of two planes, the formula given above for the cross 
ratio of two points X and Y with the points of intersection of the 
line XY with these planes becomes 

a(x) fi(x) 

Thus two points are in the same one of the two classes determined 
by the planes a (x) and /3 (x) if and only if this expression is positive. 

This result assumes an even simpler form when specialized somewhat 
with respect to a system of nonhomogeneous coordinates. Suppose 
that = 0 be chosen as the singular plane in a system of nonhomo- 
geneous coordinates; then the same point is represented nonhomo- 

geneously by {x, y, z) or homogeneously by (1, x, y, z), and the plane 
represented above by a: (a?) = 0 has the equation 


If = 0 be the plane 0, the expression for the cross ratio 
written above becomes 

^ ^ £o 

^(2/) ‘ Vo 


which reduces in nonhomogeneous coordinates, when and 

Vv y^j y^) replaced by (1, x', y\ z') and (1, a?", to 


(14) 


a.x' + a.y + 0^3^ + g^o 
+ a/' + 


Hence two points (A, y\ z^) and y', are separated by the sin- 
gular plane, and -Y a^z + 0 it and only if the numerator 

and denominator of (14) are of opposite sign. For reference we shall 
state this as a theorem in the following form : 

Theoeem 23. The two classes of points determined^ according to 
Theorem 18, iy the singular plane of a nonhomogeneous eom^dinate 
system and a plane ax hy + oz + d 0 are respectively the points 
(.€, y, z) for which ax + hy + cz + d is positive and the points for 
•irli ieh it is negative. 
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EXERCISES 

1. Carry out the discussion analogous to the above in the two-dimensional 

case. Generalize to n dimensions. 

2. How many of the 720 numbers analogous to are distinct? 

28. Euclidean spaces. Definition. The set of all points of a pro- 
jective space of n dimensions, with the exception of those on a single 
(ti— 1) -space S*" contained in the 7 i-space, is called a Eudiclecui space 
of% dinieiisioiLS, Thus, in particular, the set of all but one of the 
points of a projective line is called a Euclidean line, and the set of 
all the points of a projective plane, except those on a single line, is 
called a Ei(clidean plane. 

Definition. The projective i(n — 1) -space S* is called the singular 
(n - l)-S 2 Kice or the (n - 1) -space at infinitg or the ideal {n — 1) -space 
associated with the Euclidean space. Any figure in S" is said to be 
ideal or to be at infinity, whereas any figure in the Euclidean ?i-space 
is said to be ordinary. 

The ordinary points of any line in a Euclidean plane or space form 
a Euclidean line and thus satisfy the definition (§23) of a linear 
convex region. The definitions and theorems of that section may 
therefore be applied at once in discussing Euclidean spaces. Thus, 
if A and B are any two ordinary points, we shall speak of the seg- 
ment AB,’' the ray AB,'' etc. 

The first corollary of Theorem 18 yields a very simple and impor- 
tant theorem if the line 7n be taken as the line at infinity, namely : 

Theorem 24. The points of a Euclidean pla.ne which are not on a 
line I fall into two classes such that the segment joining two pomts of 
the same class does not meet I and the segment joining tiao points 
of different classes does meet I, 

Corollary. If a is any ray whose origin is a point of I, all points 
of a are either on I or on the same side of I, 

In like manner Theorem 18 yields 

Theorem 25. The points of a Euclidean three-space which are not on 
a plane tt fall into two classes such that the segment joining two points 
of the same class does not meet nr and the segment joining two points 
of different classes does meet tt. 

# We shall refer to a line, plane, or n-space in the sense of Chap. I, Vol. I, as a 
projective line, plane, or »-space whenever there is possibility of confusion with 
other types of spaces. 
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Definition. The two classes of points determined by a line I in a 
Euclidean plane, according to Theorem 24, are called the two sides 
of /. The two classes of points determined by a plane tt in a Euclidean 
three-space, according to Theorem 25, are called the two skies of tt. 

The tvco sides of tt are characterized algebraically in Theorem 23. 

Definition. An ordered pair of rays h, h having a common origin is 
called an angle and is denoted by 4.hk. If the rays are AB and AC, the 
angle may also be denoted by 4 BA C. If the rays are opposite, the angle 
is called a siraigJit angle ; if the rays coincide, it is called a zero angle. 
The rays /z, h are called the sides of 4 kk, and their common origin the 
vertex of 4 kk, 

EXERCISES 

1. The points of a Euclidean plane not on the sides or vertex of a nonzero 
angle fall into two classes such that the segment joining two points ol 
different classes contains one point of h or k. In ease 4 hk is not a straight 
angle, one of these two classes consists of every point which is between a point 
of A and a point of k. 

2. Generalize Theorem 25 to n dimensions. 

29. Assumptions for a Euclidean space* A Euclidean space can 
be characterized completely by means of a set of assumptions stated 
in terms of order relations. Such a set of assumptions is given below. 
It is a simple exercise, which we shall leave to the reader, to verify 
that these assumptions are all satisfied by a Euclidean space as defined 
in the last section. 

The reverse process is also of considerable interest. This consists 
(1) in derhdng the elementary theorems of alignment and order from 
Assumptions I-VIII below, and (2) in defining ideal elements and 
showing that these, together with the elements of the Euclidean space, 
form a projective space. For the details of (1) and an outline of (2) the 
reader may consult the article by the writer, in the Transactions of 
the American Mathematical Society, Vol. V (1904), pp. 343-384, and 
also a note by R L Moore, in tlie same journal, YoL XIII (1912), p. 74. 
On (2) one may consult the article by E. Bonola, Giornale di Matematiche, 
Vol. XXXVIII (1900), p. 105, and also that by F. W. Owens, Trans- 
actions of the American Mathematical Society, Vol XI (1910), p. 141. 
Compare also the Introduction to Vol. 1. 

This set of assumptions refers to an undefined class of elements 
called points and an undefined relation among points indicated by 
saying points A, B, C are in the order {ABC}'' 
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The assumptions are as follows : 

I. If points A, B, C are in. the order {ABC), they are distinct. 

II. If points A, B, C are in the order {ABCf they are not in the 

order {BCA}. 

DEFixiTioy. If A and B are distinct points, the segment AB c ons ists 
of aU points X in the order {AXB}-, all points of the segment AB are 
said to he between A and B; the segment together with A and B is 
called the interval AB ; the line AB consists of A and B and all points X 
in one of the orders {ABX}, {AXB}, {XAB}-, and the ray AB consists 
of B and all points X in one of the orders {AXB} and {ABX}. 

TTT If points C and D) are on the line AB, then A is on the 

line CD, 

IV. If three distinct points A, B, and C do not lie on the same line, 
and D and E are two points in the orders {BCD} and {GEA);, then a 
point F exists in the order ^^AFB^ and such that D, E, and F lie on 
the same line, 

Y, If A and B are two distinct points^ there exists a point C such 
that Ay By and C are in the order {ABC}. 

XL There exist three distinct points A, B, C not in any of the orders 
{ABC}y {BCA}y {CAB}. 

Definition'. If A, B, C are three noncoUinear points, the set of all 
points coUinear with pairs of points on the intervals AB, BO, CA is 
called the plane ABC. 

VIL If Ay By C are three noncollinear points, there exists a point D 
not in the same plane ivith A, B, and C. 

YIIL Two planes which have one point in common have two distinct 
poijits in common. 

IX If A is any point and a any line not containing A, there is not 
711076 than one line through A coplanar with a and not meeting a. 

XVII. If there exists an infinitude of points, there exists a certain 
pair of points A, C such that if [cr] is any infinite set of segments of 
the line AG, having the property that each point of the interval AG 
is a point of a segment cr, then there is a finite subset, cr.^, o'g, • • •, 
with the same property.^ 

^ The proposition here stated about the interval ./I C is commonly known as the 
Heine-Borel theorem. The continuity assumption is more usually stated in the 
form of the “Dedekind Cut Axiom.” Cf . B. Dedekind, Stetigkeit und irrationalen 
Zahlen, Braunschweig, 1872. 
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Assumptions I to VIII are sufficient to deliiie a tliree-space which 
is capable of being extended by means of ideal elements into a pro- 
jective space satisfying A, E, S. This space will nut, in general, sat- 
isfy Assumption P. If the continuity assumption, X\’II, be added, the 
corresponding projective space is real and lienee properly projective. 
Assumption IX is the assumption with regard to parallel lines. 
Assumption VIII limits the number of dimensions to three. 

30. Sense in a Euclidean plane. Suppose that h is the line at 
infinity of a Euclidean plane. Every coUineation transforming the 
Euclidean plane into itself effects a projectivity on Z* which is either 
dhect or opposite (§ IS). Since the direct projectivities on Z« form a 
group, the planar coUineations which effect these transformations on 
Z« also form a group. 

Defixitiok. a collineation of a Euclidean plane which effects a 
direct projectmty on the line at infinity of this plane is said to be a 
direct collineation of the Euclidean plane. Any other colliaeation of 
the Euclidean plane is said to be ojpposite. Let A, B, C be three non- 
coUinear points ; the class of all ordered triads A!B^ such that the 
collineation carrying B, and C to A\ B\ and respectively is direct, 
is called a sense-class and is denoted by S(ABCy Two ordered triads 
of noncoUinear points in the same sense-class are said to Jiave the 
same sense or to he in the same sense. Otherwise they are said to ham 
opposite senses or to he in opposite senses. 

Since the direct projectivities form a group, it follows that if a triad 
A^ffC^ is in S{ABC), then S(ABC) =-8{£B’C% 

Theoeem 2 6. There are two and only two sense-classes in a Euclidean 
plane. If A, By and C are noncoUinear points ^ 8 {ABC) = 8{BCA) ¥= 
8{ACB). 

Proof. Let A, B, C he three noncoUinear points. If A', B^, are any 
three noncoUinear points such that the projectivity carrying Ay By C 
to A', B^y C' respectively is direct, 8 (ABC) contains the triad A^B^C'. 
Because the direct projectivities form a group, 8 (ABC) = S{A'B'C^). 
The triads to which ABC is carried by coUineations which are not 
direct aU form a sense-class, because the product of two opposite 
coUineations is direct. Thus there are two and only two sense-classes. 

Suppose we denote the lines BC, CA, AB by a, h, c respectively 
and let A', B^, be the points of intersection of a, b, c respectively 
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with /*. The projectivity carry mg ABC to BCA evidently carries 
a, h, and c to h, c, and a respectively, and thus carries A'B'C to B'C'Al, 
and thus is direct (§19). Hence 

S{ABC) =S{BCA). 

The projectivity carrying ABC to ACB carries A'B'C to AlC'ff, and 
hence is not direct ; and hence 

S{ABC) =# S{ACB). 

Theoeem 27. Two 'joints C a/nd JD an on opposite sides of a line 
AjB if and only if S{ABC) = 5 ^= S{ABD). 


T his theorem can be derived as a consequence of Ex. 1, § 25. It 
can" also be derived from the foUowing algebraic considerations. 

Let us choose a system of nonhomogeneous coordinates in such a 
way that the singular line of the coordinate system is the same as 
the aingnlar line of the Euclidean plane. The group of all projec- 
tive coUineations transforming the Euclidean plane into itself then 
reduces (§ 67, VoL I) to 

x’ = a^x + \y + c^, 

( 1 =) y'~v+ij, + c, 5 , 

If we change to the homogeneous coordinates for which x=^xjx^ 
and y — the line at infinity has the equation 0, and the 
equations (15) reduce to 




On the line at infinity this effects the transformation 

x[ = a^x^+\x^, 

X^ — ^2^1 “h 


which is direct if and only if A > 0. 

Let the nonhomogeneous coordinates of three points A, B, C be 
(c^, respectively. The determinant 


1 

S= \ \ 1 
1 


is multiplied by A whenever the points A, C are subjected to the 
transformation (15). This is verified by a direct substitution. Hence 
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the algebraic sign of S is left invariant by all direct collineations and 
changed by all others. Hence we have 

Theoeem 28. An ordered triad of points (a^, ct„), (6^, bj, (c^, e„) has 
the same sense as an ordered triad (a[, (b[, b^), (c^ if and only if 

the determinants a a 1\ a' a' V 

bl bl ij and bl bl 1 
Cl l| < 4 1 

have the same sign. 

Theorem 27 now follows as a corollary of Theorem 23, § 27. 

EXERCISES 

1. If 4. ABC = 4A'BC', S(ABC) = S(A'BCy 

2. Let 4 hk be said to have the same sense as 4 k'Jcf ii S{ABC) = S^A'B'Cy 
where B is the vertex of 4kk, A a point of A, C a point of k^ and A% B\ C' 
points analogously defined for 4h'kf. Define positive and negative angles and 
develop a theory of the order relations of rays through a point. 

3. Let p and cr be two planes of a projective space which meet in a line ; 
let us denote the two Euclidean planes obtained by leaving L out of p and cf 
by and cr^ respectively; and let Sp be an arbitrary sense-class in pj. All 
ordered point triads of Sp are projected from a point 0 not on p or cr into triads 
of a fixed sense-class S^. in cr^. Any other point P not on p or cr is separated 
from <9 by p and cr if and only if triads in the sense-class Sp are not projected 
from P into triads of S^, 

*31. Sense in Euclidean spaces. The definition given above of 
direct transformations in a Euclidean plane, based on the concept of 
direct transformations on the singular line, cannot be generalized to 
three dimensions. This is because the plane at infinity is projective 
and, as will be proved in the next section, does not admit of a dis- 
tinction between direct and opposite projectivities. ISTevertheless, the 
algebraic criterion A > 0 does generalize and is made the basis of the 
definition which follows. 

With reference to a nonhomogeneous coordioate system, of which 
the singular (n — l)-space is the (n —1) -space at infinity, the equations 
of any projective collineation of a Euclidean 7i-space take the form* 

(18) = 6 . +'^ayXj, (i = l,---,n) 

i=i 

where the determinant \a^,\ is different from zero. The resultant of 

* The reader may, if he wishes, limit attention to the case n = 3. We have not 
actually developed the theory of coordinate systems in n dimensions, but as there 
is no essential difference in this theory between the three-dimensional case and the 
7i-dimensional, we do not intend to write out the details. 
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two transformations of this form has a determinant which is the 
product of the determinants of the two transformations. Since the 
coefficients appear nonhomogeneously iu (18), it is clear that a seK- 
con jugate subgroup of the group of ail transformations (18) is defined 
by the condition > 0. It foHows by the same reasoning as used 
in § 18 that this subgroup is independent of the choice of the frame 
of reference, so long as the singular {n — l)-space coincides with the 
singular {n — l)-space of the corresponding Euclidean ^space. 

DefixitiOjS’, The group of all transformations (18) for which the 
determinant |%•1>0 is called the group of direct collineations. In a 
Euclidean ?^-space let 4, * • *, be + 1 linearly independent 
points ; the class of all ordered (^i4’l)'ads^ A^A^ • • • A^^^ such that the 
coEineation transforming A^, • • •, into A[, ^ 2 ? * ' ^ -^n+i I’^spec- 

tively is direct is called a seme-class and is denoted by S (A^A^ • • • 

Theobew 29. There are two and only hoo sense-classes in a Euclidean 
7 h~space. The sense-class of an ordered n-ad is unaltered ly even per- 
mutatio 7 is and altered by odd permutations. 

Proof. The argument for the three-dimensional case is typical of 
the general case. Let the coordinates of four points A, B, C, D be 
a^, e^), (d^, d^, d^) respectively. The determinant 



is multiplied by j af whenever the points are simultaneously subjected 
to a transformation (18). Hence the algebraic sign of (19) is left in- 
variant by all direct collineations. 

Since an odd permutation of the rows of (19) would change the sign 
of (19), no such permutation can he effected by a direct collineation. 
The remaining statements in the theorem now follow directly from 
the theorem that any ordered tetrad of points can be transformed by 
a transformation of the form (18) into any other ordered tetrad. 

^32. Sense in a projective space. Let us consider the group of all 
linear transformations 

( 20 ) = 0 , • • 

for which the determinant ja^-] is different from zero. 


* An n-ad is a set of n ol^jects (cf. § 19). 
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If (x^, •• is a set of liomugeiie< iu.- onordiiiates, tlie equations (20) 
continue to represent the same transturmatiun when aU the a^/s are 
multiplied by the same constant p; and ii;\o sets of equations like (20) 
represent the same transformation only if liie coefficients of one are 
proportional to those of the other. 

If each a^j be multiplied by p, \a^.\ is multiplied by p^'^K Hence, 
if [a^.| is negative and n is eveyiy'we may multiply each by —1 and 
thus obtain an equivalent expression of the form (20) for which [ay.| 
is positive. If, however, n is odd,p®'*'^ = X'< 0 has no real root. Hence, 
if tz. is odd, a transformation (20) for which | a.j\ is negative is not equiv- 
alent to one for which \a^j\ is positive. Hence the condition \a.j\> 0 
determines a subset of the transformations (20) if and only if ^ is odd. 
This subset of transformations forms a group for the reason given in 
§ 18 for the case n = 1. 

Definition. If n is odd, the group of transformations (20) for which 
> 0 is called the group of direct collineations in ?i-space. 

This definition of the group of direct collineations is independent 
of the choice of the frame of reference, as follows by an argument 
precisely like that used to prove the corresponding proposition in § 18. 

In a space of three dimensions, let us inquire into what sets of five 
points the set (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), (1, 1, 1, 1) 
can be transformed by direct collineations. If the initial points are to 
be transformed respectively into the points whose coordinates are the 
columns of the matrix 


( 21 ) 


the coUineation must take the form 


< = Po Vo + + P2 V 2 + 

(22) +Pl“u*l +P2«12*2 +PtV»> 

= Po«30*0 + Pi Vl + p2 V 2 + P» Vo* 

where the p's satisfy the equations 

Po®oo + p Ai + Pi ^02 + p»%a — ®04' 
Po“lO + Pl®U + Ps^M + /’8®18 “ 

Po“20 + P Al + P2 "k1 ^ 

Po «80 +Pl% +P 2«82 +P.“«. = V 


( 23 ) 
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Substituting the values of determined from these equations in the 
determinant of the tiansformation (22), we see that the value of 
this determinant is 



where the expressions in parentheses are abbreviations for deter- 
minants formed from the matrix (21) having these expressions as 
their main diagonals. The number (24) has the same sign as 

( 25 ) (^04^11^22^83) (^00^14^22^83) (^00^11^24^83) (^00^11^22^84) (^00^11^22^33)^ 

which is entirely analogous to the expression found in Theorem 16. 
The initial set of points is transformable into the points whose coor- 
dinates are the columns of (21) by a direct transformation if and only 
if (25) is positive. 

This result may be stated in the form of a theorem as follows : 

Theorem 30. If ct set of five points whose homogeneous com'dinutes 
are the columns of the matrix (21) he such that the product of the 
fouT-TOwed determinants obtained hy omitting columns of this matrix 
is positive, it can he transformed hy a direct collineation into any 
other set of points having the same property, hut not into a set for 
which the analogous product is zero or negative. 

Corollary. Any even permutation hut no odd permutation of the 
vertices of a complete five-point can he effected hy a direct collineation. 

Definition. Let A, B, C, D, B be five points no four of which are 
coplanar. The class of aU ordered pentads obtainable from the pentad 
A, B, 0, J), E by direct coUineations is called a sense-class and is 
denoted by S{ABGDE), 

Theorem 30 and its corollary now give at once the following: 

Theorem 31. There are two and only two sense-classes in a real pro- 
jective three-space. The sense-class of a set of five points is unaltered 
hy even permutations and altered hy odd permutations. 

If an analogous definition of sense-class had been made in the plane, 
we should have had that all planar coUineations are direct, and hence 
that there is only one sense-class in the plane. This remark, together 
with Theorem 31, expresses in part what is meant by the proposition : 

The real projective plane is one-sided and the real projective three- 
space is two-sided. 
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Although, we have grounded this discussion upon propositions 
regarding certain groups of coUineations, the notion of sense is 
connected with a much more extensive group. lAe shall return to 
this study, which will give a deeper insight into the notions of sense 
and of one- and two-sidedness, in a later chapter. 

33. Intuitional description of the projective plane. We may assist our intuitive 
conception* of the one-sidedness of the real projective plane by a furthei* 
consideration of the regions into which 
a plane is separated by a triangle. These 
are represented in fig. 16. Since any tri- 
angular region is projectively transform- 
able into any other, it follows that any 
triangular region may be represented 
like Region I in fig. 16. In fig. 18 the four 
regions are thus represented, together with a portion of the relations among them. 

The representation is more complete if the two segments labeled ^ are 
superposed in such a way that the end labeled ^4 of one coincides with the 
end labeled A of the other. This is represented in fig. 19 and may be realized 
in a model by cutting out a rectangular strip of paper, giving it a half twist, 
and pasting together the two ends. 



To complete the model it would be necessary to bring the two edges labeled 
in fig. 18 into coincidence. This, however, is not possible in a finite three- 
dimensional figure without letting the surface cut itself, f 

The twisted strip as an example of a one-sided surface is due to Mobius. f 
It has only one boundary A^C^A, An imaginary man OP on the surface 
(fig. 19) could walk, without crossing the boundary, along a path which is the 

* It would not be diflScult to give a rigorous treatment of the propositions in this 
section, but it is thought better to postpone this to a later chapter. 

t Plaster models showing this surface are manufactured by Martin Schilling of 
Leipzig. f Oesammelte Werke, Vol. H, p. 



Fig. 18 
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image of a straiglit line in tlie pj'ojective phiu(‘, till he arrived at the antipodal 
position OQ. If a small triangle RST were to be moved with the man with- 
oat being lifted from the surface or being allowe<l to touch the man, it would 
be found, when the man arrived at the position Oil that the triangle could 
be superposed upon itself, R coinciding with itself, but ^ and T interchanged. 
In other words, the boundary of the triangular region containing 0 would 
coincide with itself with sense reversed. 

It is not essential that the triangular region RST he small, but merely 
that the figure ORST move continuously so that the triangle Rt^T remains a 
triangle and the point 0 is never on one 
of its sides. The possibility of making this 
transformation of the figure OR ST into 
OR TS is not affected by joining the two 
/3-edges together, because none of the 
paths need meet the boundary of the strip. 

Therefore a corresponding continuous 
deformation can be made in the pro- 
jective plane. 

If we think of the figure OR ST in the 
projective plane, the four points enter 
symmetrically. Thus, since S and T can 
be interchanged by continuously moving 
the complete quadrangle, any two vertices 
can be interchanged by such a motion, 
and hence any permutation of the four 
vertices can be effected by such a motion. 

This is intimately associated with the fact 
that all projectivities in the plane are 
direct (§ 32), as will be proved in a later 
chapter, where the notion of continuous 
deformation of a complete quadrangle 
in a projective plane is given a precise 
formulation. 

The triangle RST may be replaced 
by any small circuit containing 0, and 
it still remains true that 0 and the circuit may be continuously deformed till 
0 coincides with itself and the circuit coincides with itself reversed. For 
example, the circuit may be taken as a conic section, and the projective plane 
imaged as the plane of elementary geometry plus « a line at infinity ” (see the 
introduction to Vol. I, §§ 3, 4, 5, and also § 28 above). The ellipse I (fig. 20) 
may be deformed into the parabola II, this into the hyperbola III, this into 
the parabola IV, and this into the ellipse V. The reader can easily verify 
that the sense indicated by the arrow on I goes continuously to that indicated 
on V. The figures may be regarded as the projections from a variable center 
of an ellipse in a plane at right angles to the plane of the paper. 
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Tills defomiation of an ellipse and also the corresponding one of the 
quadrangle 2' depend on internal properties of the surface; i.e. they are 
independent of the situation of the surface in a three-dimensional space. They 
are sharply to be distinguished from the property expressed by saying that 
the mail OP comes back to the position UQ, fur the latter is a property of 
the space in which the surface lies.^ In fact, the closely related proposition, 
that if the man OP walk along a straight line in a projectiye plane till he 
comes back to the position OQ, the triangle RST comes back to ifl'.V, implies 
that if a tetrahedron (e.g. PQRS) be deformed into coincidence with itself so 
that two yertices are interchanged, the other two yertices will also be inter- 
changed. And the last statement is a manifestation of the theorem (§ ^12) 
that although the projective plane is one-sided, the projective three-space is 
two-sided. 

A sort of model of the pro- 
jective three-space may be 
obtained by generalizing the 
discussion of the plane given 
above. Any one of the eight 
regions determined by a tetra- 
hedron is projectively equiva- 
lent to any other. Hence we 
pass from fig. 17 to fig. 21, 
which represents in full only 
the relations among the seg- 
ments, triangular regions, and 
tetrahedral regions having 
as an end, or vertex. Each of 
the triangles having Ag, Ag, A^ 
as vertices is represented by two 
triangles in fig. 21. Thus, in 
order to represent the projective space completely we should have to bring 
each of the triangular regions ui^A^A^ into coincidence with the one which 
is symmetrical with it with respect to Aj. In other words, fig. 21 would 
represent a projective three-si)ace completely if each point on the octahedral 
surface formed by the triangular regions AgAgA^ were brought into coinci- 
dence with the opposite point. 



EXERCISE 

Show that the octahedron in fig. 21 may be distorted into a cube so that 
the projective three-space is represented by a cube in which each point coin- 
cides with its symmetric point with respect to the center of the cube. 

* E. Steinitz, Sitzungsberiohte der Berliner Mathematischen Gesellschaf q 
Vol, VII (1908), p. 36. 



CHAPTER III 

THE AFFINE GROUP IN THE PLANE 

34. The geometry corresponding to a given group of transformations. 

The theorems which we have hitherto considered, whether in general 
projective geometry or in the particular geometry of reals, state prop- 
erties of figures which are unchanged when the figures are subjected 
to collineations. For example, we have had no theorems about indi- 
vidual triangles, because any two triangles are equivalent under the 
general projective group, and thus are not to be distinguished from 
one another. On the other hand, there does not, in general, exist a 
coUineation carrying a given pair of coplanar triangles into another 
given pair of coplanar triangles; and thus we have the theorem of 
Desargues, and other theorems, stating projective properties of pairs 
of triangles. We have thus considered only very general properties 
of figures, and so have dealt hardly at all with the familiar relations, 
such as perpendicularity, parallelism, congruence of angles and seg- 
ments, which make up the bulk of elementary Euchdean geometry. 
These properties are not invariant under the general projective group, 
but only under certain subgroups. We shall therefore approach their 
study by a consideration of the properties of these subgroups. 

There are, in general, at least two groups of transformations to con- 
sider in connection with a given geometrical relation : (1) a group by 
means of which the relation may be defined, and (2) a group under 
which the relation is left invariant. These two groups may or may 
not he the same.* 

We have already had one example of a definition of a geometrical 
relation by means of a group of transformations. In § 19 two collinear 
triads of points are defined as being in the same sense-class if they are 
conjugate under the group of direct projectivities on the line. The 
relation between pairs of triads which is thus defined is invariant 
under the group of all projectivities (§ 18). 

* The group (1) will always be a self-conjugate subgroup of (2), as follows directly 
from the definition of a self-conjugate subgroup. See § 89, below, where the rdle of 
self-conjugate subgroups is explained and illustrated. 
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The system of definitions and theorems which express properties 
invariant under a given group of transformations may be called, in 
agreement with the point of view expounded in Elein’s Erlangen 
Programm * a geometry. Obviously, all the theorems of the geometry 
corresponding to a given group continue to be theorems in the 
geometry corresponding to any subgroup of the given group; and 
the more restricted the group, the more figures will be distinct rela- 
tively to it, and the more theorems will appear in the geometry. 
The extreme case is the group corresponding to the identity, the 
geometry of which is too large to be of consequence. 

For our purposes we restrict attention to groups of projective 
collineations,t and in order to get a more exact classification of 
theorems we narrow the Kleinian definition by assigning to the 
geometry corresponding to a given group only the theory of those 
properties which, while invariant under this group, are not invariant 
under any other groujg of ^projective collineations containing it. This 
will render the question definite as to whether a given theorem belongs 
to a given geometry. 

Perhaps the simplest example of a subgroup of the projective group 
in a plane is the set of all projective collineations which leave a line 
of the plane invariant. The present chapter is concerned chiefly with 
the geometry belonging to this group. 

The chapter is based entirely on Assumptions A, E, P, In fact, 
the theorems of §§ 36, 38, 39, 40, 42, 45, 46, 48 depend only on A, 
E, Hq. The class of theorems which depend on assumptions with 
regard to order relations has already been touched on in §§ 28-30. 

35, Euclidean plane and the affine group. Let L be an arbitrary but 
fixed line of a projective plane tt. In accordance with the definition in 
§ 28 we shall refer to C as the line at infinity. The points of shall be 
called idealt points or points at infinity, whereas the remaining points 
and lines of tt shall be called ordinary points and lines. The set of all 
ordinary points is a Buclidean plane. In the rest of this chapter the 
term point,” when unmodified, will refer to an ordinary point. 

*Cf. E. Klein, Vergleichende Betrachtnngen iiher neuere geometrisclie Eor- 
schnngen, Erlangen 1872 ; also in Mathematiscbe Annalen, V"ol. XLIH (1893), p. 63. 

t Erom some points of view it would have been desirable to include also aU 
projective groups cont^lnin^ oorrelatiops. 

t There is some divergence in the literature with respect to the use of this word 
and the word “improper.^’ On the latter term see § 85, Vol. I. 



72 


THE AEFIHE GEOUP IK THE PLAKE [Chap, m 


Definition. Any projective coUineation transforming a Euclidean 
plane into itself is said to be ajine ; tlie group of all such collineations 
is called the affim group, and the corresponding geometry the affim 
geometry. 

Theorem 1. There is one and only one affine coUineation transform^ 
i%g three vertices A, B,C of a triangle to three vertices A\ B\ 0^ respec- 
tivdy of a triangle. 

Proof Since L is transformed into itself, this is a corolary of 
Theorem 18, § 35, VoL L 

With respect to any system of nonhomogeneous coordinates of 
which L is the singular line, any afiSne coUineation may be written 
in the form (§ 67, Vol. I) 


(1) 

of + + c. 

y' = + Cj 

where 

A= h ^ 0. 

a. K 


36. Parallel lines. Definition. Two ordinary lines not meeting 
in an ordinary point are said to be parallel to each other, and the 
pair of lines is said to be parallel. A line is also said to be parallel 
to itself. 

Hence, in a Euclidean plane we have the foUowing theorem as a 
consequence of the theorems in Chap. I, Vol. I : 

Theorem 2. In a Euclidean plane, two points determine one and 
only one line ; two lines meet in a point or are parallel ; two lines 
parallel to a third line are parallel to each other ; through a given 
point there is one and only one line parallel to a given line 1. 

Definition. A simple quadrangle ABCD such that the side AB is 
parallel to CD and BC to DA is called a parallelogram. 

Definition. The lines AC and BD are called the diagonals of the 
simple quadrangle ABCD. 

In terms of parallelism, most projective theorems lead to a con- 
siderable number of special cases. Moreover, since the affine geom- 
etry is not self-dual, theorems which are dual in projective geometry 
may have essentially different affine special cases. A few affine theo- 
rems which are obtainable by direct specialization are given in the 
following list of exercises, and a larger number in the next section. 
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EXERCISES 

1. If the sides of two triangles are j?aral]el by pairs, the lines Joiniiig corre- 
sponding vertices meet in a point or are parallel. 

2. If in two projective flat pencils three pairs of corresponding lines are 
parallel, then each line is parallel to its homologous line. 

3. Vif ith respect to any system of nonhomogeneous coordinates in which 

ZoB is the singular line, the equation of a line parallel to uj: + + c = 0 is 

ox 4“ 4- c' = 0. 

4. A homology (or an elation) whose center and axis are ordinary trans- 
forms L into a line parallel to the axis. 

5. If the number of points on a projective line is/» 4- 1, the number of points 

in a Euclidean plane is the number of triangles in a Euclidean plane is 
p3^p ^ and the latter is also the number of projective coliinea- 

tions transforming a Euclidean plane into itself. 

37. Ellipse, hyperbola, parabola. Definition. A conic meeting L 
in two distinct points is called a hyperbola, one meeting it in only 
one point a parabola, and one meeting it in no point an ellipse, Tlie 



Ellipse Tarahola Byperhdla 

Em. 22 


pole of L is called the center of the conic. Any line through the 
center is called a diameter. The tangents to a hyperbola at its points 
of intersection with L are called its asymptotes. A conic having an 
ordinary point as center is called a central conic. 

EXERCISES 

1. An ellipse or a hyperbola is a central conic, but a parabola is not. 

2. The center of a parabola is its point of contact with Z«. 

3. !No two tangents to a parabola are parallel. 

4. The asymptotes of a hyperbola meet at its center. 

5. Two conjugate diameters (cf. §44, Vol.T) of a hyperbola are harmon- 
ically conjugate with respect to the asymptote. 

6. If a simple hexagon be inscribed in a conic in such a way that two of 
its pairs of opposite sides are parallel, the third pair of opposite sides is parallel. 
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7. If a parallelogram be inscribed in a conic, the tangents at a pair of 

opposite vertices are parallel. 

8. If the vertices of a triangle are on a conic and two of the tangents at 
the vertices are parallel to the respectively opposite sides, the third tangent 
is parallel to the third side. 

9. If a parallelograin be circumscribed to a conic, its diagonals meet in 
the center and are conjugate diameters. 

10- If a parallelogram be inscribed in a conic, any pair of adjacent sides are 
parallel to conjugate diameters. Its diagonals meet at the center of the conic. 

11. Let P and P' be two points which are conjugate with respect to a conic, 
let p be the diameter parallel to PP% and let Q and Q' be points of intersection 
with the conic of the diameter conjugate to p. The lines PQ and P CP meet 
on the conic. 

12. If a parallelogram OAPB is such that the sides OA and OB are conju- 
gate diameters of a hyperbola and the diagonal OP is an asymptote, then the 
other diagonal .dP is parallel to the other asymptote. 

13. If two lines OA and OB are conjugate diameters of a conic which they 
meet in A and P, then any two parallel lines through A and P respectively 
meet the conic in two points A' and B' such that OA' and OB' are conjugate 
diameters. 

14. Any two parabolas are conjugate under a collineation transforming 

into itself.* 

15. Any two hyperbolas are conjugate under a collineation transforming 

into itself.* 

16. Derive the equation of a parabola referred to a nonhomogeneous coor- 
dinate system with a tangent and a diameter as axes. 

17. Derive the equation of a hyperbola referred to a nonhomogeneous coor- 
dinate system with the asymptotes as axes. 

18. Derive the equation of an ellipse or a hyperbola referred to a nonhomo- 
geneous coordinate system with a pair of conjugate diameters as axes. 

38. The group of translations. Definition. Any elation having 
h as an axis is called a translation. If I is any ordinary line through 
the center of a translation, the translation is said to be parallel to I, 

CoKOLLARY. A translation carries every proper line into a parallel 
line and leaves invariant every line of a certain system of parallel lines. 

Theorem 3. There is one and only one translation carrying a point 
A to a point B, 

Proof Any translation carrying Ato B must be an elation with 
L as axis and the point of intersection of the line AB with L as center. 
Hence the theorem follows from Theorem 9, Chap. Ill, Vol. 1. 


) 1 tlic corresponding theorem for ellipses, see § 76, Ex. 7. 
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Theoeem 4. An ordered point pair AB can he carried hy a tram- 
lation to an ordered point pair A^S such that A^ is not on the line AB^ 
if and only if ABB^A' is a paralleloyra^n. 


Proof Let and Jfao be the points at infinity on the lines AA^ and 

AB respectively. The translation carrying A to A^ must carry the Mne 
A2I^ to A^Mao and leave 
the line BZ^ invariant 
Hence the point B, 
which is the intersec- 
tion of AJtf„ with BZoo} 
is carried to B^, which 
is the intersection of 
A^Mt^withBZa,. Hence 
the points A^ and B' to 
which A and B respec- 
tively are carried by 
a translation are such 
that ABB^A' is a parallelogram. Since there is one and only one 
translation carrying A to A^, the same reasoning shows that when- 
ever ABB'A^ is a parallelogram there exists a translation carrying 
A and B to A' and B^ respectively. 



Theorem 5. An 
ordered point pair 
AB is carried hy a 
translation to an 
ordered point pair 
AB\ where A! is on 
the line AB, if and 
only if Q (Zoo A A', 
ZaoB^B), Loo being 
the point at infinity 
of AB. 



Proof, Let P be Fio. 24 

any point not on 

the line AB, and let if* and respectively be the points of inter- 
section of PA and PA^ with Let Q be the point of intersection of 
BMoo with Then, by the last theorem> the translation carrying 
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A to P carries F to Q, and hence carries A' to the point of intersection 
of with AB. Hence AL, Q, and are collinear, and hence we 
have Q(L^AA\ L^B^B), 

Theorem 6. If A, B, C are arty three points, the resultant of the 
translatioM carrying A to B cuid B to C is the translation carrying 
A to a 

Proof Let A*, K*, be the points of intersection of the lines 
BC, CA, AB respectively with L. Suppose first that the three points 
A^,B^, are all distinct. The translation carr^dng A to B changes 
the line AB^ into the line BB^, and the translation carrying B to C 
changes the line BB^ into CB^^. Hence the line AB^ is invariant 
under the resultant of these 
two translations. 

Consider now any other 
line through B^, and let it 
meet AA» in A' and K C in ; 
also let B^ be the point of 
intersection of A^(7« with 
PC (fig. 25). We then have 
that the translation carrying 
A to B carries A^ to B’ 

(Theorem 4), and on ac- 
count of Q{Aa:,BB\ A^C'C) 

(Theorem 5) the translation 
carrying K to C carries K' 
to C^. Hence tlie resultant of tlie two translations carries A^ to 0^ and 
thus leaves the line A!B^ invariant; that is, it leaves all the lines 
through Koo invariant. Since it obviously leaves all points on L 
invariant, it is a translation (Cor. 3, Theorem 9, Cliap. Ill, VoL I). 

If two of the three points Aoo, coincide, they all coincide, and 

in this case the theorem is obvious. 

By definition, the identity is a translation. Hence we have 

Corollary. The set of all translations form a group. 

Theorem 7. The group of translations is commutative. 

Proof Given two translations and and let A be any point, 
Tj(A) = A' and T^(A') = B\ If K' = A, is the inverse of T^, and 
hence and are obviously commutative. It B^i=^ A and B^ is not 
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on the line let B (fig. 23) he the point of intersection of the line 
through A parallel to ^fith the line through parallel to AA\ 
then ABB^A^ is a parallelogram, and it is obvious that T {B) = B^ 
and T^{A)^B, Hence T^^{A) =B\ But, by the definition of A^ 
and B\ (A) = B\ Hence, in this case also, and are 
commutative. 

In case B^ is on the line AA\ let P and Q (fig. 24) be two points 
such that A^B^QF is a parallelogram, let B be the point of inter- 
section of AA^ with the line through Q parallel to AP, and let X«, 
i/*,iV«be the points at infinity otPQ,PA, and PA' respectively. 
Then, since T^(A^)=B',it is obvious that Tl^(P) = Q, and hence that 
T^{A)=B, Moreover, on account of Q(X«AP, P„P'A'), T^(A) = A' 
implies that Tj(P)=P'. Hence T^T 2 (A)=P', and thus, in this case 
also, and are commutative. 

Theorem 8. If OX and OY are two nonparallel lines and H is any 
translation^ there is a unicfiie pair of translations T^, such that 
is parallel to OX, parallel to O T, and = T. 

Proof. In case T is parallel to OX or 0 Y the theorem is trivial. 
If T is parallel to neither of them, let P= T (0) and let X^ and Y^ 
be the points in which the lines through P parallel to OH and OX 
respectively meet OX and OY respectively. Then OX^PY^ is a par- 
allelogram, and if be the translation carrying 0 to X^, and the 
translation carrying O to it follows, by Theorems 4 and 6, that 

T T =T. 

12 

On the other hand, if T( is any translation parallel to OX, and T 2 
any translation parallel to OF, and T((0) =X/ and T'(0) =F(, the 
product T(T^ carries 0 to a point P' such that 0X[P'Y[ is a par- 
allelogram. But P'=:P if and only if X/ = X^ and F/= F^. Hence 
T determines and uniquely. 

Theorem. 9. With respect to a nonhomogeneous co'drdinate system 
in which l„ is the singular line a translation parallel to the x-axis 
has the equations 

( 2 ) + 

y'=y- 

Proof The point into which (0, 0) is transformed by a given trans- 
lation parallel to the a;-axis may be denoted by {a, 0). By Theorem 5 
and § 48, Vol. I, it then follows that any point (m, 0) of the a>axis 
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is transformed into 0). Since lines parallel to the y-axis are 

transformed into lines parallel to the T^-axis, and since lines parallel 
to the x-axis are invariant, it follows that the given translation takes 
the given form (2). 

Conversely, any transformation of the type (2) leaves all lines par- 
allel to the x-axis invariant and transforms any other line into a line 
parallel to itself. Hence it is a translation parallel to the x-axis. 

Theorem 10. With respect to a nonhomogeneous coordinate system 
in which L is the singular line, any translation can he expressed in 
the form , 

y'=y + 'b- 

Proof, By Theorem 8 any translation is the product of a translation 
parallel to the x-axis by one parallel to the y-axis. Hence it is the 
product of a transformation of the form 

x4- a, 
y'=y> 

by a transformation of the form 

0/=: X , 

y'=y-\-b. 


EXERCISE 


Investigate the subgroups of the group of translations. 


39. Self-conjugate subgroups. Congruence. Definition. Any sub- 
group & of a group G is said to be self -conjugate or invariant^ 
under G if and only if is an operation of G' whenever 2 is an 

operation of G and T of &. 

The geometric significance of this notion is as follows: Suppose 
that two figures and are conjugate under G\ and T is a trans- 
formation of & such that = T {Ff 
If F^ and F^ are changed into F^ and 
F^ by any transformation 2 of G, then 




Hence t TS" ^ (F^) = i? , t. 




* These terms have already been defined in 
§ 75, Vol. I. 

t These relations may be illustrated by the 
accompanying diagram (probably due to S. Lie). 



S 

Fiq. 2a 
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and STS'^(E/) = i^ 2 . Therefore, if G* is self-conjugate under G, the 
figures Fl and F.^ are conjugate under G^, Hence the property of 
lehig conjugate under the self<onjugate siibgroup G' is a property 
left invariant by the group G, Thus the theory of figures con- 
jugate under & belongs to the geometry corresponding to G, pro- 
vided that G is not a self-conjugate subgroup of any other group 
of projective coUineations. 

Theorem 11. The group of translations is self conjugate under the 
affine group. 

Proof, Let T be an arbitrary translation and 2 an arbitrary affine 
transformation. We have to show that is a translation. If 

P be any point of 2(P) is also on Therefore, since T 
leaves all points of invariant, so does The system of 

lines through the center of T is a system of paraRel lines ; 2 trans- 
forms this system of parallel lines into a system of parallel lines; 
and hence the latter system of parallel lines is invariant under 
2T2"h Hence (ef. Cor. 3, Theorem 9, Chap. Ill, Vol. I) is 

a translation. 

Corollary 1. The group of translations is self conjugate under 
any subgroup of the affine group which contains it. 

Corollary 2. For any affine collineation 2, and any translation T, 
there exists a translation T' such that 2T=T'2 and a translation 
such that T2=2T^'. 

Proof, Let 2T2-'^ == T' and 2-^T2 = T" By the theorem, T' and 
T'' are translations. But 

2T2-^ = T' and 2-^T2 = T" 
imply 2T = T'2 and T2 = 2T" respectively. 

Definition. Two figures are said to be congruent if they are con- 
jugate under the group of translations. 

This definition will presently be extended by giving other condi- 
tions under whicli two figures are said to be congruent.* In view of 
Theorem 11, the theory of congruence as thus far defined belongs to 
the affine geometry. 

* A complete defiEition would be of tbe form, “Two figures axe said to be con- 
gruent if and ” 
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40. Congruence of parallel point pairs. The figure consisting of 
two distinct points A, B may be looked at in two ways with respect 
to congruence. We consider either the tw’o ordered* point pairs 
AB and BA or the point pair AB without regard to order. In the 
second case AB and BA mean the same thing and AB is congruent 
to BA because the identity belongs to the group of translations. 
On the other hand, the ordered pair AB is not conjugate to the 
ordered pair BA under the group of translations, because the trans-* 
lation carrying AioB does not carry B to A (this is under Assump- 
tions A, E, Hq). 

Theorem 12. If ABDCis a parallelogram, the ordered point pair 
AB is congruent to the ordered point pair CD, If the condition 
Q{IiAC, HDB) is satisfied where ^ is an ideal pomt, the ordered 
point pair AB is congruent to the ordered point pair CD. 

Proof, This is a corollary of Theorems 4 and 5. 

Corollary 1. Let A and B le any two distinct points and 0 the 
harmonic conjugate of the point at infinity of the line AB with respect 
to A and B. Then the pair AO is congruent to the pair OB, 

Definition. The point 0 in the last corollary is called the mid- 
point of the pair AB. In case E=A, A is called the mid-point of 
the pair AB. 

Corollary 2. The line joining the mid-points of the pairs of vertices 
AB and AC of a triangle ABC is parallel to the line BC, 

Proof. Let B^ and be the points at infinity of the Knes AB and 
AC respectively, and let B^ and be the mid-points of the pairs AB 
and AG respectively. Then, by the definition of “mid-point,"’ 

AB^BB^^ACfJC^. 

Hence the lines BjC^, BC, and E»<7« concur, which means that BfJ^ 
and BC are parallel. 

Definition. The line joining a vertex, say A, of a triangle ABC to 
the mid-point of EC is called a median of the triangle. 

Theorem 13. The three medians of a triangle meet in a point 


* Cf . footnote on page 40. 
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Proof. Let the triangle be ABC; let Jx, (7* be the points at 
infinity of the sides BC, CA, AB respectively ; and let A^, B^, be the 
points of intersection of the pairs of lines BB^ and CC„ and AA^, 



AAa, and BB^ respectively (fig. 27). Then, by well-known theorems on 
harmonic sets (§ 31, VoL I), the medians of the triangle (7 are AA^^ 
BB^, and CO^, and these three lines concur. 


EXERCISES 

1. The diagonals of a parallelogram bisect one another; that is, if ABCD 
is a parallelogram, the mid-points of the pairs A C and BD coincide, 

2. Let a and h be two parallel lines. The mid-points of all the pairs AB 
where ^ is on a and B on h are on a line parallel to a and h. 

3. If the sides AB^BC, CA of a triangle ABC are respectively parallel to 
the sides A'B',^ B'C% C' A' of a triangle A' B'C\ and the ordered point pair is 
congruent to the ordered point pair A'B', then the two triangles are congruent. 

4. The mid-points of the pairs of opposite vertices of a complete quadri- 
lateral are collinear. Let us call this line the diameter of the quadrilateral. 

5. A line through a diagonal point 0 of a complete quadrangle, parallel to 
the opposite side of the diagonal triangle, is met by either pair of opposite 
sides of the quadrangle which do not pass through 0 in a pair of points having 
0 as mid-point. 

41, Metric properties of conics. The following list of exercises 
contains a number of theorems on conics which involve the congru- 
ence of parallel point pairs and can. he derived l?y aid of the theorems 
in the la^ sections. 
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EXERCISES 

1. The mid-points of a system of pairs of points of a conic A A', BB', CC', 
etc. are collinear if the lines '.4.4', BB', CC' are parallel. The line containing 
the mid-points is a diameter conjugate to the diameter parallel to AA . 

2. Let A and B be two points of a parabola. If the line joining the mid- 
point C of the pair AB to the pole P of the line AB meets the conic in O, 
then O is the mid-point of the pair CP. 

3. If a line meets a hyperbola in a pair of points and its asymptotes 

in a pair .4j4j, the two pairs have the same mid-point. The pair H^A,^ is con- 
gTuent to the pair 

4. The point of contact of a tangent to a hyperbola is the mid-point of 
the pair in irhich the tangent meets the asymptotes. 

5. Let and be each a fixed and X a variable point of a hyperbola, 

and let and be the points in which the lines XA.^ and XA^ meet one of 
the asymptotes. The point pairs determined by different values of X 

are all congruent. 

6. The centers of all conics inscribed in* a simple quadrilateral ABCD 
are on the line joining the mid-points of the point pairs CA and BD. 

7. The centers of ail conics which pass through the vertices of a complete 
quadrangle ABCD are on a conic C^, which contains the six mid-points of the 
pairs of vertices of the quadrangle, the three vertices of its diagonal triangle, 
and the double points (if existent) of the involution in which is met by 
the pencH of conics through A, B, Cy D. From the projective point of view, 
according to which /« is any line whatever, C^ is called the niu6-poiTit (or the 
eleven-point) conic of the complete quadrangle ABCD and the line /«. Derive 
the analogous theorems for the pencils of conics of Types II^V (cf. § 47, Y oL I). 

8. The five diameters f of the complete quadrilaterals formed by leaving 
out one line at a time from a five-line meet in a point Ay which is the center 
of the conic tangent to the five lines. 

9. The six points A determined, according to the last exercise, by the six 
complete five-lines formed by leaving out one line at a time from a six-line 
are on a conic C^. 

10. The seven conics determined, according to the last exercise, by the 
seven complete six-lines formed by leaving out one line at a time from a 
seven-line, all pass through three points. 

42. Vectors. Any ordered pair of points determines a set of pairs 
all of which are equivalent to it under the group of translations. In 
order to study the relations between such sets of pairs we introduce 
the notiou of a vector. The term “ vector ” appears in the literature 

* A conic is said to be inscribed in a given figure if the figure is circumscribed 
to the conic (cf. § 43, Vol. I). 

+ Cf . Ex. 4, § 40. This and the following exercises are taken from an article by 
W. W, Taylor, Messenger of Mathematics, Vol. XXXVI (1907), p. 118. 
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under a multitude of guises, none of which, however, is in serious 
contradiction with the following abstract definition. In this definition 
the term ordered pair of points ” is to be understood to include the 
case of a single point counted twice. 

Definition. A planar field of rectors (or rector field) is any set of 
objects, the individuals of which are called rectors, such that (1) there 
is one vector for each ordered pair of points in a Euclidean plane, and 
(2) there is only one vector for any two ordered pairs AB and A^B^ 
which are equivalent under the group of translations. A vector cor- 
responding to a coincident pair of points is called a null vector or a 
zero vector, and denoted by the symbol 0. 

For example, a properly chosen set of matrices would be a vector field 
according to this definition. So would also the set of all translations including 
the identity ; also a set of classes of ordered point pairs such that two point 
pairs are in the same class if and only if equivalent under the group of trans- 
lations. However a vector field be defined, it will be found that, in most 
applications, only those properties which follow from the definition as stated 
above are actually used. 

A precisely similar state of affairs exists in the definition of a number 
system. The objects in the particular number system determined for a given 
space by the methods of Chap. VI, Vol. I, are points, but a number system in 
general is any set of objects in a proper one-to-one correspondence with this 
set of points. 

In the following discussion we shall suppose that one field of vectors 
has been selected, and aU statements will refer to this one field. Thus, 
the vector corresponding to 
the point pair AB is a definite 
object, and we shall denote it as 
« the vector Al?,” or, in symbols, 

Vect {ABy 

Since any point of a Eu- 
clidean plane can be carried by 
a translation to any other point, ^ 
the set of all vectors is the same 
as the set of vectors OA, where 
0 is a fiLxed and A a variable point. Consequently, the following defi- 
nition gives a meaning to the operation of "addiug"' any two vectors. 

Definition. If 0, A, C are points of a Euclidean plane, the vector 
0(7 is oaEed the sum of the vectors OA and fiC, In symbols this is 




84 


THE AFEDTE GEOUP IX THE PLANE [Chap, in 


indicated by Vect (0<7) = Yect (OA) + Vect (AC). The operation of 
obtaining the sum of two vectors is called addition of vectors. 

An obvious corollary of this definition is that 
Vect {AB) + Vect {BA) = 0. 

Hence we define ; 

DEFiKiTioisr. The vector Vect {BA) is called the negative of the 
vector Vect {AB), and denoted by — Vect {AB), 

Theorem 14, The operation of addition of vectors is associative ; 
that is, if a, I, c are vectors, {a + 1) A a A (b + c). 

Proof Let the three vectors be OA, AB, BC respectively ; then, by 
definition, both (Vect {OA) -{-Vect {AB))A-Yec>t {BC) and Vect (OA) + 
(Vect (Ai?)-hVect (EC)) are the same as Vect(OC). 

Defui^ition. Two vectors are said to be collinear if and only if 
they can be expressed as Vect(OA) and Vect(CE) respectively, where 
0, A, B are collinear points. 

Theorem 15. The sum of two noncollinear vectors OA and OB is 
the vector OC, where C is such that OACB is a parallelogram. 


Proof, By Theorem 4, the vector OB is the same as the vector AC, 
Hence, by definition, the sum of OA and OB is OC, 

Theorem 16. The sum of two collinear vectors OA and OB is a 
vector OC such that Q{B,AO, RBC), where P^ is the point at infinity 


of the line AB, 
Proof, Let Land 
M be two points 
such that OBML 
is a parallelograuL 
Hence V ect {OB ) = 
Vect(Zif). Then, 
by definition, C 
must be such that 
Vect (Lilf)= Vect 
(A(7), thatis, such 
that ACML is a 
parallelogram. Let 
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Zoo be the ideal 


point of intersection of the lines OL and BM, and let be the ideal 
point of intersection of the lines AL and MC, The complete quadrangle 
LML^M„ determines Q(J^AO, i^BG). 
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COROLLAEY. If 0, A, B are three collinear points, and C a point 
such that Feet (OA) + Feet (OB) = Feet (OC), then, 'imth respect to any 
scale (cf. § 48, VoL I) in which is O and the point at infinity 
of the line OA, A+B=:0 


Proof. Cf. Cor. 1, Theorem 1, C3iap. VI, VoL L 

Theorem 17. The operation of adding vectors is commutative ; that 
is, if a and d are vectors, a -f- 5 = 5 + a. 

Proof Let the vectors a and I be Vect (0-4) and Vect (OE) 
respectively. If O, A, B are noncoUinear, the result follows from 
Theorem 15, and if they are collinear, from Theorem 16. 

43, Ratios of collinear vectors. By analogy with the case of addition 
we should be led to base a definition of multiplication of collinear 
vectors upon the multiplication of points in § 49, Vol. I. There are, 
however, a great many ways of defining the product of two vectors, 
which would not reduce to this sort of multiplication in the case of 
collinear vectors. Hence, in order to avoid possible confusion we shall 
not introduce a definition of the multiplication of vectors at present, 
but only of what we shall call the ratio of two collinear vectors. 

Definition. The ratio of two collinear vectors OA and OB is the 
number which corresponds to .4 in the scale in which is O, is B, 
and H is the point at infinity of the line OA. It is denoted by 
Yeet (OA) , OA 

Vect (OB) OB 

It is to be emphasized that the ratio of two collinear vectors as 
here defined is a number. By comparison with the definition in § 56, 
Vol. I, we have at once 

Theorem 18. If A, B, C, D« are collinear points, being ideal, 

AC 


Theorem 13, Chap. VI, VoL I now gives 

Theoeem 19. A^, A^, A^, A^ are any four collinear ordinary points, 

B(A^A^, A^AJ - 


A^A^ . A^Aq 


A-^A^ A^A^ 


Theorem 20. If two triangles ABC and A!B^ 0 are such that the 
sides AB, BC, CA are parallel to A!B', B^ C'A^ respectively, 

AB BC CA 


A!B' B^0 G^A! 
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Proof. Suppose that the translation which carries A' to A carries 
B' to and C to C^. Then is on the line AB and on the line 
AC, and the line 5^(7^ is parallel to BC. Thus, if be the point at 
infinity of the line AB, and the point at infinity of the line AC, 
B,ABB^=C,.ACC^. 


Hence, by Theorem 18, 


AB AC 


AB^ AC^ 
which is, by definition, the same as 


AB CA 
A' S' ~ C'A' ' 


c^a’ 


In like manner, it follows that 

AB _ BC 
A'B'~ B'C' 


Since we have not defined the product of two vectors, it is necessary 
to resort to a device in order to compute conveniently with them. 
This we do as follows: 

Definition. With respect to an arbitrary vector OA, which is called 
a unit vector, the ratio OB 

OA’ 

where (75 is any vector collinear with OA, is called the magnitude of OB. 

Observe that the magnitude of OB is the negative of the magnitude 
of BO. Since the magnitude of a vector is a number, there is no diffi- 
culty about algebraic computations with magnitudes. In the rest of 
this section we shall use the symbol AB to denote the magnitude of 
the vector AB. Ho confusion is introduced by this double use of the 
symbol, because the ratio of two vectors is precisely the same as the 
quotient of their magnitudes. 

Definition. If D is any coUineation not leaving invariant, the 
lines r(L) and r“^(D are called the vanishing lines of F. If 11 is 
any projectivity transforming a line ^ to a line V (which may coincide 
with 1), the ordinary points of I and V which are homologous with 
points at infinity are (if existent) called the vanishing joints of IT. 
If n is an involution transforming I into itself but not leaving the 
point at infinity invariant, the vanishing point is called the center of 
the involution. 

Theorem 21. Definition. If 0 and O' are the vanishing points, 
on I and V respectively, of a projectivity transforming a line I to a 
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parallel^ line l\ and X is a tariahU point of I, andX^ the point of V 
to ichiek X is transformed^ the product OX* is a constant, called 
the power of the transformation. 

Proof Let be the point at infinity of I and V ; and let X^ and 
Xg be two values of X, and X/ and X/ the points to which they are 
transformed by the given projectivity. Then, by the fundamental 
property of a cross ratio, 

K (^0, X,X^) = bk XlXl) == R (ii 0^ X,'X/), 

and hence, by Theorem 18, 

Hence, by the definition of magnitude of vectors, 

OX, - oxi = ox^ • a XI. 

COROLLAKY 1. The power of an involution haring a center 0 and 
a conjugate pair AA^ is OA • OA^. 

Corollary 2. Zet U he a homology whose center is an ordinary 
point F and whose axis is an ordinary line, and let D he any point of 
the vanishing line n“^(/«). If P is a variable point, P^ = 11 (P), and 
is the point in which the line through P’ parallel to FD meets the 
vanishing line 11 (i*), then jpp jyp 

'fF ^ p'W 


Proof. Let Q and be the points in which the line FP meets the 
vanishing lines and n(D respectively. By the theorem, 

PQ-P^Q^ = FQ*FQ^; 
from which we derive successively 

PF+FQ ^FF'+P'Q' 

FQ ”■ PV 
PF FP' 

FQ^P'Q'" 

FP QF 
FP' P'Q'^ 

Since 11 is a homology, the two vanishing lines are parallel Hence 

QF DF 
P'Q' ““ P'D'^ 


Hence 


FP DF 
FP' “■ P'D' 


With the extension of the definition of congruence in the next chapter the 
restriction to parallel lines may be removed. 
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EXERCISES 

1. If a project! vity ABCD~J^ A'B'C'D' is such tliat the point at infinity of 
the line AJB corresponds to the point at infinity of the line A'B', 

AB ^ A'B' 

CD CD'' 

2. If three parallel lines a, b, c are met by one line in the points A% B', C 
respectively and by another line in A"B"C" respectively, then 

A'B' ^ A"B" 

A'C A"C"^ 

3. If ABCD are any four coUinear points, 

AB-CD+AC*DB+AD^BC = 0. 

4. Six points form a quadrangular set Q (A^B^C^, A^B^C^) if and only if 

B (A, Pi CO . B (PA, Ci^O • B (CiCg, A A) = - 1. 

5. The condition for a quadrangular set may also be written 


A jPg Pj C 2 CiA 2 

^ 2-^1 -^ 2^1 ^ 2*^1 


6. If three tangents to a parabola meet two other tangents in P^dkudi 

Qi, Q%y Qz respectively, then ^ ^ ^ 


Conversely, if five lines are such that the points in which two of them meet 
the other three satisfy this condition, the conic to which the five lines are 
tangent is a parabola. 

7. Let 0 be the center of a hyperbola, and^i and ^2 points in which 
the asymptotes are met by an arbitrary tangent ; if another tangent meets the 
asymptotes 0A^<, OA^ in B^ and B^ respectively, 

CAi CPg 

'oE^~"oa^' 

8. If a fixed tangent p to a conic at a point P meets two variable conju- 
gate diameters in Q and Q", then PQ • PQ' is a constant. Let O be the center 
of the conic. If the diameter parallel to p meets the conic in P, then 

9. Let Oj and 0^ be the points of contact of two fixed parallel tangents to 
a conic. If a variable tangent meets the two fixed tangents in and X^ 
respectively, O^X^ * is constant. If 0 is the center of the conic and P is 
a point of intersection of the diameter through 0 parallel to the fixed tangents, 

oa-^2-x:2=(OP)2. 
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44. Theorems of Menelaus, Ceva, and Carnot. 

Theoeem 22 (Mexelacs). Three points A', B', C' of the sides BC, 
CA, AB, respectively, of a triangle are eollinear if and only if 

A'B B'C C'A .. 

A'C' B'A C'B 



the intersection of AB, with BC. Then, supposing A', B', C coUinear, 


Hence 

and 


P P 

{B^B'AC) = {A^A'A"C) and (C^C'BA) = {A^A'BA"). 


B'C 

B'A 

C'A 

C'B 


R (R„R', AC) == B {A^A', A"C) 
B (f7„ C, BA) = B (A^A', BA") 


A'C 
A' A"’ 
A'A" 
A'B ' 


Hence 


A'B B'C C'A A'B A'C A'A" . 
A'C ' B'A ' G'B~ A'C ' A'A" ' A'B 


The converse argument is now obvious. 

Theoeem 23 (Ceva). The necessary and snffcient condition for the 
concurrence of the lines joining the vertices A, B, C of a triangle to 
the points A', Bl, C of the opposite sides is 

A'B B'C C'A 
A'C ' B'A ' C'B 


( 4 ) 


- 1 . 
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Proof, Let be the point of intersection of the lines and AB. 
Suppose first that is an ordinary point. Then, by the theorem of 
Menelaus, 


(5) 


A’B 

A'C 


B'C 

B'A 


C'A 

0 ^ 


= 1 . 


The point C" is harmonically conjugate to C with respect to A and B 
if and only if the lines AA', BB’, CC meet in a point. Thus, 


( 6 ) 


C’A . C”A 
C'B ■ C"B 


is a necessary and sufficient condition that AA’, BB’, CC concur. But 
on multiplying (5) by (6) we obtain (4). 



In case C” is an ideal point, the line A’B’ is parallel to AB and, 
by Theorem 20, 


(7) 


A'B 

A’C' 


B’C 

B’A 


= 1 . 


The condition that G” be harmonically conjugate to C’ with regard to 
A and B now takes the form 


C’A 

C’B 


1 . 


On multiplying this into (7) we again obtain (4). 

Theorem 24 (Carnot). Three pairs of points, A^A^, B^B^, C^C^, 
respectively, on the sides BC, CA, AB, respectively, of a triangle are 
on the same conic if and only if 

A^B B,C G,A AB BB GU 
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Proof, Suppose first that the conic reduces to two lines containing 
A^y B^y and A^y respectively. The formula (8) in this case 

foEows directly from 
Theorem 22 when we 
multiply together the 
conditions that A^y B^y 
and A^y B^, be re- 
spectively coBinear. 

Now consider any 
proper conic through A^, 

A^y B^y B^ meeting the 
line AB in €( (7/. By the 
theorem of Desargues 
(Theorem 19, Chap. Y, 

VoL I) the pairs ABy 
CfJ^y and ClCl are in 
involution. Hence 

Cl CiAB C^CIBA -X Ci C^AB, 

, , G^A O' A C'A C,A 

C^B C'B GIB C,B 
G,A G^A G'A O' A 
C^b' C^B CiB' CI b’ 



C^A C^A O'A CIA 
C^b' C^B CiB' CI b’ 

Hence the formula (8) is equivalent to the formula obtained from it 
by substituting C/, C/ for C^, G^ respectively. Hence the formula holds 
for any conic. The converse argument is now obvious. 

The last three theorems are the most important special cases of 
the "‘theory of transversals.” A few further theorems of this class and 
some other propositions which can readily be derived from them are 
stated in the exercises below. Further theorems and references will 
be found in the Encyclopadie der Math. Wiss. Ill AB 5, § 2, and 
m C 1 , § 23. 

EXERCISES 

1. The six lines joining the vertices A, C of a triangle to pairs of points 
A^A^yB^B^y CjCg on the respectively opposite sides are tangents to a conic if 
and only if the relation (8) is satisfied. 

2. If the sides EC, OA, AE of a triangle are tangent to a conic in Aj, 

C, respectively, ^ ^ ^ , 

EAi ’ CEi * ACj, 
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3. If a line BC meets a conic in and A^, and two parallel lines through 

B and C, respectively, meet it in the pairs and respectively, 

A^B A. 2 B B^C B^C 
a^c'a^c’ c^b' C\B 

4. Let two lines a and h through a point 0 meet a conic in the pairs A 2 
and Rj, B^ respectively. If 0, a, b are variable in such a way that a and b 
remain respectively parallel to two fised lines, 

OAi » OA 2 
OBi • OB2 

is a constant. 

5. If the sides of a triangle meet a conic in three pairs of points, the three 
pairs of lines joining the pairs of points to the opposite vertices of the triangle 
are tangents to a second conic. State the dual and converse of this theorem* 

6. If two points are joined to the vertices of a triangle by six lines, these 
lines meet the sides in six points (other than the vertices) which are on a 
conic. Dualize. 

7. If a line meets the sides A^A^^, ^ 1 ^ 2 , A respectively, of a simple 
polygon AqA^A 2 • • • in points B^, • • •, Rn respectively, 

AqBq A^B^_^ 

A^^Bq A^B-^ AqBj^ 

S. If a conic meets the lines A^A^, *“5 AnA^^ respectively, in the 

pairs of points B^C^, B^C^ respectively, 

AqCq A 2 B 2 A^Cx A„B„ A 

A^Bq AiOx ^2^1 .^2^1 -^oR» -^O^n 

9* If a conic is tangent to the lines A^A^, Aj^A 2 , • - *, A^Aq, respectively, in 
the points -Bo, B„ respectively, 

. . . djSi = (- 

A^Bo A 2 B 1 AoB„ ^ ^ 

45. Point reflections. Definition. A homology of period two whose 
axis is L is called a jpomi refiection. 

From this definition there follows at once : 

Theorem 25. A jpomt reflection is fully determined ly its center. 
The center is the mid-point of every pair of homologous points. Every 
two homologous lines are parallel. 

Theorem 26. The product of two point reflections whose centers 
are distinct is a translation parallel to tlu line joiniTig their centers. 

Proof The product obviously leaves fixed all. points of h and also 
the line joining the two centers. Let and be the two centers, 
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and let P be any point not on the line Also let P^ be the trans- 
form of P by the point reflection with as center, and let Q be the 
transform of P^ by the point reflection with as center. Since is 
the mid-point of the pair PP', and of the pair P^§, the line P^ is 
parallel to (Theorem 12, Cor. 2). Thus the product of the two 
point reflections leaves invariant all lines parallel to and hence 
is a translation. 

Corollary. The ^product of any even numher of point reflections is 
a translation. 

Theorem 27. Any translation is the product of two point reflections 
one of which is arbitrary. 

Proof. Let T be any translation, the center of any poiat reflec- 
tion, Pg = T(C^), and the mid-point of the pair C^C^. The product 
of the reflections in and is a translation, by Theorem 26, and 
since it carries to (7g, it is the translation T, by Theorem 3. 

Corollary 1. The product of any odd number of point reflections 
is a point reflection. 

Proof, Let the given point reflections be Pg, • • *, Psn+i* By 
Theorem 26 the product P^P.^ • • • P^^ reduces to a translation, which, 
by Theorem 27, is the product of two point reflections one of which is 
F 2 n+v Hence there exists a point reflection P such that 

p p . . . p _ pp p _ p 

Corollary 2. The product of a translation and a point reflection 
is a point reflection. 

Corollary 3. The set of all point reflections and translations form 
a group. 

Theorem 28. The group of point reflections and translations is a 
self -conjugate subgroup of the affine group. 

Proof. It has been proved, in Theorem 11, that if T is a trans- 
lation and 2 an affine ooUineation, 2T2”^ is a translation. Precisely 
similar reasoning shows that if T is a point reflection, 2T2~^ is a 
point reflection. 

Corollary. The group G of point reflections and translations is 
self-conjugate under any s%Cbgroup of the affine group which contains & 



94 


THE AFFmE aBOXJP m THE PLANE [CHAF.m 


Theorem 29. With res'pect to any syste7n of ^lonhomogeneous com^di- 
nates in which loo is the cingular line^ the eguations of a point reflectwn 
have the form , 

y' = ~y + b. 

Proof. The point reflection whose center is the origin is of the form 

a/=— X, 

y'=-y, 

because this transformation evidently leaves (0, 0) and L pointwise 
invariant and is of period two. Since any other point reflection is the 
resultant of this one and a translation, it must be of the form (9). 

EXERCISES 

1. An ellipse or a hyperbola is transformed into itself by a point reflection 
whose center is the center of the conic. 

2. Let [C^ be a system of conics conjugate under the group of translations 
to a single conic. Under what circumstances is [C^] invariant under the group 
of translations and point reflections ? 

3. Investigate the subgroups of the group of translations and point 
reflections. 

4. Any odd number of point reflections P^, P2, * • P„ satisfy the condition, 

(PjP,.. •?„)==!. 

5. Let T be the point reflection whose center is the pole of /« with 
respect to the w-point whose vertices are the centers of n point reflections 
P,, P,,..., P,. Then* 

P1TP2TP3T ...P^T = 1. 

46. Extension of the definition of congruence. Definition. Two 
figures are said to be congruent if they are conjugate under the group 
of translations and point reflections. 

This definition is obviously in agreement with that given in § 39. 
It will be completed in § 57, Chap. IV. The main significance of the 
present extension of the definition is that it removes any necessity of 
distinguishing between ordered and nonordered point pairs in state- 
ments about congruence. 

* Cf. pp. 46, 84, Vol. I. The center of T is the “ center of gravity ” of the cen- 
ters of • • *, Pn. Cf, H. Wiener, Berichte der Gesellschaft der Wissenschaften zu 
Leipzig, Vol. XLV (1898), p. 668. 
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Theoeem 30. Any ordered point pair AB is congruent to the 
ordered point pair BA 

Proof. Let 0 be the mid-point of the ordered point pair AB, The 
point reflection with 0 as center interchanges A and B, 

CoEOLLAKY. If a point reflection transforms an ordered point pair 
AB to A'B', ^ 


Proof By Theorem 26 the given point reflection is the product of 
the point reflection in the mid-point of and a translation. The 
point reflection in the mid-point of AB interchanges A and B, and the 
translation leaves all vectors unchanged. 

47. The homothetic group. Definition. A homology whose ayis 
is L is called a dilation. Dilations and translations are both called 
homothetic transformations. Two figures conjugate under a homo- 
thetic transformation are said to be homothetic. 

Homothetic figures are also called, in conformity with definitions 
introduced later, “ similar and similarly placed.” 

The point reflections are evidently special cases of dilations. Since 
the product of two perspective coUiireations (§ 28, VoL I) having a 
common axis is a perspective collineation, the set of all homothetic 
transformations form a group; and by an argument like that used 
for Theorem 11 this group is self-conjugate under the afline group. 
Hence we have 

Theoeem 31. The set of all homothetic transformations form a 
group which is a self -conjugate subgroup of the ajfne group. 

Further theorems on the homothetic group are stated in the 
exercises below. 

EXERCISES 

1. The ratios of parallel vectors are left invariant by the homothetic group. 

2. If two point pairs AB and CD are transformed by a dilation into A'B' 
and C'D' respectively, 

AfB'^~CD'‘ 


3. If two triangles are homothetic, the lines joining corresponding vertices 
meet in a point or are parallel. 

4. The equations of the homothetic group with respect to any nonhomo- 
geneous coordinate system of which loo is the singular line are 


xf = ax + b, 

/= ay + d. 


(a It 0 ) 
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48. Equivalence of ordered point triads. Althougli the theory of 
congroence as based on the group of translations and point reflections 
does not yield metric relations between pairs of points unless they 
are on parallel lines, yet when applied to point triads it yields a 
complete theory of the equivalence (in area) of triangles.^ 

In this section we shall give the definitions and the more important 
sufficient conditions for equivalence, using methods somewhat analo- 
gous to those in the first book of Euclid’s Elements. Instead of tri- 
angles, however, we shall work with ordered triads of points. This 
permits the introduction of algebraic signs of areas, though, as we do 
not need to refer to the interior and exterior of a triangle, we shall 
not actually employ the word ^^area.” The triads of points which are 
referred to are all triads of Twncollinear points. 

Our definitions have their origin in the intuitional notions : that any 
triangle ABC equivalent in area to the triangle BCA, that two triangles 
are equivalent in area if one can be transformed into the other by a transla- 
tion or point reflection, and that two triangles which can be obtained by adding 
equivalent triangles are equivalent. 

Definition. If ABC and ACI) are two ordered point triads, and 
p, Cf and Z> are coUinear, and B^I> (fig. 33), the point triad ABB is 
called the sum of ABC and ACB and is denoted by ABC + AC B or by 



Fig. S3 

Definition. An ordered point triad t is said to be equivalent to an 
ordered point triad t^ (in symbols, t ^ t^) (1) if ^ can be carried to t' 
by a point reflection, or (2) if t and t^ can be denoted by ABC and 

* The idea of building up the theory of areas without the aid of a full theory of 
congruence is due to E. B. Wilson, Annals of Mathematics, Vol. V (2d series) (1903), 
p. 29. His method is quite different from ours, being based on the observation 
(of. § 52, below) that an equiaffine collineation is expressible as a product of simple 
shears. Still another treatment of areas based on the group of translations and 
employing continuity considerations is outlined hy Wilson and Lewis, “The Space- 
time Manifold of Relativity,” Proceedings of the American Academy of Arts and 
Sciences. Vol. XLVIII (1912). We shall return to the subject in later sections. 
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BCA respectively, or (3) if there exists an ordered point triad t such 
that and t ^ t\ or (4) if there exist ordered point triads 
t[, 4 such that and + ^ ordered 

point triad t is not said to be equivalent to an ordered point triad f 
unless it follows, by a finite number of applications of the criteria (1), 
(2), (3), (4), that t ^ 

Since any translation is a product of two point reflections. Criteria 
(1) and (3) give 

Theorem 32. Two ordered point triads are equivalent if they are 
conjugate under the group of translations and point reflections. 

Theorem 33. If A, B, and C are noneollinear points, ABC ^ ABC, 
ABC ^ BCA, ABC^ CAB. 

Proof. From (2) of the definition it foUows that ABC ^ BCA and 
BCA^CAB. B.ence,hj{3), ABC^CAB. But, by (2), CAR ^ ARC. 
Hence, by (3), ABC ^ ABC. 

From the last two theorems and from the form of the definition 
we now have at once 

Theorem 34. If t^^ t^, then t^ ^ t^. 

Theorem 35. If A, B, C are any three noneollinear points and 0 
the mid-point of the pair AB, then 
AOC^OBC. 

Proof. Let C^ be the point to which 
C is changed by the translation 
shifting A to 0, and let M be the 
point of intersection of the non- 
parallel lines BC and OC\ Since 
COBC^ is a parallelogram, M is the 
mid-point of the pairs CB and C^O. 

Thus we have 

AOC^OBC^^BC^O = BC^M+BMO 
and OBC= OBM + CMC. 

But the point reflection with M as center carries CMC into C^MB. 

OMC ^ C'MB ^ BC'M, 
and OBM^BMO, 

and hence, by comparison with the equivalences and equations above^ 

AOC^OBC. 


C €* 
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Theorem 36. Two ordered point triads ABG^ and ABC^, where 
0^-=^ are equivalent if the line is parallel to the line AB. 

Proof. Let be such 
that B is the mid-pomt of 
and let the line 
meet the line AB in 0, which 
is an ordinary point because 
Cg is not on the line G^C^. 

It follows (§40) that 0 is the 
mid-point of the pair G^G^. 

By Theorems 34 and 35, 

ABG^^ BAG^^ C^BA. By 
definition, G^BA=G^BOA- 
CpA . By Theorem 35, 

^CpB and GpA'^G^AO. 

Hence C^BA^CpiO+GpB 
= CpiB ^ ABC^. Hence ABC^ ^ ABC^. 

Corollary. If a point is on a line OB and a point on a 
different line 00, and the lines BG^ and B^C areparalld, BOG^B'OG^. 



Proof. By hypothesis, 
BOO^BOG^-hBO^a 
and O^B^O=^G'B^B+C'BO. 

But C'B^B^C'CB^BC^G, 
by Theorems 36 and 34, 
and O^BO ^ BOG', by 
Theorem 34. Hence BOO 
^ O^BfO^B^OG'. 



Theorem 37. If A, B, and G are any three noncoUinear points, and 
P and Q are any two distinct poiTds, there exists a line r parallel to 
PQ such that if R is any point of r, ABC '^PQB. 

Proof. Let T be the translation such that T(A)=P, and let 
T(E)=P^ and T((7) = (7'. If is not on the line PQ, let -B' 
be the intersection (fig. 37) of the line through O' parallel to PB^ 
with the line through P parallel to QBK If B^ is on the line P Q, let 
be the point of intersection with PO^ of the line through Bl 
parallel to QC^. 
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In both cases the lines which intersect in E' are by hypothesis non- 
paraUel, so that -5' is always an ordinary point. By Theorem 32. 
ABC^PB^CL In case B' 
is not on FQ, it follows, by 
Theorem 36, that FB'C^^ 

FB'E'^FQE^. In case 
is on P ft it follows, by the 
corollary of Theorem 36, 
that PP' ft ^ POP'. By 
Theorem 3 6 the line r 
through P' parallel 
to FQ is such that 
for every point P p q 

ojxTjABC^FQE. Fig. 37 

EXERCISES 

1. Two ordered point triads ABC and AB'C' are equivalent if the points 
B, C, B'j C' are collinear and Voct (PC) = Vect (B'C'), 

2. Let 0 be the point of intersection of the asymptotes I and m of a 
hyperbola, and let L and M be the intersections with I and m respectively 
of a variable tangent to the hyperbola. Then the ordered point triads OLM 
are aU equivalent. 

49. Measure of ordered point triads. The theorems of the last sec- 
tion state sufficient conditions for the equivalence of ordered point 
triads. In order to 
obtain nec^sary con- 
ditions, we shall in- 
troduce the notion 
of Tneasure, analogous 
to the magnitude of 
a vector. 

Definition. Let 
0, P, Q be three non- 
colliuear points. The 
measure oi an ordered 
point triad ABC rela- 
tive to the ordered triad OFQ as a unit is a number m{ABC) deter- 
mined as follows : If the line BC is not parallel to OP, let B^ and 0^ 
be the points in which the lines through P and C respectively, parallel 
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bo OP, meet the line OQ, and let be the point in which the line 
through A, parallel to OP, meets the line BO. Let AA^ denote the magni- 
tude of the vector AA^ relative to the unit OP{§ 43), and B^C^ the 
magnitude of the vector relative to the unit OQ. The measure of 
the ordered triad ABO is * j j , p r 


and is denoted bj m {ABO). If the line PO is parallel to OP, GA is 
not parallel to OP, and the measure oiABO is defined to be m {BOA)^ 

If this definition be allowed to apply to any ordered point triad 
whatever (instead of only to noncoUinear triads, cf. § 48), we have 
m(ABO) = 0 whenever the points A, P, C are collinear. 

Theokem 38. If ABC^A^B^O\the7i m{ABG) = m{A'B^O^). 

Proof. Let us examine the four criteria in the definition of equiva- 
lence in § 48. 

(1) In case ABC is carried to A!B^0 by a point reflection, each of 
the vectors AA^ and BfJ^ is transformed into its negative (Theorem 30, 
corollary), and hence the product of their magnitudes is unchanged. 

(2) According to the second criterion, ABO^BCA, Suppose, first, 
that neither BC nor CA is parallel to OP, and let P^, 0^ have the 
meaning given them in the definition above. Then 


m{ABG)^AA^^BfO^. 

Let P^ (fig. 38) he the point in which the line through P, parallel to 
OP, meets the line OA, and let A^ be the point in which OQ is met by 
the parallel to OP through A. Then if BB^ and represent the 
magnitudes of the corresponding vectors relative to OP and OQ 

as UBits, m{BCA) =BB^ ■ C^A^. 

By Theorem 20, 


BB 

2 


BC 


But since the lines CC^, A^A^, BB^ are parallel, it follows from § 43 that 

A^C _A,C^ 

BC 
AA, 




Hence 






or 


m{ABO) =:AA^ • B^O^==:BB ^ . 0^4= m (BOA). 


* Tlie factor ^ is lacking in this expression, because we are taking a triangi® 
rather than a parallelogram as the unit. 
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In case £C is parallel to OP, the last clause of the definition states 
m (ABC) = m {BCA). 

In case CA is parallel to OP, AB and BC are not parallel to OF, and 
hence the argument above shows that 

m{CAB)=m{ABC), 

But, by definition, m {B CA) = m ( CAB), 

Hence m {AB C)=m{B CA), 

(3) Corre^nding to the fact that if 

we have that, since m(^) is a uniquely defined number, 
if = and w(g = m(g, then m{t^) = 7n{t^. 

(4) Let B, C, D be three col- 
linear points and A any point not 
on the line J5(7 (fig. 39). In case 
the line BCis not parallel to OP, 
let A^ be the point in which the 
line through A, parallel to OP, 
meets BC, and let B^, C^, be 
the points in which the lines 
through B, C, D respectively, 
parallel to OP, meet OQ, Then 

m{ABB) 

=AA^ • B^Bj^ 

=AA^-B^C,+AA^-Cp^ 

=^m{ABq + m{ACD). 

In case the line J5(7 is parallel 
to OP, let S be the point in which 
BC meets OQ, and A^ be the 
point in which the line through 
A, parallel to OP,meets OQ. Then 

m (ABB) = m (BBA) = BB • SA^ =BC • SA^-j- CB • SA^ 

= m (BCA) + m(CBA) - m (ABC) + m (ACB). 

Thus, in every case, if = ^s> (^i) + (^ 2 ) ~ ™ (^s)- 

Comparing the results proved in these four eases with the definition 
of equivalence, we have at once that whenever — m(t.^ = m,(t^. 
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Theorem 39. If B, C, and D are collinear •points, and the point A is 
not on the line BC, m(ABC) BO 

m{AB^l^' 


iVoo/. In case the line HG is not parallel to OP, let A^, B^, have 
the meaning given them in the definition of measure, and let he the 
point in which the line through D, parallel to OP, meets OQ (fig. 39). 

mjABC) AAi ‘B^C^ ^ B^C^ 
m {ABB) AA^ • Bf)^ BfO ^ ' 


But, by § 43, 


B^C^_BO 

J5^D^~ED' 


In case BC is, parallel to OP, let be the point in which the line 
through A, parallel to OP, meets OQ, and S the point in which BC 
meete OQ, Then 

m{ABC) m{BCA) _ BC • SA^ _ BC 
m (ABB) ~ m (BBA) BD • SA^ BJD ‘ 


CoROLLAEY 1. If B, C, B, B are pomts no two of which are collinear 
with a point A, 


B {AB, AC, AB, AE) = 


m(ABB) . m{ACB) 
m(ABE) ’ m{ACEy 


Corollary 2. If B, C,B are points no tvjo of which are collinear 
with a point A, and if P^ is the point at infinity of the line GB (fhe 
latter not being parallel to AB), 


B^(AF^,AB,AC,AB)=^ 


m(ABB) 

m{ABC)' 


Theorem 40. If 7n{ABC) = m(AB^C')=^ 0, then ABC^AB^O. 

Proof By Theorem 37 there exists a point O" on the line A' C^ 
such that Hence O' and by the last 

theorem, O' = O". 

in consequence of the last two theorems the unit point triad may 
be replaced by any equivalent triad without changing the measure of 
any triad. 

Theorem 41. If ABC^ ABC' , and 0 O', the line CC' is parallel 

to the l%ne AB. 
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Proof. The imit triad OFQ may be chosen so that OP is parallel 
to AB. Then if is the point in which the line through Cy parallel 
to OP, meets OQ, and the point in which AB meets OQ, 
m{ABC)=AB-B^C^. 

If Cl is the point in which the line through C\ parallel to OP, meets Oft 
m(ABC)=AB^B^Cl. 

By Theorem 38, m (ABC) = m(ABC^), and hence 0^= 0/. Hence the 
line GC^ is parallel to AB. 

Theorem 42. If ABC'^AB^C\ and B' is on the lineAB, and O' on 
the line AC, then the line BC^ is parallel to the line B^C. 

Proof. By the corollary of Theorem 36, if 0" is a point of AC^ such 
that BO" is parallel to B!C, then 

ABC^AB^aK 

By Theorem 41 the only points O such that ABC^AB^C are on the 
line through O", parallel to ABK Hence 0' = O". 

It is notable that although the sufficient conditions for equivalence given 
in § 48 are all proved on the basis of Assumptions A, E, Hq, the discussion of 
the ratios of vectors, and hence all the necessary conditions for equivalence, 
involve Assumption P in their proofs. This is essential,* as we can show by 
proving that Assumption P is a logical consequence of these theorems, together 
with the previous theorems on equivalence. As was pointed out in § 3, Assump- 
tion P is a logical consequence of the theorem of Pappus, Theorem 21, § 36, 
Yol. I. When one of the lines of the configuration is taken as /op, this theorem 
assumes the form : 

If a simple hexagon 
AB'CA'BC is such 
that A, B, C are on one 
line and A'', B% C' on 
another line, and if AB' 
is parallel to A'B and 
BC' parallel toBC, then 
CA' is parallel to C'A. 

In case the lines Eia. 40 

containing ABC and 

A'B'C'y respectively, are parallel, this can be proved from the Desargues 
theorem on perspective triangles ; so that we are interested only in the 

* The r61e of Assumption P(or rather of the equivalent theorem of Pappus) iu 
the theory of areas was first deterinined in a definite way by I). Hilbert, Grundlagen 
der Geometrie, Chap. lY. 
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case when AB and A'B' intersect in a point 0. By Theorem 86, since AB' 
is parallel to A^B, OAA^ ^ OBB^j and since BO^ is parallel to JB^Cy OBW ^ 
OCC^. By the definition (8) of equivalence it follows that OAA' ^ 0CC\ 
But by Theorem 42 this implies that AC' is parallel to A'C. 

This is perhaps the simplest way of proving the fundamental theorem of 
projective geometry if it be desired to base projective geometry upon elemen- 
tary Euclidean geometry (cf. Ex. 8, § 54). 

The notion of measure can be extended to any ordered set of n 
points, i.e. (cf. § 14, VoL I) to any simple 'nrpomt. The details of this 
discussion are left to the reader. An outline is furnished by the 
problems below. The principal references are to A. F. Mobius, Der 
barycentrische Calcul, §§ 1, 17, 18, 165; Werke, Vol. I, pp. 23, 39, 200; 
VoL II, p. 485. See also the Encyclopadie der Math. Wiss., Ill AB 9, § 1 2. 
It is to be borne in mind in using these references that our hypotheses 
are narrower than those used by the previous writers. 


EXERCISES 

1 . For any three points A, C, 

mCAJ5C) + m(ACB) = 0. 

2- For any four points 0, A, B, C, 

m(ABC) = m(OAB) + m{OBC) + m(CCA). 

3. For any n points A^, Aa the number 

7?i(OAjA2) + m(0A2Agy 4- ... 4. w(OA„_j^A,i) 4" (OA^^Aj^") 

is the same for all choices of the point 0. We define it to be the rneasure of 
the simple n-point A^Ag • • • A„ and denote it by m (A^A^ • • • A«). 

4. 5n(AiA2 • * • A„_iA„) = m^A^A ^ • • • A^A^), 

5. mCA^A ^ • • • A„) + w (AiA„A,,^.i • ‘ • A^^^) = m (A 

6. Derive a formula for m(AjA2 **-A„) analogous to the definition of 
m(ABC) in terms of vectors collinear with two arbitrary vectors OP and OQ. 

7. Prove the converse propositions to those stated in the exercises in § 48. 

8. If ABCD and A'B'C'U are two parallelograms whose sides are respec- 

tively paraUel, miABCD) _ AB BC 

m {A'B'C'D') A'B' ' B'C'' 

9. The variable parallelogram two of whose sides are the asymptotes of a 
hyperbola and one vertex of which is on the hyperbola has a constant measure. 

10. If a variable pair of conjugate diameters meets a conic in point pairs 
A A', BB\ the parallelogram whose sides are the tangents at A, A', B, B' has 
a constant measure. The parallelogram ABA'B' also has a constant measura 



§§49,50] 


THE EQUIAFFINE GEOHP 


105 


50. The equiaffine group. Theorem 43. If two equivalent ordered 
point triads t^ and t^ are transformed by an affine collineation into 
t[ and t^^ then t[ ^ t^. 

Proof It is necessary merely to verify that the relation used in 
ea(-*h of the criteria (1), • • (4) in the definition of equivalence (§ 48} 

is unaffected by an affine collineation. For Criterion (1) this reduces 
to Theorem 28. For Criteria (2), (3), (4) it is a consequence of the 
fact that an affine collineation transforms ordered triads into ordered 
triads and collinear points into collinear points. 

Theorem 44. If an affine collineation transfornis one ordered point 
triad- into an equivalent point triad, it transforms every ordered point 
triad into an equivalent point triad. 

Proof. It follows from Theorem 43 that if ABC is transformed by 
a given collineation into an equivalent ordered point triad 
then every point triad equivalent to A PC is transformed into a point 
triad equivalent to A! O and thus into one equivalent to ABC. By 
Theorem 37 any ordered point triad whatever is equivalent to some 
point triad ADC, where D is on the lineAP. Hence the present 
theorem will be proved if we can show that ADC is transformed into 
an equivalent point triad. 

Denote the point to which D is transformed by the given coUinea- 
tion by D'. By Theorem 39, 

m(ADC) __ AD m{A^D^C') A'D' 

m{ABC) AB m{A^B'C') ~ A'B^ * 

A T) 

By §43, ^ = 


where JS is the point at infinity of the line AB. But since the given 
coUineation is affine, is transformed to the point at infinity Pi of 
the line A^B\ and 


R (P„ A, BD) = Be (PiA\ B'D') 


A^D^ 

A'B' 


m(A^D^C^) 

7n{A^B^a) 


Since 7n{ABC)=^m{A^B^C’)^ it follows that m(ADC) = m(A'D^C^), 

ADC^A'D'C'. 


Definition. Any aflffiie collineation which transforms an ordered 
point triad into an equivalent point triad is said to be equiaffine. 
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Theoeem 45. The equiaffine collineations form d self -coTijug ate 
mhgroup of the aflm group. 

Proof By tlie last theorem an equiaffine coUineation transforms 
every ordered point triad into an equivalent point triad. Hence, by 
Condition (3) in the definition of equivalence, the product of two 
equiaffine collineations is equiaffine. By Theorem 43, is equi- 

affine whenever T is equiaffine and 2 affine. 

Theoeem 46. Let A, B, A\ B^ he points such that A^ B and A^^B^i 
Let ale a line on A hut not on B, and let he a line on A^ lut not 
on B'. There is one and only one equiajflne coUineation transforming 
A to A\ B to B\ and a to a^. 

Proof Let C be any point distinct from A on a. By Theorem 37, 
there is a point on the line a^ such that 

ABC^A^B^C^. 

By Theorem 1 there is one and only one affine transformation carrying 
A, B, C to A^, B\ respectively, and by definition this transformation 
is equiaffine. By Theorem 41, C' is the only point on a^ such that 
ABC^A'B^C'. Hence (Theorem 44) there is only one equiaffine 
transformation carrying A, B, a into A^, B^, a^ respectively. 


EXERCISE 

Any affine coUineation leaves invariant the ratio of the measures of any 
two point triads. 

*51. Algebraic formula for measure. Barycentric coordinates. 
Consider a nonhomogeneous coordinate system in which L is the 
singular line. Let the unit of measure for ordered triads be OFQ, 
where 0 = (0, 0), P = (1, 0), Q — (0, 1). Let A = (a^, a^), B — (b^, 

0= (Cj, Cj) ; the line through A, parallel to OP, consists of the points 
(a + X, a^), where X is arbitrary, and the line BC has the eqtiation 
(§^64, VoL I), 


X y 1 

\ K 1 =0. 


In case the line .^(7 is not parallel to OP, and therefore \ ^ the point 
A^ which appears in the definition of measure (§ 49) is {a^+ \ a^y 


where \ satisfies 


X 0 0 


a a 1 

\ \ 1 

+ 

h \ 1 



C, Cp 1 
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Hence 


AA = 

^ {b. 


-1 




1 

h K 1 

c c 1 
1 2 


The points and of the definition of measure are (0, and (0, c^y 
respective!}’, so that n ^ h 

Hence 


( 10 ) 


m{ABO) = 


a, 1 

h h 1 

1 


That the. same result holds good in case BC is parallel to OP is 
readily verified. 

How if A, B, C are transformed to A', B\ respectively by a 
transformation 


(11) 


(12) miAlB'C') 


A = 




^ 0 


of the affine group, 

«2«i+/3^“2+72. 1 
+• 72> 1 

A + 7i, + /3^c' + 72, 1 

«x 1 

K \ 1 
^ 1 

Hence we have 

Theorem 47. ^ transformation (11) affijne. groujp is equiajflne 

if and only if* ^ ^ 



«1 




=1. 


Let A = (a^, a^),B = {h^, h^), C = (c^, c^) be the vertices of any triangle, 
and P = {Xy y) any point. In the homogeneous coordinates for which 
xjx^^x, xjx^^y, these points may be written A = (1, a^, a^), etc. 
Hence by the result established in § 27 for the three-dimensional 
case, the numbers proportional to 


°I1 

1 X y 

1 ^ i 


1 «1 «2 
1 X y 

> ^2 = 

1 «2 
1 \ \ 


1 \ 


\ c c 

1 2 


1 X y 


may be regarded as homogeneous coordinates of P in a system for 
which ABC is the triangle of reference. 


♦ By comparison with § 30 this condition yields the result that, in an ordered 
Apace, the equiaffine collineations are all direct. 
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This is a particular one of the homogeneous coordinate systems 
for which ABO is the triangle of reference, and of course corresponds 
to a particular choice of the point (1, 1, 1). Other particular systems 
may be obtained by replacing (1, a^, a^) by (k, ka^, ka^) and like 
changes. The coordinates written down, however, have (in view of (10)) 
the remarkable property that 

^=m{FBC), ^^^m(AFC), ^^=m(ABF}. 

Als o, in view of Ex. 2, § 49, they satisfy the condition 

for aE ordinary points P. If ABC be taken as the unit of measure, 
this condition assumes the form 

l„+li+l2=l- 

Since aU ordinary points satisfy this condition, the equation 

which can always be satisfied by properly chosen homogeneous coordi- 
nates, must represent L. Therefore the point which is polar 

to L relatively to the triangle ABO, must be the point of intersection 
of the medians of this triangle. 

Definition. Given a homogeneous coordinate system with respect 
to which the line at infinity has the equation 

the three numbers x^, x^, which are homogeneous coordinates of an 
ordinary point P and satisfy the condition 

are called the iarycentriG coordinates of P, relative to the triangle 

0 , 0 , 0 . 

EXERCISES 

1. Befinmg the barycentric coordinates of a point P, relative to a triangle 
AEC, as ^ _miABP) ^m(BCP) _m(CAP) 

m(ABCy m(ABCy ot(AEC)’ 
prove that a line is represented by a linear equation. 

2. If A, B, C, D are four fixed points of a conic, and P a variable point, the 

ratio m (A BP) • m (CDF) 

m(ABP)-m(CBP) 
is constant (cf. Cor. 1, Theorem 39). 
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3. Show that the equation of a conic through five points B, C^DyE may 
be written in the form 

(A BE) (BCE) (ABX) (CBX) - (ABE) (CJDE) (ABX) (BCX) = 0, 
where (ABE) stands for 

d-i , 

^2 ^8 

and the other parenthetical triads have analogous meanings. 

*52. Line reflections. Definition. A homology of period two 
whose center is on Z* is called a line reflection ; if its center is L and 
its axis Z, we shall denote the line reflection by {XZ}. 

This definition conld also be expressed by saying that a line reflec- 
tion is a transformation having an axis such that (1) if -P' be the 
transform of a point P and P¥=P', the mid-point of the pair PP' is 
on the axis of the reflection ; and (2) if P^ and P( are any other pair 
of homologous points, the line P^^P^ is parallel to PP^ 

Theokem 48. A ^product of two line reflections is an equiajflne 
collineation, 

Proof. Let the given line reflections be {X/J and {X^Z^}. Let Z be 
any line meeting both Z^ and Z^, and let X be any point at infinity not 
on 1. Then ^ 

Let A be the point of intersection of Z and Z^, B any other point of Z^, 
C any other point of Z, the point to which G is transformed by 
{Lf^, and 0 the point in which the line CC^ meets Z^. Since 0 is the 
mid-point of CC^, Theorem 35 ^ 

gives in case A4^ 0^ By b/ 

COB^CfBOy 

CAO^Cf)A, / 

Since GAGA- GOB == GAB, 

and GflBO + G^OA = Gfl^Ay \ 

it follows that / o-®/ 

CAB^C^BA. 

In case A=0 or 0=P the same result follows directly from Theorem 35. 
In like manner, if B^ be the point to which B is transformed by 

CAB^CB^A. 

CJBA^CB^A. 


Hence 
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Tlie product {LI} ■ transforms C^BA to CB^A and is therefore 
an equiaffine coUineation. In like manner, • {LI} is also equiaflfine- 
Hence the product {Ljt^ • is equiaffine. 

Theorem 49 . An equiaffine coUineation is a product of two line 
reflections. 

Proof Let T be any equiaffine coUineation. If there be any point 
which is not on an invariant Une of F, let A^^ be such a point. Let 
A^ A^, A^ be defined by the conditions 

r(4)=^„ r(Aj=A^, r(Aj=A^, 

By the hypothesis on A^ the points A^ A^, A^ are noncoUinear, and by 
the hypothesis that F is equiaffine 

A^A^A 2 * 

Hence, by Theorem 41, the line^Q^^ is paraUel to A^A^, or else Aq=A^, 

Let be the mid-point of the pair A^A^, and of the pair A^A^^, 
Let Lj^ be the point at infinity of the line A^A^, of the line A^A^, and 
K of the line A^A^. Since A^A^ is parallel to A^A^, it follows that 



A^AJu^=A^AJ£, and hence, by the definition of mid-point, that 
and are coUinear. Since A^, A^, and the point at infinity of the line 
A^A^ are transformed by F to A^, A^, and the point at infinity of the 
lmeA^A^,r(MJ=M^. 

Let be the line A^M^, and the line joining the mid-point of A.^A^ 
to the mid-point of By the above, 

and 

Hence {L^l^ ■ {L^l^ = AAK 

But since F (A^A^Mf = A^A^M^, it follows, by Theorem 1, that 
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In case there is no point not on an invariant line of T, the invariant 
lines all meet in a point 0. For the point of intersection of anj two 
of them is invariant^ and any three nonconcurrent ordinary lines have 
at least two ordinary points in common. Thus we should he led to 
a contradiction with Theorem 46 if the invariant lines were not 
concurrent. 

Let be a point which is not invariant, and let A^=r (A^). 
Also let be another point which is not invariant and not on 
the line A^A^ and let F (BJ == B^, The lines A^A^ and B^B^ neces- 
sarily meet in 0. 

If 0 is ordinary, then since any line through it is invariant, all 
points of are invariant, and hence A^B^ is parallel to A^B^, Since 
r is eqiiiaffine. 


Hence, by Theorem 42, A^B^ and A^B^ are parallel, and A^B^A,^B^ is a 
parallelogram. Hence 0 is the mid-point of A^A^ and BJB^^ and F is 
a point reflection. 

Let a be the line A^A^ 
and A the point at infinity 
of a, and let 6 be the line 
B^^ and B the point at 
infinity of 1, The product 
{Al}- {Ba} transforms Aj, 

B^, 0 into Ag, B^, 0 respec- 
tively, and hence is F. 

If 0 is an ideal point, let I be the line A^B^, and let m be the Hne 
joining the mid-points of A^A^ and B^B^, Then {Om} • {0l\ transforms 
O, A^, B^ into O, A^, B^ respectively, and hence, by Theorem 46, is F. 



Corollary 1. An equiaffine collineation F such that A, F (A) and 
F^(A) are collmear for all choices of A is either a jpoint reflection or 
a translation or an elation whose center is at infinity and whose axis 
is an ordinary line. 

Proof In the argument above it was proved that if the point 0 is 
ordinary, F is a point reflection; and that if 0 is ideal, F = {Om} • {01}. 
If m and I are parallel, F is evidently a translation; and if m and 7 
are not parallel, it is an elation with 0 as center and the line joining 
0 to the point Im as axis. 
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Defixitiox. An elation whose center is at infinity and whose axis 
is an ordinary line is called a simple shear. 

Corollary 2. IfV= {Lj.^ ■ {i/J, then for every line I concurrent 
with I and which is not a douUe line ofT there exist points L and 
M and a line m such that 

r = {Mm} • {LT}. 

There also exist a point M' and a line m' such that 
r = [LI) ■ {Af'm'}. 

If Ihe taken as variable, 

H A W A W A W A m A 

Proof The first conclusion follows from the arbitrariness in the 
choice of in the proof of the theorem above. The second conclusion 
follows from the first, combined with the fact that 

The projectivities foUow from the constructions given in the proof of 
theorem for A^, A^, M^, etc. 

Corollary If T = {Lf^ ■ {L^f, then for every point L of L 
which is not a double point of F, there exists a point M of l„ and two 
lines I and m concurrent with and l^ such that 

r = {Mm} • {LI}. 

There also exist a point M! and a line ml such that 

r = {UQ • {M’mP}. 

Theorem 50. The set of all affine collineations which are products 
of line reflections form a group. Every transformation of this group 
is either an equiaffine transformation or the product of an equiaffine 
transformation by a line reflection. 

Proof By Theorems 48 and 49 the product of an even number 
of line reflections is equiafiSue and reduces to a product of two line 
reflections. Hence the product of an odd number of line reflections 
reduces to a product of three line reflections. The statements above 
follow in an obvious way from this. 
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EXERCISES 

1 . Let tlie j^oints at infinity of 7^, L, I resjiectirely in Theorem 49, Cor. 2, 

be denoted by L{, L'. If the L'l, L.^ are distinct, the pairs 

L 2 L. 2 . LL are in involution. 

2. In case is on L and L„ is not on 7^, [LM ' * ■ LJ{': = T is a collmeation 
of Type II (cf. § 40, Vol. I), parabolic on /» and of period two on the line 
joining to the f^oint of intersection of and L. If I be any line, except fg, 
through the point P the point in which I meets /», and L the harmonic 
conjugate of with res|>ect to P and T(P), 

T=={Lh)*{LJ), 

If J/ be the harmonic conjugate of with respect to P and T~^(P), 

3. The product [LJ^] • {Lj/j} is a point reflection if and only if is on 
/g and Xg on 7^. A point reflection with O as center is the product of any 
two line reflections {Xj^/^} and [LJ^] for which is on O, on 0, on 
and Xg on 

4. The product {LM] • {Xj/^] is a translation if and only if Xj = X^ and 
is parallel to The ideal point Xj is the center of the translation. If T is 
any translation, T* its center, Pj any ordinary point, P = T C-^i)> P 2 

point of the p>air PPj, and p-^ and parallel lines through Pj and P^ 

respectively, T = { 

5. The product {LJ^) • {X^Zi} is a simple shear if 9 ^X 3 and li= 1^9 or 
if Xj = X 2 and 7^ intersects in an ordinary point, but not in any other case. 

6 . Let 5 be a simple shear w-hose axis is 7 and whose center is X. 

Let P^ be any point of /«, P = ]S(Pi), and Pg the harmonic conjugate of 
X with respect to P and Pg. Then 2 = {PJ} • {Pi7}* If Pi be any line 
meeting 7 in an ordinary point, p = and the harmonic conjugate 

of 7 with respect to p and 

5 = {Xp 2 }.{Xp,}. 

7. Let PPjPgPgP^ be a simple pentagon. Let Cg, Cg, Cg be the 

mid-points of the pairs PPi, P^P^y respectively. If the line 

PPj is parallel to P 3 P 4 , and PP 4 is parallel to PjPg, the three lines 
CgCg, PCg are concurrent or parallel. Discuss the degenerate cases. 

8 . Every equiafiine transformation is either the identity or a point reflec- 
tion or an elation whose center is at infinity (i.e. a translation or a simple shear) 
or expressible as a product of two elations whose centers are at infinity, 

8 . Prove Cors. 2 and 3 of Theorem 49 directly, without using the theory 
of equivalence. 

10. A necessary and sufficient condition that a planar collineation be the 
product of two harmonic homologies is that it transform ordered point triads 
into equivalent point triads relative to a fixed line of the collineation regarded 
as "U (E. B. Wilson, Annals of Mathematics, VoL V, 2 d series (1903), p. 45) 

hunt library 
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11. Let Tis denote an involution ■whose double points are L and M by 

{Lil'-. If and are two distinct involutions on the 

same line, then for every point Xj of this line, £3 not being a double point 
of /j • I„, there exists a unique point J/j and involution {L^M^ such that 
if vre denote {LgM^) by £j and by 

hVi = A’ Vi = Vv 

The pairs L^M^, L^M^, £,.1/3, are all pairs of the same involution, 

unless the pairs L^^f^ and have a point in common, in which case aU 

four pairs have this point in common. 

12. The projectivities on a line which are expressible in the form 
• {L^M^} form a group. 

The last two exercises connect with the following algebraic considerations. 
An involution in a net of rationality is always of the form (§ 54:, VoL I) 

- ax + h 

of— > 

cx — a 

where a, 5, c, d are rational. The double points are the roots of 

ca^ — 2 na: — 5 = 0, 

and both will be rational if ^ is rational in 

<2® -f 6c = 


^fow any projectivity is the product of two involutions, a double point of one 
of which may be chosen arbitrarily. The projectivity may therefore be written 

U37 ”1" 6 ^ 

cx — a _ (aa' -h ¥c) x + (a'h — ah') 

® ax + i ^ * 

o' a 

ca; — a 

and so has the determinant 

aa'he' + + Wcc' + h'caaf — {aa'W — c^h'c' — c(^%c + aa'V o') 

= (a'S ^ jv) + be (6V + a'2) = 


where + b'c'. Hence (1) the product of two involutions whose double 

points have rational coordinates is a projectivity whose determinant is a per- 
fect square 5 and (2) if the determinant of a projectivity is a perfect square, and 
one of two involutions of which it is a product has rational double points, 
then the other has rational double points. Hence there is a subgroup of the 
group of collinearions of a linear net of rationality generated by the involu- 
tions with rational double points. This is the group of transformations whose 
determinants are perfect squares. 
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♦53. Algebraic formulas for line reflections. Let us employ the 
nonhomogeneous coordinates for which /„ is the singular line and 
the corresponding homogeneous coordinates for which 


( JS , 


'1 




The line now ha^ the equation = 0, and the equations (1) of the 
affine group become 




(13) 


A=!«^ ^ 

I a. 


•0. 


^2 = ^.>^0 +■ + ^ 2 ^ 2 : 

On the line this effects the transformation 

x[ = a^x^ 4- 

a;' = a^x^ + 

According to § 54, YoL I, this is an involution if and only if — 5^. 
Thus is a necessary condition that (13) represent a line 

reflection. 

The ordinary double points of (13) are given by the following 
equations, in which we have put 

(a - l)a; + 5^y + c^= 0, 
a^x-{a + l)'i/ + c^^0. 

If (13) is to be a line reflection, it must have a line of fixed points. 
Hence the two equations (14) must represent a single ordinary line, 
which requires 

la — 1 5, 


(14) 


(15) 0 = 


-(a + 1) 



a — 1 Cj 




Co 

2 2 


-(a + 1) c. 


The first of these conditions is equivalent to A = — 1. 

Since the coefficients of x and y in (14) cannot all vanish, the 
conditions (15) are also sufficient that (14) represent a single ordinary 
line. Hence 

Theoeem 51. a transformation of the form, 

^ax+l^y-^rc^, 

= a^x—ay + e^, 
is a line refection if and only if 


( 16 ) 


A = 


a, —a 


= -l. 


a — le. 




-(a + 1) c, 


= 0 . 
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From this it follows that a product of two line reflections is such 
that A = 1, and a product of three line reflections is such that 
A = — 1. By Theorems 47 and 49 any transformation for which A = 1 
is a product of two line reflections. Any transformation T for which 
A = — 1, when multiplied hy a line reflection A yields a transforma- 
tion E for which A = 1, le. an equiaffine transformation. From TA = 2 
follows T = 2 A Hence T is a product of three line reflections. Thus 
we have (cf. Theorem 47) 

Theorem 52. The group of ofiiie, traTisfoTTridtioTis which cltc prod- 
ucts of Une reflections has the equations 





2 

= 1 . 


EXERCISES 


1. The set of all affine transformations which are products of equiaffine 
transformations by dilations form a group which is a self-conjugate subgroup 
of the affine group. Its equations are 


sf = ape Ipy + c^. 


<h ^1 

Oj i 


where k is any niimber in the geometric number system. 

2. The set of all aflSne transformations which are products of line reflections 
and dilations form a group which is self-conjugate under the aflSne gronp. Its 
equations are ^ 

/= a^a; + + c„ 


^3 ^2 


ll =±F, 


where k is any number in the geometric number system. 

54. Subgroups of the afBbie group. We give below a list of the 
principal subgroups of the affine group which we have considered in 
this chapter and in § 30 of Chap. 11. These are all self-conjugate 
subgroup. We also include the groups which will be considered in 
the next chapter in connection with the Euclidean geometry. 

The groups are all described by means of the conditions which 
must be imposed on the coefficients of the equations of the affine 
group to reduce it to each of the other groups. In some spaces, i.e. 
when the variables and coefficients are in certain number systems, 
these groups are not all distinct. However, they are all distinct in 
case the variables and coefficients are ordinary rational numbers. 
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With respect to a system of nonhomogeneous coordinates of which 
L is the smgular line, the equations of the affine group are 


( 1 ) 

where 


af = a^x + bj/ + Cj 
y' = a^x + b^ + c 


A = 


% h 


¥= 0. 


The principal subgroups connected with the afi&ne geometry are : 

(2) A>0; 

the transformations satisfying this condition are direct (§ 30)- 

(3) A = F, 


where h is in the geometric number system (§53, Ex. 1). 

(4) A = ± h?, 

where A is in the geometric number system (§ 53, Ex 2). 

(5) A^=l; 

these are products of two or of three line reflections (Theorem 52). 

(6) A = l, 
the equialEfine group (§ 51). 

(7) a, = 5,, 

the homothetic group (§ 47). 

(8) af=:l, 
the group of translations and point reflections (§ 45). 

(9) a,=5,= 0, a,= 5,= l, 

the group of translations (§ 38). 

The principal groups connected with the Euclidean geometry are : 

(10) + + + 
the Euclidean group (§§55 and 62). Its transformations are called 
similarity transformations. 

(11) + + = A>0, 


the direct similarity transformations. 

(12) of + <= + 52 =?s=0, aj6^ + a^5^ = 0, A = A®, 

where ^ is ia the geometric number system. 

(13) af + = + 5| ¥= 0, + A = d:Fa 

where A is in the geometric number systeiia. 
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(14) a^ + al = l, a^ = ±\, 

the group of displacements and symmetries (§ 62). 

(15) af+al = l, ai = &2. 


tbe group of displacements. 

The relations among 
these groups may be 
indicated by the follow- 
ing diagram, in which 
we have included only 
those groups which are 
distinct in case of the Equia/fine 
real geometry. A dotted 
line indicates that the 
lower of the two groups 
joined is a subgroup of 
the upper, and a solid 
line that it is a self- 
conjugate subgroup. 

The fundamental importance of the 
group of translations is indicated by 
the fact that it is a self-conjugate 
subgroup of each of the other groups. 


lOjMtclidean 


Homothetic 



) Translations 

Tig. 44 


EXERCISES 

1. Supposing the number of points on a line to be 4* 1, what is the number 
of transformations in each of the groups listed above ? 

2. Supposing the geometric number system to be (u) the ordinary real, or 
(6) the ordinary complex number system, how many parameters are there in 
the equations for each of the groups listed above? 

3. Prove that the plane affine geometry as a separate science could be based 
on the following assumptions with regard to undefined elements, called points, 
and undefined classes of points, called lines : 

I. Two points are contained in one and only one line. 

IL For any line I and any point P, not on Z, there is one and only one line 
containing P and not containing any point of L 

III, Every line contains at least two points. 

IV, There exist at least three noncollinear points. 

V, The special case of the Pappus theorem given in the fine print in § 49 j 
or Theorem 41. 
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55. Geometries of the Euclidean t 5 rpe. We come now to the 
extension of the definition of congruence which was promised in 
§§ 39 and 46. This requires the consideration of groups which are 
not self-conjugate under the affine group. Not being self-conjugate, 
these groups are not determined tmiquely by the affine group, and 
hence our definitions will contain a further arbitrary element. 

Definition. Let I be an arbitrary but fixed involution on L. This 
involution shall be called the absolute or orthogonal involution. The 
group of all projective collineations leaving I invariant shall be called 
a ^parabolic ^ 'metric groujp. The transformations of the group shall 
be called sumilarity transformations. Two figures conjugate under 
the group shall be said to be similar. The geometry corresponding 
to the group shall be called the parabolic metric geometry. 

The absolute involution is supposed to be fixed throughout the 
rest of the discussion, but of course there are as many parabolic metric 
groups as there are choices of I. We nevertheless speak of the para- 
bolic metric group in order to emphasize the fact that we are fixing 
attention on one group. 

In ease the plane in which we are working is a real plane and 
the absolute involution is without double points, the parabolic 
metric geometry is the Euclidean geometry. It is for this reason 
that we refer to the parabolic metric geometries as geometries of 
the Euclidean type. 

The investigations in the following sections are arranged in order 
of increasing specialization. Eirst we consider a perfectly general 
involution, I, in a projective plane satisfying A, E, P, H^. Then we 
consider a particular type of involution in an ordered plane, and finally 
lunit the plane to be the real plane. 

* The reason for the term “parabolic ” in this connection is explained in a 
later chapter, where the eUipiac and hyperbolic metric groups are d^baed. 
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WheE the plane and the involution are fully specialized, it is 
a theorem (§ 70 ) that the real plane is contained in a complex 
plane in which the absolute involution has double pointe. Thus 
the theorems on the general type of involution (where the possible 
existence of double points is taken into account) come to have a 
new application. 

56. Orthogonal lines. Definition. Two lines are said to be orthog- 
onal or perpeiidicular to each other if and only if they meet /« in 
conjugate points of the absolute involution. 

The following consequences of this definition are obvious : 

Theorem 1. Tho pairs of perpendicular lines through any point, O, 
are the pairs of an involution. Through any point there is one and 
but one line perpendicular to a given line. jL line perpendicular to one 
of two parallel lines is perpendicular to the othsr. Two lines perpen- 
dicular to the same line are parallel. 

Definition. In case the absolute involution I has two double 
points, and J!^, they are called the circular points. Any line 
through or is called an isotropic line or a minimal line. 

Any isotropic line has the property of being perpendicular to itself. 
The circular points are so called because all ordinary points of any 
circle (cf. § 60) are on a conic through and The ordinary points 
of the conic section referred to in the following lemma will later be 
proved to be on a circle. 

Definition. a homology of period two whose center L is on L, and 
whose axis I meets in the point conjugate to the center with regard 
to the absolute involution, is called an orthogonal line reflection, and 
is denoted by {LI}. 

Since the center of a homology is not a point of the axis, the center 
cannot be a double point of the orthogonal involution, nor can the 
axis pass through such a point. An orthogonal line reflection is of 
course a special case of a line reflection as defined in § 62. 

Lemma. Let 0 and be two points not collinear with either double 
point of the absolute involution. There is one and only one conic, C\ 
having 0 as center, passing through ij, and having the pairs of the 
absolute involution as pairs of conjugate points. 

Proof Let J? be the harmonic conjugate of with respect to 0 
and the point at infinity, J2, of the line OiJ. Any conic containing 
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and haYing 0 as center must contain E, by the definition of center. 
I^t X be a variable point of and Y the conjugate of X in the 
absolute involution. Any of the triangles OXY must be self-polar to 
any conic satisfying the required conditions. But if P is the point of 
intersection of the lines iJX and and Q the point of intersection 
of j^Xand OY^ 

Y \ 

F,O^R=FQP^X, 

A 

and hence the 
points and P 
are harmonically 
conjugate with re- 
spect to X and Q. 

Hence P must 
be on any conic 
through with 
r^ard to which X 
is the pole of Q Y. 

Hence P must be 
on any conic satis- 
fying the hypothe- ifig. 45 

ses of the lemma. 

Since [X] the points P, together with and consti- 

tute a unique conic (§ 41, Vol. I) ; and this conic, by its construction, 
satisfies the condition required by the lem m a. 

COROLLAEY. 1% ease the absolute involution has double points the 
conic passes through them. 

Theorem 2. An orthogonal line reflection leaves the absolute in- 
volution invariant. 

Proof. If I is the axis of an orthogonal line reflection and L 
its center, let 0 be any point on I and any point not on I The 
conic f7®(cf. Lemma), which contains has 0 as center, and has the 
absolute involution as an involution of conjugate points, must have 
L and I as pole and polar. Hence, by the definition of pole and polar 
(§ 44, VoL I)C^ is transformed into itself by the harmonic homology 
having L and I as center and axis. Hence the absolute involution is 
transformed into itself by the orthogonal line reflection {PZ}- 
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Theorem 3. The product of tico orthogonal line refiectiom whose 
axes are imrallel is a translation parallel to any line perpendicular 
to the axes. 

Proof, Let the given line reflections be and Their axes 

meet in a poiiifc L' of L, and X, and X^ must be conjugate to X^ with 
respect to the absolute involution. Hence X^ = L^. The product there- 
fore leaves all points on L invariant and also all lines through X^. 
Hence it is a translation parallel to any line through X^. 

Theorem 4. A translation, T, whose center is not a double point of 
the absolute involution, is a product of two orthogonal line reflections, 
{XZJ, {Xy, where Lis the center of the translation. If 0 is an aril 
trary ordinary point and P the mid-point of the pair 0 and T (0), 

may be chosen as OL^ and as PX', where V is the conjugate of L 
with respect to the absolute involution. Or may be chosen as PV 
and as the line joining T (0) to LK A translation whose center is a 
double point of tlie absolute involu- 
tion is a product of four orthogonal 
line reflections. 

Proof If and \^PL^, 

the reflection {Llf leaves 0 inva- 
riant and {X^J carries 0 to T (0). 

Hence the translation {Ll^ • {Llf 
carries 0 to T (0), and, by Theorem 3, 

Chap. HI, is identical with T. Fig. 46 

If /^=PX' and l^ = QL', where 

Q = 1l{0), the reflection {Llf carries O to Q and {XZJ leaves Q 
invariant. Hence, as before, {Ll^ • {XZJ = T. 

A translation whose center is a double point of the absolute involu- 
tion can be expressed as a product of two translations with arbitrary 
points of L as centers (Theorem 8, Chap. Ill), and hence is expressible 
as a product of four orthogonal line reflections. 

Definition. If the axes of two orthogonal line reflections intersect 
IQ an ordinary point, 0, the product is called a rotation about 0, and 
the point O is called its center. 

Theorem 5. A rotation which is the product of two orthogonal line 
reflections whose axes are orthogonal is a point reflection. 
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§§ 5o, 57 

Fro*jf. Let the two line iviieetiuiis Le {Xi J and {\Q and let 0 be 
the piiiit of intersection of and Since and are orthogonal, 
X^ is on and X^ on The product {X^L} » therefore leaves 0 
md every point of L invariant. Moreover, it is of pericxi tw’O on the 
axis of either of the line reflections. Hence it is a homolc^y of period 
two with 0 as center and /* as axis, le. a point reflection. 

Defixitiox. If a line I is perpendicular to a line m, the point of 
intersection of the two lines is called the foot of the perpendicular L 
A line I is said to be the j^erpendicular bisector of a pair of points 
A and B if it is perpendicular to the line AJB and its foot is the 
mid-pomt of the pair AB. 

Defixitiox. a simple quadrangle AX Ci> is said to be a rectangle 
if and only if the lines AB and CD are perpendicular to AD and BC, 

EXERCISES 

1. A parallelogram A BCD is a rectangle if and only if the lines AX and 
AD are perpendicular. 

2. The perpendicular bisectors of the point pairs AB, BC, CA of a tri- 
angle ABC meet in a point. 

3. The perpendiculars from the vertices of a triangle to the opposite sides 
meet in a point 

4. The lines through the vertices of a triangle parallel to the transforms 
of the opposite sides by a fi:x:ed orthogonal line reflection are concurrent. 

57. Displacements and symmetries. Congruence. Definitiox. The 
product of an even number of orthogonal line reflections is called 
a displacement The product of an odd number of orthogonal line 
reflections is called a symmetry. 

Theorem 6. The set of all displacements form a self-conjtcgate 
subgroup of the parabolic metric group, 

Droof That the displacements form a group is evident because 
(cf. § 26, Vol. I): (1) the identity is a displacement, being the prod- 
uct of any orthogonal line reflection by itself ; (2) the inverse of a 
product of orthogonal line reflections is the product of the same set 
of line reflections taken in the reverse order ; (3) the product of an 
even number of orthogonal line reflections by an even number of 
orthogonal line reflections is, by definition, a displacement 

The group of displacements is contained in the parabolic metric 
group by Theorem 2. 
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If {Ll} is an orthogonal line reflection, E a similarity transformation, 
and = 2 (X), /' = 2 (/), then 2 • {Ll} • 2“^ is a harmonic homology 
with L' as center and V as axis. But since L and the point at infinity 
of I are paired in the absolute involution, so are and the point 
at infinity of V. Hence 2 • {Ll} • 2“^ = {X^Z^ is an orthogonal Hne 
reflection. 

If and are any two line reflections 2 
A similar argument shows that EA^A^ • - • A„ • 2 ^ is a product of 
n orthogonal line reflections whenever • • * , are orthogonal line 

reflections and 2 is in the parabolic metric group. Hence the group 
of displacements is a self-conjugate subgroup of the parabolic metric 
group. 

COEOLLAKY 1. The set of all displacements and symmetries form 
a self 'Conjugate subgroup of thrC parabolic metric group. 

DEFlxmojiT. Two figures such that one can be transformed into 
the other by a displacement are said to be congmienL Two figures 
such that one can be transformed into the other by a symmetry are 
said to be symmetric. 

CoEOLLAEY If a figure is congruent to a figure and to 
a figure F^^ then F^ is congruent to F^. 

COEOLLAEY Z. If a figure F^ is symmetric with a figure F^, and F^ 
is symmetric with a figure F^^ then F^ is congruent to F^. 

CoEOLLAEY A. If a figure F^ is symmetric with a figure F^y and F^ 
is congruent to a figure F^, then F^ is symmetric with F^. 

Since translations and point reflections leave the absolute invo- 
lution invariant, the definition of congruence given in this section 
includes the definitions in §§ 39 and 46 as special cases. Theorem 6 
shows that the theory of congruence and symmetry in general belongs 
to the geometry of the parabolic metric group. It must be remem- 
bered, however, that the theory of congruence of point pairs on parallel 
lines belongs to the affine group. In other words, the part of the theory 
of congruence developed in Chap. Ill is independent of the choice of 
the absolute involution. 

In case the absolute involution has double points, the theory of 
congruence of point pairs on the minimal lines (§ 56) is different 
from that on other lines. As will appear in the following sections the 
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theory on any Ene wMcli is not minimal is essentially the same 
as that developed in Chap. Ill on the basis afforded by the group of 
translations and point reflections. On a minimal line, however, the 
set of points [P] such that 01^ is congruent to OF consists of all points 
on this line except the point 0, For let and denote the double 
points of the absolute involution, being the one on the line Oj^. 
Let ^ be a point of the line 01^ distinct from 0 and from and let 

F be any point of 01^ distinct from O and from If be the 

orthogonal line reflection whose center 
is the point at infinity of the line I^Q 
and whose axis passes through 0, and 
Ag be the orthogonal line reflection 
whose center is the point at infinity 
of the line QF and whose axis passes 
through O, we have (i^) = Q and 
A,{Q) = F. 
transforms to 
P. Combining 
transformations 
of the form 
with transla- 
tions it is clear 

that we have Pig. 47 



Hence the rotation 


Theorem 7. Any pair of points on a minimal line is (migmmit to 
any other pair of points on the same line. 

For example, if a mid-point of a pair AB were defined to be a 
point G such that C is congruent to CB, we should have that when- 
ever the line AB is minimal, the point C may be any point on this 
Hne different from A and B, The theorems on mid-points in Chap. Ill 
would in general have exceptional cases. It is to avoid this difficulty 
that we have adopted the definition of mid-point given ia § 40, 
Chap. IIL A similar remark applies to the definition of ratio of 
collinear point pairs in § 43, Chap. III. 

Definition. A parallelogram ABCD whose sides do not pass 
through double points of the absolute involution and in which the 
point pair AB is congruent to the point pair AD is called a rhombus. 
A rhombus wMch is also a rectangle is called a square. 
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EXERCISES 

1. Pro¥e tiiat the group of displacements and symmetries could be defined 
as the group of all eollmeatious leaving invariant the set of all conics obtain- 
able by translations from a fixed central conic. 

2. The parabolic metric group consists of all projective collineations trans- 
forming the group of displacements into itself. 

3. Two point pairs on nonminimal lines are symmetric if and only if they 
are congruent. 

4. The perpendicular bisector of a point pair contains all points P such 

that A P is congruent to BP. 

5 . The simple quadrangle A B CD is b, rhombus if and only if the lines A C and 
BDm^ the perpendicular bisectors of the point pairs BD and A C respectively. 

6. A parallelogram A B CP is a rectangle if and only if the point pair AC 
is congruent to the point pair BD. 

7. Specialize the quadrangle-quadrilateral configuration (§ 18, VoL I) to the 
ease where the vertices of the quadrangle are the vertices of a square. 


58. Pairs of orthogonal line reflections. Theorem 8. If 
dre three orthogonal line reflections whose axes jpass through a jpoint 
0 (ordinary or ideal)^ the product is an orthogonal line 

reflection whose axis 
passes through 0. 

Proof. In ease the 
three axes are parallel, 
the product A^A^ is a 
translation, and so by 
Theorem 4 is expressible 
in the form A^A^, where 
A^ is an orthogonal line 
reflection whose axis is 
parallel to the other 
axes. Hence 

in ease two of the 
axes are not parallel, the 
third axis must pass 
through their common point 0. Let T be any point not coUinear with 
0 and a circular point. Let (7^ be the conic, existent and unique 
according to the lemma of § 56, which passes through P, has 0 as 
center, and has the absolute involution as an involution of conjugate 
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points. If be any point of let A^{Q^) = Q,, A^{Q^) = Q^, 

According to this construction the line is parallel to 

to where in case Q- = Qj, the line Q^Qj is taken to mean 

the tangent to at Hence, by Pascal’s theorem (Chap. V, Yol. I) 

or one of its degenerate cases, it follows that is parallel to 

K{Q,)-=Q, 

and (AAA,r(0.) = er 

Since is an arbitrary point of 

(Aaa/=i. 

The transformation AgA^A^ is not the identity, because it cannot leave 
invariant a point, different from 0, of the axis of unless A^ = A^, 
and in the latter case the product is equal to A^. Since leaves 

invariant the line (or the tangent at if Q^), it leaves in- 
variant the point at infinity of this line and also the line through 0 
perpendicular to it. As A^A^A^ is of period two, it follows that it is 
an orthogonal line reflection. 

CoBOLLARY 1. If A^, A^, and A, are any three orthogoTKd line 
refiections whose axes meet in a jpoint or are jparallel, there exists an 
orthogonal line reflection mch that and an orthog'/nal 

line reflection Ag s^ich that = A^Ag. 

Froofl By the theorem, exists such that 

Ag Aj Aj^ = A^. 

Hence A^A^^A^A^. 

In like manner, exists such that 

Hence A^A^ = AgAg. 

Corollary 2. The product of any odd number of orthogonal line 
reflections whose axes meet in a point or are parallel is an orthogonal 
Ime rejlection. 

Proof. By the theorem, whenever w. S 3, the product of n orthog- 
onal line reflections whose axes are concurrent reduces to a product 
of n — 2. Thus, if « is odd, the number of line reflections can be 
reduced by succ^sive steps to one. 
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If 71 is even, this process reduces the number of Hne reflections in 
the prcMiuct to two. Thus we have 

Corollary 3. The product of any even numher of orthogonal line 
reflections is a rotation in case their axes meet in a pointy and is a 
translation in case the axes are parallel. 

Corollary 4. An orthogonal line reflection is not a displacement* 
Corollary 5. The set of all rotations having a common center is a 
commutative group. 

Proof A rotation is defined as a product of two orthogonal line 
reflections whose axes meet in an ordinary point. So, by definition, 
the identity is a rotation, and the inverse of a rotation is the 
rotation A^A^. The product of two rotations is a rotation by Cor. 3. 
Hence the rotations having a given point as center form a group. 
To show that any two of these rotations are commutative amounts 
to showing that 

(1) A^AgAgAj^ AgAjA^Ag 

whenever the A’s are orthogonal line reflections whose axes concur. 
By the theorem we have 

and hence 

(2) A^AgAgAj = AgAgA^Aj. 

But since AgA^A^ = A^A^A^, 

which combined with (2) gives (1). 

Theorem 9. Any displacement leaving a point O invariant is a 
rotation about 0. 

Proof. The given displacement is a product of an even number, n, 
of orthogonal line reflections, A„ • • • A^. Let A[ he the line reflection 
whose axis is the line through 0 parallel to the axis of A.. Then the 
product Tj = AfA^ is a translation (Theorem 3) and 

A, = T,A/. 

Thus A,...A^-T„A4...T^A[, 

where each T^. is a translation. But by Cor. 2, Theorem 11, Chap. Ill, 
if 2 is any affine coUineation, T^-2 = 2T/, where T/ is a translation or 
the identity. Hence 
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But since A„ • • • Aj and A' • • • A' leave 0 invariant, the product 
T' • • ■ T' leaves O invariant, and hence, by Theorem 3, Chap. Ill, is 
the identitv. Hence 

where Ap • — , are orthogonal line reflections whose axes pass 
through 0* By Cor. 3, Theorem 8, A^ • • • A/ is a rotation about 0. 

59. The group of displacements. Theoeem 10. Let 0 he an arhir 
trary 'point. Any displacement can he expressed in the form PT, where 
¥ is a rotation about O and T a translation. 

Proof. By precisely the argument used in the last theorem the 
given displacement can be expressed in the form 

A' -‘A'T' •••T' 

where A? (i = 1, • • •, 2 is an orthogonal line reflection whose axis 
passes through 0, and T/ (i = 1, • • •, 2 -w,) is a translation or the identity. 
The product is, by Theorem 6, Chap. Ill, a translation- By 

Cor. 3, Theorem 8, A^^ • • • A{ is a rotation or a translation. Since it 
leaves 0 invariant, it is a rotation. 

CoEOLLAEY 1. Any displacement can also he expressed in the form 
T^P^, where is a translation and P^ a rotation with 0 as center. 

CoROLLAEY 2. Any symmetry is a product of a line reflection whose 
axis contains an arbitrary point a'nd a tra'nslatwn. 

Theorem 11. Any displacement, except a translation hamng a 
double point of the absolute involution as center, is a prod'oct of two 
orthogonal line reflections. 

Proof Let G be an arbitrary point. By the last theorem the given 
displacement reduces to PT, where T is a translation and P a rotation 
about 0. If the center, L, of T is not a double point of the absolute 
involution, by Theorem 4, 

where and l^ meet in the conjugate of L relative to the absolute 
involution and where passes through 0. By Cor. 1, Theorem 8, there 
exists an orthogonal line refl.ection {Mm} such that 

P = {Afm}- {ZZJ. 


Hence 
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If P is not the identity, it is clear that m and cannot be parallel, 
md hence PT is a rotation. 

In case T is a translation whose center is a double point of the 
absolute involution, it can be expressed (Theorem 8, Chap. Ill) as a 
product of two translations T^, whose centers are not double points 
of the absolute involution. Hence, if P is not the identity, PT^ is a 
rotation, and thus PTgTj_ is also a rotation. In case P is the identity, 
we have the exceptional case noted in the theorem. 

CoBOLLAEY. A displacement is either a rotation or a translation. 
The following two theorems have the same relation to the para- 
bolic metric group and the group of displacements, respectively, that 
the fundamental theorem of projective geometry (Assumption P) has 
to the projective group on a lina 

Theorem 12. A transformation of the parabolic metric group 
haring invariant two ordinary points not collinear with a double 
point of the absolute involution is either an orthogonal line reflection 
or the identity. 

Proof. Denote the given fixed points by 0 and P, and let be the 
conic through P having 0 as center and the absolute involution as an 
involution of conjugate points. Since is uniquely determined by 
these conditions (cf. the lemma in § 56), it is left invariant by the 
given transformation T. 'Sow T leaves 0, P, and the point at infinity 
of the line OP invariant. Hence the line OP is point-wise invariant, 
and every line I perpendicular to it is transformed into itself. Since 
is also invariant and each of the lines perpendicular to OP meets 
in at most two points, T is either the identity or of period two. 
If of period two, it is evidently an orthogonal line reflection. 

Theorem 13. A displacement leaving invariant a point 0 and a 
line I containing 0 but not containing a double point of the absolute 
involution is either the identity or a point reflection with 0 as center. 
Proof. Let P be any ordinary point of I distinct from 0, and let 
be the conic through P having 0 as center and the absolute invo- 
lution as an involution of conjugate points. A displacement leaving 
0 invariant, being a product of two ortbogonal line reflections whose 
axes meet in O, must leave invariant. Hence it either leaves P 
invariant or transforms it into the other point in which the line OP 
meets C\ In the first case the transformation must, by Theorem 12 
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and Cor. 4, Theorem 8, reduce to the ideotitv. In the second case the 
given displaceinent, which w’e shall denote by A, multiplied by the 
orthogonal line reflection A whose axis is the line through 0 perpen- 
dicular to OP, leaves P invariant. Hence, hy Theorem 12, 

AA = A, 

where A' is a line reflection having OP as axis or the identity. Hence 

A = AA 

Since A cannot be a line reflection, hi cannot be the identity. Since 
the axes of A and hi are perpendicular, A is a point reflection. 

EXERCISES 

1. A displacement which carries a point A to a point B and has a point 0 
(ordinary or not) as center is, if the line OA is not minimal, the product of 
an orthogonal line reflection whose axis is OA followed by one whose axis is 
the line joining 0 to the mid-point of the pair AB, 

2. If three of the perpendicular bisectors of the point pairs AB^BC, CD, 
DA of a simple quadrangle meet in a point, the fourth perpendicular bisector 
passes through this point. 

*3. Any affine transformation which leaves a central conic invariant is a 
line reflection whose center and axis are pole and polar with regard to the 
conic or a product of two such line reflections. 

*4. In case the absolute involution is without double points, the group of 
displacements can be defined as the group of transformations common to the 
parabolic metric group and the equiaffine group. Thus two ordered point 
triads are congruent if they are both equivalent and. similar. Develop the 
theory of congruence on this basis, and show what difficulties arise in case 
the absolute involution has double points. 

60. Circles. Definition. A circle is the set of all points [P] such 
that the point pairs OF, where O is a fixed point, are all congruent to 
a fixed point pair Oil, provided that the line OiJ does not contain a 
double point of the absolute involution. The point O is called the 
cmUr of the circle. 

Since the displacements form a group, it is clear that may be any 
one of the points P, It has already been proved (§ 57) that if the 
line DiJ contained an invariant point of the absolute involution, the 
set [P] would consist of all ordinary points, except 0, of the line 

Theorem 14. A drcle consists of the ordinary points of a conic sec- 
tion having (he pairs of the absolute involution as pairs of conjugate 
points. The center of the drde is the pole of h '^th respect to the cirde. 
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Proof. Let 0 be the center of the circle and i© any point of the 
circle. The circle consists of all points obtainable from by displace- 
ments which leave 0 invariant. If one of the line reflections of which 
each of these displacements is a product be taken to have OiJ as axis 
(Cor. 1, Theorem 8), it follows that the circle consists of the points 
obtainable from by orthc^onal line reflections whose axes pass 
through 0. But the system of points so obtained is identical by 
Gonstriiction with the ordinary points of the conic referred to in 
the lemma of § 56. 

ConOLLARY. Iifi case the absolute involution has no double points, 
every circle is a conic section. In case the circular points exist, they 
and the points of any circle form a conic section. 

Theorem 15. The ordinary points of any proper conic, with regard 
to which the pairs of the absolute involution are pairs of conjugate 
points, form a circle. 

Proof. A conic with regard to which the pairs of the absolute 
involution are conjugate points cannot be a parabola, since all points 
of L are conjugate to the point of contact of a parabola. Hence 
has an ordinary point 0 as center. Let P he any point of C^. By 
definition there is one and only one circle through P which has 0 as 
a center. By Theorem 14, this circle is a conic through P having O 
as center and the pairs of the absolute involution as pairs of conjugate 
points. By the lemma of § 56 there is only one such conic. Hence 
the circle through P with 0 as center contains the ordinary points of 

Theorem 16. Three nonoolUnear points, no two of which are on a 
minimal line, are contained in one and only one circle. 

Proof Let the three points be Pq, P^, and Let be the point 
at infinity of the line and I the perpendicular bisector of the 
point pair The polar of with regard to any circle through 
and J? must, by Theorem 14, pass through the mid-point of and 
the conjugate of in the absolute involution. Hence the polar of 
with regard to any circle through and must be 1. In like 
manner, the polar of the point at infinity of the line with 
regard to any circle containing J? and must be the perpendicular 
bisector m of Since the points JJ, J?, are not collinear, I and 
m intersect in an ordinary point 0, which must be the pole of 
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iwilf* = Im with regard to any circle through JJ, ij, and Since, 
by definition, there is one and only one circle through F with 0 m 
center, there cannot be more than one circle throngh ij, ij, and 
Since the product of 
the orthogonal line re- 
flection with OiJ as axis 
by that with I as axis 
transforms the point pair 
OiJ into the point pair 
OiJ, the circle through 
with 0 as center con- 
tains ij. Alike argument 
shows that it contains j^. 

Hence there is one circle 
containing and 
Observe that we do 
not prove at this stage 
that a circle has a point on every line through its center. This could 
not be done without further hypotheses on the nature of the plane 
than we are making at present. 

EXERCISES 

1. The locus of the points of intersection of the lines through a }.x)int-4 
with the perpendicular lines through a point B, not on a minimal line through 
A, is a circle whose center is the mid-point of the pair AB. 

2. A tangeno to a circle is perpendicular to the diameter through the point 
of contact. 

3. Any two conjugate diameters of a circle are orthogonal. 

4. If the rangents at two points A and ^ of a circle meet in a point 0, 
the pairs OA and OB are congruent. 

5. If I is the perpendicular bisector of a point pair A 5, then the circles 
through A and B meet I in pairs of an involution whose center (§ 43) is the 
mid-point of AB. 

6. The system of all circles having a common center meet any line in the 
pairs of an involution. 

7. A parallelogram which circumscribes a circle must be a rhombus. 

8 . A parallelogram inscribed in a circle is a rectangle. 

9. If two circles have two points in common, the pair of tangents at one 
common point is symmetric to the pair of tangents at the other. 

10. The feet of the perpendiculars from any point of a circle to the sides 
of an inscribed triangle are collinear* 
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61. Coagraemt and similar triangles. Two of the three fundamental 
criteria for the congruence of triangles can be derived at the present 
stage. The third criterion, that in terms of two sides and the included 
angle/’ essentially involves order relations and is given in § 63. 

In the following theorems we shall restrict attention to triangles 
none of whose sides pass through double points of the absolute invo- 
lution. The sides of a triangle ABC which are opposite to the vertices 
A, B, C are denoted by a, 5, c respectively. It will be observed that 
instead of angles we refer to ordered line pairs. 

Theorem 17. Two tricinglcs ABC and A^B^ C^ are congruent in such 
a way that A corresponds to A^ and B to B if the point pair AB is con- 
gruent to the point pair A'B^ and the ordered line pairs ca and eh are 
congruent to the ordered 
line pairs da^ and dV 
Tispeciively, 

Proof By hypothesis, 
there is a displacement T 
carr 3 ’’ing A and B to A^ 
and respectively. Let 
r (a) = r (b) = 5'^ and 
r{C) = C”. It a' we 
should have the ordered 
line pair da^ congruent to 
and hence there 
would be a transformation leaving B' and d invariant and carrying a' 
to hut this transformation, by Theorem 13, would be the identity 
or a point reflection with B^ as center contrary to the assumption that 
a^^^ a^. In like manner it follows that h\ and hence that C\ 

Theorem 18. If in two triangles ABC andA^B^C’ the point pairs 
AB, BC, CA are congruent, respectively, to A^B^, B^ C\ C^A', the pair of 
lines he is congruent to the pair of lines Vd, The two triangles are 
either congruent or symmetric. 

Proof By hypothesis, there is a displacement which carries A^B^ to 
AB. Let C^^ be the point into which C is carried by this displacement. 
Let C^^' be the point to which U'' is carried by the orthogonal line 
reflection of which AB is axia Now if C were not identical with 
or we should have three congruent point pairs AC, AC'\ AC^'^ and 




§§ 61 , 62 ] 


TEIAivGLES 


135 


three other eoBgruent point pairs BC, BC^K That is, there would 
be two circles, one with A as center and one with B as center, having 
three points in common. If C, 6'"' were collinear, or if two of them 
were on a minimal line, this -woiild contradict Theorem 14 ; otherwise 
it would contradict Theorem 16. 

The conclusions of the theorem are now obvious. 

The theorems converse to the above are not difficult and are stated in 
the exercises below. The theorems on similar triangles (Exs. 3, 4, 5) are 
proved in an analogous way, using Theorem 12 instead of Theorem 13. 
For these theorems we used the following definition : 

Definition. Two figures are said to be directly similar if and 
only if one can be transformed into the other by a similarity trans- 
formation which effects on the same transformation as some dis- 
placement. A transformation of this sort is called a direct ^milarity 
transformation. 

EXERCISES 


1. If two ordered point triads are congruent, the corresponding ordered point 
pairs and line pairs are congruent. 

2. If two ordered point triads are symmetric, the corresponding point pairs 
are congruent and the corresponding ordered line pairs are symmetric. 

3. If the ordered line pairs hcj ca are congruent, respectively, to the ordered 
line pairs afV, l/c\ c'a', the ordered triad ahc is directly similar to the ordered 
triad a'lfc\ 

4. If the ordered line pairs ab, he, ca are symmetric, respectively, to the 
ordered line pairs a'h', h'c', c'a', the ordered triad ahc is similar to the ordered 
triad a'h'c*. 

5. If two ordered triads ahc and a'h' c' are directly similar, the ordered pairs 
ab, he, ca are congruent to a'h', h'c', c'a' respectively. If the ordered triads 
are similar but not directly similar, the ordered pairs ah, he, ca are symmetric 
to a'h', h'c', c'a' respectively. 

6. A direct similarily transformation is a product of a displacement and 
a homology. 


62. Algebraic formulas for certain parabolic metric groups. Adopt- 
ing a system of nonhomogeneous coordinates (x, y) for which L is the 
singular line, and a system of homogeneous coordinates for which 

-^ = x, -^ = y, 

% *0 

the line L has the equation = 0, and any involution on it can he 
written in the form (§§ 54, 68, VoL I), 

a;^= 0, ca3g»j,= 0. 
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If the coordinate system be chosen so that (0, 1, 0) and (0, 0, 1) are 
conjugate points in this involution, the bilinear equation reduces to 

( 3 ) + c3o^^ = 0 . 

Here the point (0, 1, 1) is paired with the point (0, c, — a). In 
case the involution contains two pairs of points which are harmoni- 
cally conjugate, one pair may be chosen as (0, 1, 0) and (0, 0, 1} and 
the other pair as (0, 1, 1) and (0, 1, — 1). In that case (3) reduces to 

(4) 

For the rest of this section we assume that the absolute involution 
contains two pairs of points which are harmonically conjugate with 
respect to each other. Such involutions exist in every plane satis- 
fying Assumption since any two distinct coUmear pairs of points 
determine an involution- Hence this assumption is no restriction on 
the nature of the plane in which we are working. It is, moreover, 
easy to replace the formulas which we shall obtain from (4) by the 
more general but more cumbersome formulas based on (3). 

The equations of the transformation required to change (3) into (4) are 

Xq = XQi X-^ = Vc iTj, iCg ” x^» 

Hence it is clear that in the complex geometry (§ 5) every involution may be 
reduced to the form (4), and in the real geometry only those involutions can 
be reduced to this form which are such that a/c>0. The involutions of the 
latter type are direct (§ 18). 

The equations of the affine group are 

K 

(5) + l^x^, 

and if the involution (4) is to be transformed into itself, all pairs 
x^, ajj and x^, \ which satisfy 

must also satisfy 

(“i^i + ^1*2) ( flA + ^1^2) + + ^2*2) + ^2^2) = 

which is the same as 


(«*+ a^x^x^->c{a^^+ xj}^{x^x^-{-x^x^ + (b^+ 0. 


Hence 


a“ + <=J* + J*=it0, 

+ “A= 
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are tlie necessary and sufBcieni conditions that (5) leave (4) invariant. 
Combining these two equations, we obtain 

fflX + < - = 0 

or (a ® + ffl|) (a “ — If) = 0. 

Thus we infer a^=±\ and Hence 

Theorem 19. The equations of the parabolic metric group are 

/=e{-jSa:+ay) + yj, 

where = 1. 

Abj conic section has an equation of the form (§66, VoL I) 

(7) a^xl + ^ %iVi+ 2 ^ 02 ^ 2 + 2 0, 

which determines on the line ^3;^ = 0 an involution whose double 
elements satisfy a,,xf + a^f ^ 2 a^,x,= Q. 


Comparing with (4), we have that a circle must satisfy the condition 


If this circle is to have (1, 0, 0) as center, i.a as pole of 0, the 
equation (7) must also satisfy the condition 


Thus, returning to nonhomogeneous coordinates, the equation of a 
circle with the origin, as center must be of the form* 

( 8 ) 


According to § 59, the transformations of the parabolic metric 
group leaving such a circle invariant are all displacements or sym- 
metries, and, moreover, all displacements and symmetries leaving the 
origin invariant leave this circle invariant. Substituting (6) in (8), we 
see that a displacement or symmetry leaving the origin invariant is 

of the form ri-ax-t-Bu 

ai-ax+fSy, 

y^^€{-fix + ay\ 


♦This argument does not prove that every equation of this form represents a 
circle. The answer to this question depends on the value of h. 
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Since any displacement or symmetry is expressible as the resultant 
of one leading the origin in variant and a translation (Theorem 10, 
Cor. 1), we have 

Theorem 20. The equations of the group of displacements and 

spnmetries are 

J = ax + + 

i/ = e(-fix+ ay) + 7 ^, 

where ^ = 1 and ^ = 1. 

By § 54, YoL I, a transformation of the form (9) effects an involu- 
tion on L if and only if e = - 1. By Theorem 10, Cor. 2, any symmetry 
leaving the origin invariant is a line reflection. Hence 

Theorem 21. The displacements are the transformations of the 
type (9) for which e = 1 and the symmetries those for which e = — 1. 

EXERCISES 

1. The equation of a circle containing the point and having the 

point (cEi&i) as center is 

(x — a{f + (y - hif = (fla — + (^2 — ^i)^* 

2. Two lines aa; + Jy + c = 0 and a'x + + c" = 0 are orthogonal if and 

only if aa' + W = 0- 

3. In case the absolute involution has double points, the equiaffine trans- 
formations of the parabolic metric group are of the form (9), where = c 

and € = ± 1. 

63. Introduction of order relations. Let us now assume that the 
plane which we are considering is an ordered plane in the sense 
of § 15. We may therefore apply the results of Chap. II, particu- 
larly of §§ 28”30. Let us also assume that the absolute involution 
satisfies the condition referred to in § 62, that there exist two pairs 
of points conjugate with regard to the absolute involution which 
separate each other harmonically. By Theorem 9, Chap. II, and its 
corollaries, it follows that any two pairs of the absolute involution 
separate each other, and that the absolute involution has no double 
points.* This result may conveniently be put in the following form : 

Theorem 22. Two pairs of perpendicular lines intersecting in the 
same point separate each other. No line is perpendicular to itself 

* The geometry arising from the hyperbolic case has been studied by Wilson and 
Lewis in the article referred to in § 48. 
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The restrictions which we have Just introduced enable us to state 
the fundamental theorem. (Theorem 13) about the group of displaca- 
ments in the following more precise form : 

Theoeem 23. The only displacement leaving a ray invariant is 
the identity. 

Proof. Let A be the origin and B any point of the ray. Since any col- 
lineat ion preserves order relations, A is transformed into itseK. Since the 
line AB is invariant, the displacement is a point reflection or the identity 
(Theorem 13). But a point reflection would change B into a point of the 
ray opposite to the ray AB, and thus not leave the ray AB invariant. 

With the aid of this theorem w’e can complete the set of funda- 
mental theorems on congruent triangles, the first two of which were 
given in § 61. 

Theorem 24. Two triangles ABC andA^B^C^ are congruent if the 
point pairs AB, AC and the angle A CAB are congruent respectively 
to the point pairs A^B\ A^ C^ and the angle A C'J!B\ 

Proof Since the angle ^ A CAB is congruent to the angle A C'A^B\ 
there exists a displacement carrying A to A^ and the rays AC and 
AB to A^C^ and A^B^ respectively. Since the point pair AB is con- 
gruent to A^B^, there is also a displacement carrying A to A^ and B 
toB', and since A (7 is congruent to A^C^, there is a displacement A^ 
carrying A to A^ and C to C\ By Theorem 23, A^ = A^ and A^ = A^. 
Hence the displacement A^ carries the triangle AE (7 to A!B^Ch 

EXERCISES 

1. Two triangles ABC and A'B^C' are congruent if the point pair AB U 
congruent to the point pair A'B' and the angles A CAB and A CBA are con- 
gruent respectively to the angles A CA'B' and A C'B'A'. 

2. If two triangles ABC and AB'C are congruent in such a way that A 
corresponds to 4' and B to B, the angles A ABC, ABC A, A CAB are con- 
gi-uent to the angles AA'B'C% AB'C'A\ A C'A'B' respectively. 

3. If two triangles ABC and A'B'C' are symmetric in such a way that A 
corresponds to A' and B to the angles A ABC, A BCA, A CAB are con* 
gment to the angles A C'B'A', AA'C'B', AB'A'C' respectively. 

4. Let A, B,C be three collinear points and P* the point at infinity of the 
line Joining them ; B is between A and C if and only if 

0<E(Po.A, OB)<l. 

5. An orthogonal line reflection interchanges the two sides of its axis. 

* Note that an angle is an ordered pair of rays (§ 28). 
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64. The real plane. Let us finally assume that we are dealing 
with the geometry of reals. In consequence, we have the theorem 
(§ 4) that any onerdimeiisional projectivity which alters sense (Le. for 
which A < 0) has two double elements. This may be put into the 
following form as a theorem of the affine geometry. 

Theorem 25. If and any two points of ccn ellipse^ any 

line I, meeting the line A^A^ in a point between A^ and A^, meets the 
ellipse in two points. \ 

Proof* Let us de- 
note the given ellipse 
by and let .4 be a 

variable point on it. 

Let and be the 

points in which I is 
met by A^A and A^A 
respectively, and let 
and be the points in 
which L is met by A^A 
and A^A respectively. 

Also let be the 
point in which AfL^ 
meets L. By construc- 
tion, and by the defi- 
nition of a conic, 

( 10 ) 

The projectivity [^J ^ direct, because, by the remark at the 
beginning of this section, if the projectivity altered sense it would 
liave two double points, and these, by the definition of the projec- 
tivity, would be points of intersection of L with contrary to the 
hypothesis that is an ellipse. 

Let C and be the points of intersection of A^A^ with I and L 
respectively. Also let he the point at infinity of I, Then, by the 
hypothesis that C is between A^ and A^, 

S{C^CA^)^S{C^CA^). 

*A simpler proof of this theorem, which, however, involves more preliminary 
theorems, is given in the next chapter (§ 76). 
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But, by construction, A^CA^C^ = 

Hence, by Theorem 6, Chap. II, 

S{€^L^Q^)^S{C.L^Q^y 

But the points C«, E*, are carried to (7«, L^, respectively, by 
the projectivity indicated in (10). Hence the projectivity 

IQJaIQbI is opposite. Since is direct, [^J x [©J is oppo- 

site. From this, since and are carried by a perspectivity with 
A^ as center to and respectively, it follows (Theorem 6, Chap, II) 
that the projectivity rj- -trr i 

is opposite. By the remark at the beginning of the section this pro- 
jectivity must therefore have two double points, and by the definition 
of the projectivity these double points must be points of intersection 
of I with JEJ\ 

Corollary 1. The points in which I meets the ellipse are separated 
hy A^ and A^ relative to the order relations on the ellipse. 

Proof. Let and (fig. 51) be the two points in which I meets 
the ellipse, and let A, A^, A^, etc. have the meanings given them in 
the proof of the theorem. Then since the projectivity is 

opposite, 

Hence the lines AP^ and AP^ separate the lines AA^ and ALA^, which, 
according to the definition in § 20, implies that the pair of points P^P^ 
separates the pair A^A^ on the ellipse. 

Corollary 2. The points in which I meets the ellipse are on opposite 
sides of the line A^A^, 

Proof. Let a be the tangent at A^. By the first corollary the lines 
a and AjA^ separate the lines A^^P^ and A^P^. Hence, if A' denote the 
point in which a meets PjP^, and P^ separate A' and C. Now A^ 
is not between P^ and P^, because if it were, the Hue a would meet 
the ellipse in two points instead of only in one. Hence C is between 
P^ and P^, and hence P^ and P^ are on opposite sides of I 

Theorem 26. .4 rotation which transforms a given circle into itsdf 
transforms any triad of points on the drde into a triad of points in 
the same sense rdatwely to the order relations on the circle. 
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Proof. Lefe the given triad of points he A, C, let O be any other 
point of the circle, and let A^, i?*, be the points at infinity of the 
lines OA, OB, 0€ respectively ; let 0\A\B\ AL^BL, CL be the points 
to which 0, A, B, C, C, respectively, are carried by the given 

rotation ; let A^l, BZ, OZ be the points at infinity of the lines OA , OB , 
OC^ respectively. 

The given rotation effects on a transformation which is the prod- 
net of tw’O hyperbolic involutions. Hence S{AaiBaiCA)=^S{A^B^CJ). 
As in the proof of Theorem 25, the projectivity ALBLCL'^AZBjCil 
is direct because otherwise it would have double points and these 
would be common to the circle and /». Hence S(ALBLCL)=S(AZBIICZ) 
and, therefore, S(A^B^ ) = S{AZBZ CZ). Projecting from 0, we have, 
by the definition of sense on a conic (§ 20), that 

B(ABC) = S(A^B^O% 

Theorem 26, which is here proved only for a real space, can be proved for 
any ordered space by the methods of the next chapter. This theorem states 
one of the most intuitionally immediate properties of a rotation. In fact, 
most of the older discussions of the notions of sense describe sense, without 
further explanation, as “ sense of rotation.” 

EXERCISES 

1. If 4. AOB is any angle, and PQ any ray, there is one and only one ray 
PR on a given side of the line PQ such that 4 A OB is congruent or symmetric 

^ 4 QPR- 

*2. P 3 X>ve that Theorem 25 is not true in a space satisfying Assumptions 
A, E, H, Q. 

65. Intersectional properties of circles. Theorem 27. If A and B 

are any two distinct points, then on any ray having a point O as 
oTtgin there is one and only one point P such that the pair AB is 
congruent to the pair OP. 

Proof. Let be the point to which B is carried hy the translatiou 
which carries A to 0. The circle through B^ with 0 as center contains 
all points Q such that 0^ is congruent to AB. Let B^ he the point 
to wliich B^ is transformed by a point reflection with 0 as center. 
Then since 0 is between and any line I throuqfh 0 (and distinct 
from OB^ must meet the circle in two points, according to Theorem 25. 
But by Theorem 23 neither of the rays on I which have 0 as origin 
can contain more than one point of the circle. Hence each of these 
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rajs contains just one point of the circle. Hence each raj with 0 as 
origin contains a single point P such that AB is congruent to OP. 

Combining this theorem with Theorem 23, we have 

Theorem: 28. There is one and only one displacement carrying a 
giren ray to a given ray. 

This result characterizes the group of displacements in the same 
way that the proposition that there is a unique projectivity of a 
one-dimensional form carrying any ordered triad of elements to any 
ordered triad characterizes the one-dimensional projective group. 

Theorem 29. If two circles are such that the line pming their 
centers meets them in two point pairs which separate each other, the 
circles’ have two points in common, one on each side of the line joining 
the centers. 

Proof Let the two circles be and C^, and let them meet the 
line joining the centers in the pairs and P^Q^ respectively. Let A 
be the center (§ 43) of the involution T in which and are 
pairs, and let a be the 
perpendicular to the line 
at A, 

Since ^ and separate 

and Q. 2 , the ordered 
triads P^QJ^ and 
are in the same sense. 

The involution T inter- 
changes these two triads 
and hence transforms any 
triad into a triad in the 

same sensa Hence A is between and Q^. Hence, by Theorem 25, the 
line meets the circle in two points A^ and A ^ ; and by the second 
coroDary of this theorem, A^ and A^ are on opposite sides of the line I^Q^, 

The lines A^I^ and A^Q^ are orthogonal since and Ci are the ends 
of the diameter of a circle through A^, The line A^A is orthogonal to 
the line through A^ parallel to J^Q^. Hence the involution T is per- 
spective with the involution of pairs of orthogonal lines through A^, 
Hence Aj, and are on a circle whose center is on the line 
By Theorem 16 tbis circle must be Cg, Hence Cl and C^ have ^4^ 
in common. A simil ar argument shows that A^ is on and 
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66. Tlie Emdidean geometry. A set of assumptions. In the geom- 
of reals the coefficients of the formulas derived in § 62 are real 
Eumhers. The formulas given for displacements in that section are 
the well-known equations for the « rigid motions” of elementary 
Euclidean geometry. Hence the geometry of the parabolic metric 
group in a real plane is the Euclidean geometry. 

This result can also be established by considering a set of postu- 
lates from which the theorems of Euclidean geometry are deducibie 
and proving that these postulates are theorems of the parabolic 
metric geometry. It then follows that all the theorems of Euclidean 
geometry are true in the parabolic metric geometry. 

As a set of assumptions for Euclidean geometry of three dimensions 
we may choose the ordinal assumptions I^IX which are stated in § 29, 
together with the assumptions of congruence (X-XVI) stated below. 
For our immediate purpose, however, a set of assumptions for Euclid- 
ean plane geometry is needed. To obtain such a set we merely replace 
Vn and VIII by the following: 

VIL All points are in the same plane. 

Thus our set of postulates for Euclidean plane geometry is I-VI, 
vn, IX~XVL 

Assumptions X^XVI make use of a new unde&aed relation between 
ordered point pairs which is indicated by saying is congruent 
to €J>r It must be verified that the new assumptions are valid 
when this relation is identified with the relation of congruence 
defined above. 

X Jf A ^ B^ then on any ray whose origin is a point C there is 
one and only one point JD such that AB is congruent to CD, 

Proof, This is the same as Theorem 27. 

XL If AB is congruent to CD and CD is congruent to BP, thenAB 
is congruent to PF, 

Proof This is a consequence of the fact that the displacements 
form a group. 

XIL If AB is congruerU to A^Bi, and BC is congrumt to B^C^ and 
{ABC} and {£B^C^}, then AC is congruent to A!CK 

Proof, By Theorem 28, there is a unique displacement whicli 
carries A and B to A^ and B' respectively. This displacement carries 
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{7 to a point such that because a coUineation preserves 

order relations. Moreover, the point so obtained is such that BC is 
congruent to B^C^ and AC" toA'C^; and, by Theorem 27, there is only 
one point in the order (A^B^C'} such that BC is congruent \joB^€K 

Xni AB is congruent to BA. 

Proof. AB is transformed into BA by the point reflection whose 
center is the mid-point of AB. 

XIV. If A^ By C are three noncollinear jpoints and D is a point in 
the order {BCD}, and if A^B^C^ are three noncollinear points and H 
is a point in the order {B^C^D^} such that the point pairs AB, BC, 
CA, BD are respectively congruent to A^B', B^C', C^A', B^D^, then AD 
is congruent to AD\ 

Proof. Since AB is congruent to JlB\ 
there exists a displacement A which 
carries AB to A!B\ Let A((7) = (7^, 

A(i>) = i>^. Also let Cg and D^ be the 
points to which C^ and D^ are trans- 
formed by the orthogonal line reflection 
having AlB! as axis. 

According to § 57, the pair ^(7 is con- 
gruent to DC^ and to B^C^', CA to (7^A' 
and C^A!\ BD to BD^ and BD^% and 
AD to and J!D^. It follows that 
C^ must coincide with C^ or G^, for 
otherwise there would be two circles, one with A! as center and the 
other with ^ as center, containing the three points C^, C^, (7'. 

If 0 = (7^, it follows, by Theorem 23, that D = D^, and hence that 
AD is congruent to ADK If <7^= C^, it follows, similarly, that D^^D^ 
and hence that AD is congruent to AID. 

Definition. If 0 and are two points of a plane a , then the set 
of points [X] of a such that OX is congruent to OX^ is called a circle. 

XY. If the line pining the centers of two coplanar circles meets them 
in pairs of points, and P^Q^ respectively, such that {I{I^Q^ and 
oircles have two poimts in common, one on each side of 
the line joining the centers. 

Proof. This is the same as Th^rem 29. 
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XYL If A, B, C an three points in the order {ABC} and B^, 

B^j • • • are pomis in the order {ABB^, {AB^BJj • • • suck that AB is 
mngrueni to each of the point pairs BB^, ‘ ' there are mt 

more than a finite nmnher of the points B^, • • • between A and C, 

Proof Let B„ be the point at infmity of tbe line AR Then B^ is 
the harmoiiic conjugate of A with, respect to B and Boo^ is the har- 
monic conjugate of B with respect to B^ and Ba> > and so on. Thus A^ B, 
B^y • • • form a harmonic seq^uence of which Bc^ is the limit-point. 
Since C has a finite coordinate, the result follows from § 8, Chap. I. 

The set of assumptions I-XVI is not categoricaL It provides 
merely for the existence of such irrational points as are needed in 
constructions invohing circles and lines (see § 77, below). It can be 
made categorical by adding Assumption XVII, § 29. It must be 
noted, however, that when XYII is added, X-XVI become redundant 
in the sense that it is possible to introduce ideal elements and then 
bring in tbe congruence relations by means of the definitions in this 
and the priding chapters. 

In order to convince himself that the assumptions given above are 
a sufficient basis for the theorems of Euclid, the reader should carry 
out the deduction from these assumptions of some of the fundamental 
theorems in Euclid’s Elements. An outline of this process will be 
found in the monograph on the subject from which the assumptions 
have been quoted.^ 

In making a rigorous deduction of the theorems of elementary 
geometry, either from the assumptions above or from the general 
projective basis, it is necessary to derive a number of theorems which 
are not mentioned in Euclid or in most elementary texts. These are 
mainly theorems on order and continuity. They involve such matters 
as the subdivision of the plane into regions by means of curves, the 
areas of curvilinear figures, etc., all of which are fundamental in the 
applications of geometry to analysis, and vice versa. In so far as 
these theorems relate to circles, they have been partially treated in 
§§ 64-65 and will be further discussed in the next chapter. The 
methods used for the more general theorems on order and continuity, 
however, are less closely related to the elementary part of projective 
geometry and will therefore he postponed to a later chapter. 

* Eoundations of Geometry, Uy Oswald Vetlen, in Monograplis on Modem 
Mathematics, edited by J, W. A. Toung, ISTew York, 19H. 
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67 . Distance. In § 43 we have defined the magnitnde of a vector 
OB as its ratio to a unit vector OA coUinear with it ; but in the 
affine geometry the magnitudes of noncollmear vectors are abso- 
lutely unrelated. In the parabolic metric geometry we introduce 
the additional requirement that any two unit vectors OA and 
shaE be such that the point pair OA is congruent to the 
point pair O^Al. 

Thus, if a given xmit vector OA is fixed and is the circle through 
A with 0 as center, any other unit vector must be expressible in 
the form Vect (OP), where P is a point of the circle. This gives two 
choices for the unit vector of any system of coUinear vectors, and 
each of the two possible imit vectors is the negative of the other. 
Therefore, while it is possible under our convention to compare the 
absolute values of the magnitudes of noncoUinear vectors, there is 
no relation at all between their algebraic signs. This corresponds to 
the fact that there is no unique relation between particular sense 
classes on two nonparaUel lines. 

Formulas in which the magnitudes of noncollmear vectors appear 
must, if they state theorems of the Euclidean geometry, be such that 
their meaning is unchanged when the unit vector on any line is re- 
placed by its negative. This condition is satisfied, for example, in 
Exs. 2 and 4, § 71. 

The ratio of two coUinear vectors is invariant under the affine 
group; the magnitude of a vector is invariant under the group of 
translations; but the absolute value of the magnitude. of a vector, 
according to our last convention, is invariant under the group of 
displacements. The last invariant may be defined directly in terms 
of point pairs as f oUows : 

Definitioit. Let^P be an arbitrary pair of distinct points which 
shall be referred to as the u%it of distance. If P and Q are any 
two points, let (7 be a point of the ray AB such that the pair AC is 
congruent to the pair BQ. The ratio 

AO 

AB 

is caUed the distance from F to Q, and denoted by Dist {FQ). If J5 
is any point and I any line, the distance from L to the foot of the 
perpendicular tn Z through L is called the distance from L to L 
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It foEows directly from the theorem above that Dist {FQ) is 
uniquely defined and positive whenever P #= ft and zero whenever 
F^Q, From the corresponding theorems on the magnitudes of 
vectors there follows the theorem that if [ABC], then 

Dist {AB} -f Dist (BC) = Dist {ACy 
Other properties of the distance-function are stated in the exercises. 

The notioB of the length (or circumference) of a circle may be defined ar 
folows: Let jP^, he n points in the order {P^Pg • • - P„} on a circle^ 

and let ^ ^ ^p^p^^ ^ ^ ^p^p^y 

It can easily be proved that for a given circle C% the numbers p obtained from 
all possible ordered sets of points Pj, P^, P„, for all values of n, do not 

exceed a certain number. 

DEPmiTiON. The number c, which is the smallest number larger than all 
values of p, is called the length or circumference of the circle (F, 

The proof of the existence of the number c will he omitted for the reasons 
explained below. The existence of c having been established, it follows with- 
out difficulty that if c and c' are the lengths of two circles with centers 0 and 
fX, respectively, and passing through points P and P', respectively, 

c _ Dist (OP) 
c' Dist (O' F) 

Choosing the point pair O'P' as the unit of distance and denoting the con- 
stant c' by 2 w, this gives the formula 

(11) c = 27r-Dist((9P). 

The theory of the lengths of curves in general could be developed at the 
present stage without any essential difficulty. This subject, however, is very 
different (in respect to method, at least) from the other matters which we are 
considering, and therefore will be passed over with the remark that, starting 
with the theory of distance here developed, all the results of this branch of 
geometry may be obtained as applications of the integral calculus- Even the 
theory of the length of circles which we have summarized in the paragraphc 
above involves the ideas, if not the methods, of the calculus. 

EX kRCISES 

1. Two point pairs AB and CD are congruent if and only if Dist (AB) = 
Dist (CD). 

2. If A, B, C are noncollinear points, Dist (AB) + Dist (BC) > Dist (A C). 

3. Two triangles (7 zixdA'B'C' are similar in such a way that A corro' 
spends to A', P to P', and C to C' it and only if 

Dist(AP) _ Dist (A (7) _ Dist (PC) 

Dist (A'P^ Dist (A'C') ~ Dist (RC) ‘ 
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4- Relative to a coordinate system in which the axes are at right angles, 
the distance between two points (jTj, (Xg, y^) is 

the positive determination of the radical being taken. The distance from a 
point to a line ar+%+c = 0is the numerical value of 

oaTi -f hy^ -f c 

Va- + IP‘ 

68. Area. The area of a triangle, as distinguished from the measure 
of an ordered point triad, may be defined as follows ; 

Definition. Relative to a unit triad OFQ (§ 49) such that the 
lines OF and OQ are orthogonal and the point pairs OF and OQ are 
congruent to the unit of distance, the positive number 

l\m{ABC)\ 

is called the area of the triangle ABC, and denoted by a {ABC). 

As was brought out in Chap. Ill, the theory of measure of polygons 
belongs properly to the affine geometiy. But the standard formula 
for the area of a triangle in terms of base and altitude (Ex. 1, below) 
involves the ideas of distance and perpendicularity and hence belongs 
to the parabolic metric geometry. It should be noticed that this 
formula assumes that the side of the triangle which is regarded as 
the base does not pass through a double point of the absolute invo- 
lution. This condition is satisfied under the hypotheses of §§ 63, 64, 
but is not always satisfied in a complex plane ; whereas the definitions 
of equivalence and measure as given in Chap. Ill are entirely free of 
such restrictions. 

The theory of areas in general depends on considerations of order and 
continuity which we have not yet develoj^ed, and which, like the theory of 
lengths of curves, belongs essentially to another branch of geometry than that 
with which we are concerned in this chapter. We shall, however, outline 
the definition of the area of an ellipse from the point of view of elementary 
geometry, because the derivation of the area of an ellipse from that of the 
circle affords rather an interesting application of one of the theorems about 
the affine group. 

Let Pj, Pg, • • •, Pn be any finite number of points in the order {PjPg • • P„} 
on an ellipse with a point 0 as center, and let 

A=:a(0PiPg) + a(0P2Ps)+ • • • + a(OP,Pi). 

It can easily be proved that there exists a finite number, a(P^), which is the 
smallest number which is greater than all values of A formed according to 
the rule above. 
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Definition'. Tlie number a(E^) is called the area of the ellipse. 
In case jE? is a circle, it is easy to prove that 

£e(C®) = trr®, 


where w is the constant defined above and r = Dist (OP-^). 

Now suppose is an ellipse with two perpendicular conjugate diameters 
OA and OB which meet in A and B respectively, and let be the circle 
through .4 with 0 as center, and let C be the point in which the ray OB 
meets C®. The homology T with OA as axis and the point at infinity of OB 
as center, which transforms B to (?, is an affine transformation carrying the 
ellipse W to the circle CK This homology transforms the triangle OAB to 


the triangle OAC^ and the 
areas of these triangles 
satisfy the relation 

a Dist (OC)_^ 

a {OAB) Dist (OP) 

It follows, by § 50, that the 
homology transforms any tri- 
angle in'to one whose area is 
k times as large. By the 
definition of the area of an 
ellipse, therefore, 

a (02) ^ Dist (00) 
a{E^) Dist (OP) ‘ 


Denoting Dist {OA') by a and 
Dist (OP) by b, this gives 


a{B^)^ 


7CC?b 

a 


7rab, 



Fig. 64 


EXERCISES 

1. The numerical value of the measure of a point triad ABC is equal to 
Dist (AB) •Dist(OO'), where O' is the foot of the perpendicular from O to 
the line AB. 

2. If abed is a simple quadrilateral whose vertices are on a conic and P is a 
variable point of the conic, 

Dist (Pi) ‘Dist (Pd) 

is a constant (cf. Ex. 2, § 51). 

3. If a projective colliueation carries a variable point M and two fi.xed lines 
a, b to JP, o', 6' respectively, the number 

Dist {Md) ^ Dist {M'a') 

Dist (Mb) ^ Dist(ifcr'i') 

Is a constant. 
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4. Let be the center of a homology P and / the vanishing line, 
If P is a variable point and Q = r(P), 


where ^ is a constant. 


Dist(PP) 

Dist(PZ) 


k • Dist (FQ), 


5. The area of an ellipse is Tra/2, where a is the area of any inscribed 
parallelogram whose diagonals are conjugate diameters. 

6. Among all simple quadrilaterals circumscribed to an ellipse, the ones 
whose sides are tangent at the ends* of conjugate diameters have the 
least area. 

7. Among all simple quadrilaterals inscribed in an ellipse, the ones whose 
vertices are the ends of conjugate diameters have the greatest area. 

8. Of all ellipses inscribed in a parallelogram, the one which has the lines 
joining the mid-points of opposite sides as a pair of conjugate diameters has 
the greatest area. 

9. Of all ellipses circumscribed to a parallelogram, the smallest is the one 
having the diagonals as conjugate diameters. 


69. The measure of angles. The unit of distance may be chosen 
arbitrarily, because any point pair can be transformed under the par- 
abolic metric group into any other point pair. It is otherwise with 
angles or line pairs, because, for example, an orthogonal line pair can- 
not be transformed into a nonorthogonal pair. Therefore the systems 
of measurement for angles obtained by choosing different units are, 
in general, essentially different. We shall give an outline of the 
generally adopted system of measurement, basing it upon properties 
of the group of rotations leaving a point O invariant. 

Let be an arbitrary point different from 0, and the circle 
through with O as center. Let (fig. 56) he the point different from 
in which the line 1^0 meets and let and be the points in which 

the perpendicular to JJO at 0 meets By Cor. 1, Theorem 25, these 

points are in the order on the circle. Let <r denote the 

segment Any line through 0 meets in two points which 

are separated by and ij, and hence meets <r in a unique point. 
Let be the point in which the line through O perpendicular to 
BB meets c. And, in general, let [J^l, = 1, 2, • • • he the set such 

that B is the point in which the line through O perpendicular to 

meets <r. 


*TIie ends of a dianoieter £u?e tbe points in wMcb it meets tbe 
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The line OP^ obviously meets the line PaP^ in the mid-point of the 
pair I^P^, and the mid-point is between Jl and P^. Hence, by Cor. 1, 
Theorem 25, we 
have the order re- 
lation {P'P^^P^, 
where P' denote, 
for the moment, 
the point not on 
<r in which the 
line 01 ^ meets the 
circle. Since O is 
betw^ii.^and F\ 
the same corollary 
gives {P^P^P^P}. 

Since.^isonthe 
segment o-, wehave 
either 

or{i?^j|iJ}. The 
second of these 
alternatives, how- 
ever, when combined with {P'P^I^P^, would imply {P'P^PiP^P^, con- 
trary to {PaP^P^P’}. Hence is impossible, and we must 

have {Pa^^]^. In like manner it is proved that and, in 

general, that 

• 2 « 

Let n denote the rotation (a point reflection in this ease) which 

i. 

leaves 0 fixed and transforms to ij, and let 11^ denote the rotation 

transforming ij to ij. The rotation 11^, being the product of the 
2 « 

orthogonal line reflection with OP^ as axis followed by that with 
OP^ as axis, carries the point pair 01^ to the point pair OJJ. Hence* 

(ni^)®= n. 

In like manner it follows that 

(n^)®= n^*. 

* The symbol A», where A is any transformation and n a positive integer, has 
been defined in § 24, Vol. I. 
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let us denote (11®')” by Dl®*, where m is any positive or negative int^er, 
and by 

2 » 

Now all rotations are direct (Theorem 26). Hence S{IiP^P^-= 
Combining these relations with {i^.^j^J^,we 
have the order relation and in general, by a Kke argument, 

2« Sa 

Hence we have whenever 0<^<^<1, as can easily 

on 2**' A A 

be seen on reducing the two fractions to a cominon denominator. 

Since 11^= 1, it follows that whenever m/2” is expressible in the 
form 2k-^<x, Jc being an integer, 

(12) and = 

Definition. Let tt be the constant defined in § 67, (11). The 
number a - tt, where is called the measure of any angle 

congruent to An angle whose measure is air is also said 

to he equal to 2 a right angles. 

The measure of an angle is indeterminate according to this defi- 
nition. In fact, according to (12), whenever the measure of an angle 
is j3, it is also 2^7r + A where h is any positive or negative integer. 
This indetermination can be removed by requiring that the measure 
^ chosen for any angle shall always satisfy a condition of the form 
0^yS<2'7r, or— 7r</8^7r. 

Since the rays do not include all rays with 0 as center, the 

definition just given does not determine the measures of all angles. 
The required extension may be made by means of elementary con- 
tinuity considerations, the details of which we shall omit. The essential 
steps required are : (1) to prove that if P be any point in the order 
[iJPjP J^}, there exists a positive integral value of n such that ; 

(2) hence to prove that if P be any point on the circle not of the form 

the points of the form fall into two classes, [j^] and [.^], such 

^ i» 

that and there is no point, except P, on every segment J^PJ^ 

of the drcle ; (3) having required that 0 < < yS < 2, to define 
^wbere ^ is an integer, positive, negative, or zero, and x is the number 
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such that or < « < ^ for all a's and ^s) as the rotation about 0 carry- 
ing to P ; (4) to show that if ^ is a rational number m/n, (H*)® = ; 

(5) to define measure of angle as above, but with the restriction that 
« = m/ 2^ removed; (6) to prove that the measure of the sum of two 
angles differs from the sum of the measures by 2 Ictt, the sum being 
defined as telow. 

Definition. If a, h, c are any three rays having a common origin, 
but not necessarily distinct, any angle congruent to 4-ccc is said 
to be the su 7 n of any two angles 4.aJ)^ and 45/^ such that is 

congruent to 4 ah and 4 is congruent to be. The sum 4 is 
denoted by + 

For some purposes it is desirable to have a couceptiou of angle according 
to wbieli any two numbers are the measures of distinct angles. This may be 
obtained as follows ; 

Definition. A ray associated with an integer, positive, negative, or zero, 
is called a numUred ray. An ordered pair of numbered rays having the same 
origin is called a numbered angle. If the measure of an angle 4 hk in the earlier 
sense is a, where o^a<2w, the measure of a numbered angle in which k is 
associated with m, and k with n, is 

2(n — m)v 4* a. 

Defining the sum of two numbered angles in an obvious way, it is clear that 
the sum of two numbered angles has a measure which is the sum of their 
measures. 

The trigonometric functions can now be defined, following the 
elementary textbooks, as the ratios of certain distances multiplied 
hy ± 1 according to appropriate conventions. This we shall take for 
granted in the future as having been carried out 

70. The complex plane. Instead of the assumption in § 64, we 
could assume that the Euclidean plane is obtained by leaving out one 
line from the complex projective plane (A, E, J, or A, E, H, C, E, I). 
All the results of Chap. Ill and of the present chapter up to § 63 are 
applicable to this case. The rest of the theory, however, is essentially 
different from that of the real plane, because the absolute involution 
necessarily has two double points and because a line does not satisfy 
the one-dimensional order relations. Thus the minimal lines play a 
principal r81e and must be regarded as exceptional in the statement of 
a large class of theorems; and another large class of theorems of 
elementary geometry (those involving order relations) disappears 
entirely. 
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For the present, therefore, we shall confine attention to the geometry 
of reals, but shall make use, whenever we find it convenient to do 
so, of the fact (§6) that a real space S may be regarded as immersed 
in a complex space, S', in such a way that eveiy line ^ of S is contained 
in a unique line V of S'. As a direct consequence it follows that any 
conic of S is a subset of the points of a unique conic of S'. For 
any five points of regarded as points of S', determine a unique 
conic of S' which, by construction (§ 41, Yol. I), contains all points 
of and is uniquely determined by any five of its points. Similar 
reasoning will show that any plane tt of S is contained in a unique 
plane w' of S'; and like remarks may be made with regard to any 
one>, two-, or three-dimensional form. 

A like situation arises with respect to transformations. A projective 
transformation 11 of a form in S is fully determined, according to the 
fundamental theorem of projective geometry, by its effect on a finite 
set* of elements of S. Since the fundamental theorem is also valid in 
S', there is a unique projective transformation H' which has the same 
effect on this set of elements as 11. 

Specializing these remarks somewhat we have : A Euclidean plane 
TT of S is a subset of the points of a certain Euclidean plane tt' of ‘S'. 
The line at infinity associated with tt is a subset of the line at 
infinity IL associated with tt'. The absolute involution I on deter- 
mines an involution I' on IL in which all the pairs of I are paired. 
The involution I' has two imaginary double points, the circular points 
(§ 56), which shall be denoted by and Since a circle in tt is a 
conic having I as an involution of conjugate points, every circle in tt is 
a subset of the points on a conic in tt' which passes through and 

The problem of the intersection of a line and a circle, or indeed of 
a line and any ellipse, can now he discussed completely. In the proot 
of Theorem 25 the intersection of a line I and an ellipse was seen 
to depend on finding the double points of a certain projeetivity 
[X J [Xg] on Any three points X', X'', X and their correspondents 
X', Xg', X^", determine a projeetivity on the complex line V containing 
Z, and, by the fundamental theorem of projective geometry, this pro- 
jectivity is identical with so far as real points are concerned. 

The double points of this projeetivity are common to the complex 

♦For example, in. case of a one-dimensional form any three elements of the form 
are such a set. 
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line coatainiBg I and the complex conic containiBg These points 
are real if the hypothesis of Theorem 25 is satisfied ; they are real 
and coincident if I is tangent to otherwise they are imaginary. 

A similar discussion wrill be made in the next section of the proh- 
lem of the intersection of two circles, but first let us make certain 
definitions and conventions which will simplify our terminology. 

According to the definitions in § 6, any point of S' is said to be 
complex^ and a complex point is real or imaginary according as it 
is contained in S or not. In the case of lines, however, we have 
three things to distinguish : a line of the space S, a line of S' which 
contains a line of S as a subset, and a line of S' which contains 
no such subset. In current usage a line of the last sort is called 
imayvnaty^ a line of either of the first two sorts is called rcaly and a 
line of either of the last two sorts is called complex. The current 
terminology therefore permits a confusion between a real line as a 
locus in S and a real line as a particular kind of a complex line. 

In most cases, however, no misunderstanding need be caused by 
this ambiguity of language, and we shall m future usually employ 
the same notation for the real line / of S and the line V of S' which 
contains L The same remarks apply to conic sections and, indeed, to 
all one-dimensional forma 

Deiwitioi!?'. Any element (point, line, or plane) or set of elements 
of S' is said to be complex. Any element or set of elements of S is 
said to be real. A line or plane of S' which contains a line or plane, 
respectively, of S is said to be a real line or real plane of S'. A one- 
dimensional form of S', a subset of whose elements are real elements 
of S' and contain all the elements of a one-dimensional form of S, is 
called a real oTie-dimensional form of S'. An element or one-dimen- 
sional form of S' which is not a real element or real one-dimensional 
form of S' is said to be maginary. 

Defixitiok. a projective transformation of a real form of S' is 
said to be real if it transforms each real element of S' into a real 
element of S'- 

Strictly speaking, these definitions distinguish between the two 
senses of the word "real” by phrases such as "real line of S'." But 
in practice we shall drop the " of S'.” The one-dimensional forms as 
thus far defined are all of the first or second degrees, but the defini- 
tion can be extended without essential modification to forms of higher 
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degree and also to forms of more than one dimension. We shall take 
this extension for granted whenever we have £K 3 casion to use it. 

In accordance with these conventions, the points and wMcIi 
are reaHj the double points of I' will be referred to in future as the 
double points of the absolute involution I. In like manner, any line I 
and circle which have no real points in common will be said to 
have in common the two points common to the complex line and the 
complex conic which contain I and respectively. 

The utility of these conventions will be understood by the reader 
if he will write out in full the discussion of pencils of circles in the 
following section, putting in explicitly, in notation and language, the 
distinction between elements of S and S'. 

It is also convenient in many cases to extend the formulas for 
distance, area, etc. given in §§ 67“-69 to imaginary elements. Thus, 
for example, in case (x^, and y^) are imagi naiy points such that 
(®i“ a positive real number, 

will be referred to as the distance from (x^, y^ to y^). Extensions 
of terminology of this self-evident sort will be made when needed, 
without further explanation. 

71. Pencils of circles. Consider two circles Cj and in a real 

Euclidean plane. Let their centers be denoted by and t?, and in 
case 0^ =5^ Cg, let i denote the line By Theorem 26, 6 meets each 
circle in a pair of real points which we shall denote by and 
respectively. The two pairs may be entirely distinct, in which case 
let r denote the involution on i transforming each pair into itself ; or 
they may have one point in common, in which case the line through 
this point perpendicular to J is a common tangent of the two circles. 
The two pairs cannot coincide, because the circles would then coincide. 
Thus four cases may be distinguished : 

(1) The circles have the same center. 

(2) The circles have a common tangent and point of contact. 

(3) The involution T is direct. 

(4) The involution T is opposite. 

A circle is, by § 60, a real conic which, according to the terminology 
of the last section, contains the double points of the absolute invo- 
lution. Let us denote these points (the circular points) by and 
and apply the results of § 47, VoL, I, on pencils of conics. 
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la the first case let 0 denote the common center of the two circles. 
The lines 01^ and 01^ are then tangent to both circles at and 
respectivelj. Hence, by reference to § 47, \"oL I, it is evident that 
the two circles belong to a pencil of circles of Type IT. 

In the second case Cf and C'^ have in common the points and 
as weE as a common tangent and point of contact. Hence they belong 
to a pncil of Type II which contains all circles touching^ the given 
line at the given point. 

In the third case, since the involution T is direct, the pairs 
and separate each other. Hence, by Theorem 29, the circles have 
two real points, and A^, in common. Hence they belong to a pencil 
of Type I consisting of aU conics through A^, 7^, and This may 
also be seen as follows : 

Since the involution V has no double points (§ 21), it has a center 
(§ 43) which we shaU call 0. Let a be the line perpendicular to h at 0. 
Then by the argument used in the proof of Theorem 29, (9 is between 
and Hence a meets in two real points A^ and (fig. 52). 
The pencE of conics through meets h in the pairs of an 

involution among which 
are and 0 and the 

point at infinity of b. 

Hence €S is a conic of 
the pencil, and hence a 
meets in A^ and A^. 

In this case, therefore, 
the two circles belong to 
a pencE of Type L 
In the fourth case the 
involution T cannot have 
a double point at infinity, 
because then the other 
double point would have 
to he the noid-point of 
and also of I^Q^y and 
thus and would have a common center. Hence in this case also 
the center 0 of the involution T is an ordinary point. Let a denote 

* A conic and one of its tangent lines are said to toiich each other at the point of 
contact. Two conica touchiiw a line at the same point are said to tomh each other. 
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the j^rpendictilar to h at O, and let and A^ be the piints in which 
a meets These points are imaginary ; for otherwise^ since they 
are interchanged by the orthogonal line reflection with J as axis, 0 
would be between them, and hence, by Con 1, Theorem 25, 0 would 
be between and Qj, contrary to the hypothesis that F is opposite. 
Precisely as in the third case it follows that A, and A„ are also on €t 
Hence in this case also Cf and belong to a pencil of Type L 

In eacli case the facts established make it clear that the two circles 
could not both be members of more than one pencil of conics. Since 
any two circles fall under one of the four cases, we have 

Theorem 30. Defevition. Any circle contains the real joints of a 
certain conic in the complex plane. Two conics determined ly circles 
are contained in a unique pencil of conics, which is of Type I, II, or IV. 
The set of circles which the conics of such a pencil have in common with 
the real plane is called a pencil of circles. If the pencil of conics is 
of Type IV, the pencil of circles is the set of all circles having a fixed 
point as center ; if the pencil of conics is of Type II, the pencil of 
circles is the set of all circles tangent to a given line at a given point ; 
if the pencil of conics is of Type I, the pencil of circles is the set of all 
circles having a given pair of district real points in common, or else 
the set of all circles with centers on a given line and meeting this line 
in the pairs of an involution with two ordinary double points. 

Definition. The line a joining the centers of two nonconcentric 
circles is called the line of centers of the two circles or of the pencil 
of circles which contains them. If the circles have a common tangent 
and point of contact, this tangent is called the radical asm of the two 
circles or of the pencil of circles ; if not, the line perpendicular to a 
at the center of the involution in which the circles of the pencil meet 
a is called the radical axis. The double points of this involution are 
called tdie limiting points of the penefl of circles. Any circle of the 
pencil is said to he ahout either one, or both, of the limiting points. 

The discussion above has established 

Theorem 31. The radical axis of two circles passes through all 
points common to them wh/ich are not on the lime at infmUy. The 
limiting points of the penoil which they determine are read if the m>r- 
cles meet only wp imaginary points and imaginary if they meet in 
two real points. 
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Theoeem 32. The drcular joints, the limiting points of a pencil 
of circles of Type f and the two points not at infinity in which the 
circles of the pencil intersect are the pairs of opposite rertices of a 
complete quadrilateral. The sides of the diagonal triangle of this 
quadrilateral are I*, the radical aans^ and the line of centers of the 
pencil. 

Proof Lei and (fig. 57*) be the points other than and 
common to the circles of the pencil, and let and be the points 
of intersection of the pairs of lines I^A^, I^A^ and I^A^> ^^spectively. 
Whether A^ and A^ are 
real or imaginary, the line 
A^A^ = a, which is the radi- 
cal axis, is real Hence its 
point at infinity^® is real ; 
and hence the line B^B^, 
the polar of with regard 

to any circle of the pencil, 
is real 

Since the line h=:^B^B^ 
is the polar of A^, it con- 
tains the centers of all 
conics through Aj, A^, f, 

Hence h is the line of 
centers of the pencil of circles through A^ and A^, The points B^ 
and B^ being diagonal points of the complete quadrangle A^A^If^ 
are evidently the double points of the involution in which the 
pencil of circles meets h, and hence are the limiting points of 
the pencil. 

Taking Theorems 31 and 32 together, we see that any pair of real 
points A^, A^ determines a pair of imaginary points B^, B^ such that 
either pair is the pair of limiting points of the pencil of circles through 
the other pair ; that, conversely, any pair of imaginary points B^, B^, 
which are common to two circles, determines two real points A^, A^ 
which are in the above relation to^^, B^; and that the three pairs 
A^A^, BJB^^ If[^ are pairs of opposite vertices of a complete quadri- 
lateral. The relation between the two pencils of circles, the one 

#Fig, 67 is, of course, a diagram in which certain imaginary elements are repre- 
sented by real ones. On. the use of figures in general, cf . p. 16, Vol. I. 
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throagli and A^ and the other about A^^ and A^, is thus extremely 
symmetricaL It can be described in purely real terms by means of 
the following theorems and definition : 

Theohem 33. Defe^ition. If two circles ham a point in common 
such that the tangents to the two circles at this point are orthogonal, 
the two circles have another such point in common. Two circles so 
related are said to he orthogonal to each other. 

Proof. An orthogonal line reflection whose axis is the line of cen- 
ters transforms each circle into itself and transforms the given point 
of intersection into another point of intersection. Since orthogonal 
lines are transformed to orthogonal lines, the tangents at the second 
point are also orthogonal. 

Theorem 34. If a line through the center of a circle meets the 
circle in a pair of points Pfi^ and meets any orthogonal circle Ef in 
a pair of points P^Q^, the pairs P^Q^ and I^Q^ separate each oth&r 
harmonically. Conversely, if and I^Q^ separate each other har- 
monically, any circle through P^ and is orthogonal to G\ 

Proof Let T be one of the points common to the two circles, and 
let t be the tangent to the circle TI^Q^ at T. The pencil of circles 
tangent to ^ at T meets 
the line in the pairs 
of an involution T, and 
hence the first statement 
of the theorem will follow 
if we can prove that 
and are the double 
points of this involution. 

The line perpendicular 
to if at T and the line 
perpendicular to at 
are tangents to the circle T^Q^^ at T and respectively, and hence 
(Ex. 4, § 60) meet in a point M such that the pairs and MT are 
congruent. Hence the circle through T with M as center is tangent 
to ^ at r and to at ij. Hence jfj is a double point of F. A similar 
argument shows that is also a double point. 

To prove the converse proposition we observe that there is only 
one circle throngh and T and orthogonal to C\ One such circle, by 
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the argument above, passes through the point which is harmon- 
ically separated from by ^ and Or Hence the circle P^Q^T m 
orthogonal to C\ 

As a corollary we have 

CoEOLLARY 1. TAe sei of all circles orthogonal to a pencil of Type I 
is the pencil of circles through the limiting points of the first pencil. 

Another form in which this result may be stated is the following : 

Corollary 2. Lei le a circle^ any point not its center, and A^ 
the point on the line joining A^ to the center of which is conjugate 
to A^ with regard to the conic Then all circles through A^ and 
orthogonal to meet in A^. 

Derdtition. Two points are said to be inverse with respect to a 
drcle if and only if they are conjugate with regard to the circle and 
eoUinear with its center. The transformation by which every point 
corresponds to its inverse is called an inversion or a transformation 
hy reciprocal radii. 

Thus the center of the circle is inverse to every real point at infinity. 
We shall return to the study of inversions in a later chapter. 

EXERCISES 

1. In case the limiting points of a pencil of circles are real, the radical axis 
is their perpendicular bisector. 

2. If 0 is any point of the plane of a circle, and a variable line through O 
meets the circle in two points X, F, the product OX • OFis constant, and equal 
to (OTf in case there is a line OT tangent to the circle at T. The product 
OX • ^>F is called the power of 0 with res|>ect to the circle. 

3. The power of any point of the radical axis of a pencil of circles with 
respect to all circles of the pencil is a constant, and this constant is the same 
for all points of the radical axis. 

4. If 0 is the center of a circle, C any point of the circle, and and 
any two points inverse with respect to it, 

OA^^OA^^(OCf. 

5. Through two points not inverse relative to a given circle, there is one 
and but one circle orthogonal to it- 

6. By a center of similitude of two circles is meant the center of a dilation 
(§ 47) or translation which transforms one of the circles into the other. If the 
circles are concentric, they have one center of similitude ; if they are not con- 
centric, they have two. The centers of similitude harmonically separate the 
centers of the two circles. The one which is between the centers of the two 
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circles is called the interior^ and the other is called the exterior, center of 
similitude. The common tangents of two circles meet in the centers of 
similitude. 

7. Three circles whose centers are not collinear determine by pairs six 
centers of similitude which are the vertices of a complete quadrilateral having 
the centers of the circles as vertices of its diagonal triangle. Generalize to the 
case of n circles. 

8 . If a circle meets two circles and C| in four pointe at which the pairs 
of tangents are congruent or symmetric, the four points are collinear by pairs 
with the centers of similitude of and C|. Prove the converse proposition. 

72. Measure of line pairs. The circular points figure in a 
very important formula for the measure of a pair of lines.* With the 
exception of these two points, and two lines which pass through 
them, all the points and lines to which we shall refer in this section 
are real 

The center and the point at infinity of the axis of an orthogonal line 
reflection are harmonically conjugate with regard to and J„. Hence 
any orthogonal line reflection, regarded as a transformation of the 
complex space, interchanges and J^, and any displacement leaves 

and Jg separately invariant. Moreover, there exists a displacement 
transforming any (real) point of ^«to any other (real) point of Hence 
a necessary and sufldcient condition that a pair of points P, F' of Z* be 
transformable by a displacement to a pair Q, of is 

(13) 

Now any pair of lines meeting in F and F' can be transformed 
by a translation into any other pair of lines meeting it in P and P^, 
and any pair of lines meeting la>hi Q and can be transformed by 
a translation into any other pair of lines meeting it in $ and Q'. 
Hence the necessary and sufficient condition that a pair of lines 
meeting L in P and P' be congruent to a pair of lines meeting it 
in Q and is (13). 

This suggests as a possible definition of the measure of a pair of 
nonparaUel lines 

where and \ are the lines joining the point of intersection of 
and to and respectively. It would satisfy the requirement of 

♦This formula is due Ix) A. Cayley. Cf. Eucydopfidie der Math. Wiss. ni AB 9, 
p. 901, foomotes 98 and 99- 
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being unaltered by displacements. In the case of measure of point 
pairs, however, we have 

Dist(AE)-f Dist(E{7)= Dist(A(7) 

whenever {ABC}, and this condition is not satisfied by the cross ratio 
given above. We have, in fact, 

(14) B \\) • B = B \\) 

whenever are concurrent. This is easily verified by substituting 

in the formula for cross ratio (§ 56, Vol. I). 

From (14) it is obvious that if we define 

(15) 

the measure of line pairs will satisfy the condition 


whenever axe concurrent. Since the logarithm is a multiple- 

valued function, we must specify which value is chosen; and we 
must also determine the constant e conveniently. 

Making use of the same coordinate system as in § 62, any point on 
L may be denoted by (0, a, yS). In case a[ ^ is real, {(x/pf > 0, and hence 
a and yS may be multiplied by a factor of proportionality so that 

(16) a^+y8"-l. 

Throughout the rest of this section we shall suppose a and yS subjected 
to this condition. This is equivalent to supposing that 

a: = cos (^ 4- 2 mr), y8 = sin (^ + 2 mr), 


where 0 ^ ^ 2 tt, and n is an integer, positive, negative, or zero. 
The double points of the absolute involution satisfy the condition 

a"+j8*=0, 

and so may be ■written 


I^= (0, 1, i) and I^= (0, 1, - i), 

where ^=V— 1, Now if and meet L in (0, a^, >3^) and (0, a^, 0^ 
respectively, it follows that (§ 58, Vol. I) 
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The nuinbers a = and satisfy the condition 

a'+ j3^ = L In fact, if a:^= cos 0^ and cos^^, then or s= cos^ and 
fi — siaO, where 6 = 0^— ^g+ 2 ?i7r. Hmce 

^ (^/s^ Vs) = ^- 2 *rj3. 

Here again, S ^ and fi = 2a0 satisfy the COTidilion 

a*+;^=L 

In fact, a = cos 2 0. Thus 

(17) B (//g, t^fg) = 

= cos 2 ^ + 1 sin 2 5 

Hence ""****■ 

(18) log B (IJ^, t\ij) = 2 * 0 , 

where 20 is real and may be chosen so that 0 ^ 2 ^ < 2 w. Hence, 
choosing the constant c in (15) as -* 7 — > we have 

(19) m (ZjZj) = ^ log B (ZjZj, = 6, 

where 6 may be chosen so that 0 ^ ^ < tt. 

The formula (19) is interesting in connection with the theorem 
that the sum of the angles of a triangle is equal to two right angles. 
This proposition can easily be established without the consideration 
of imaginaries, on the basis of the definitions in the last section. From 
our present point of view, however, it appears as follows: Let the 
three sides of a triangle be a, I, c, and let them meet the line at 
infinity in A«, Eoa, (7« respectively. It is easily verifiable that 

B (A«E«, J/g) • B (^«G., J/g) • B = 1, 

from which it follows by (19) that 

m (ah) + m (5c) + m (ca) = w. 

Here we have a theorem on the line pairs rather than on the angles 
of a triangle. Indeed, (19) is necessarily a formula for the measure 
of a pair of lines and not of an migle, because of the fact that two 
opposite rays determine the same point at infinity. 

The number m(ah) may also be defined as the smallest value 
between 0 and 2 ir, inclusive, of the measures of the four angles 
4.cb^i which may be formed by a ray of a and a ray \ of 5. 

Following the common usage, we shall say that two pairs of lines 
which are congru^t make equal anffles, etc. 
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EXERCISES 

1. If JL and JB are any two points, the locus of a point P such that the rays 
PA and PB make a constant angle is a circle. 

2. If in two projective flat pencils three lines of one make equal angles with 
the corresponding three lines of the other, the angle between any two lines of 
the one is the same as the angle between the corresponding lines of the other. 

3. If OA, OB, 0C\ OD are four lines of a flat pencil, 

siuJlAOC Bin A BOC 
1A(0A,0B; OC,Oi))==-r-^-— 

^ sm^ AOB sin 4- BOB 

In case the four lines form, a harmonic set, 

2 cot 4 AOB = cot 4 AOC+ cot 4 AOB. 

4. If A^, A^ are four points of a circle, 

A^A^ • ^43^44 = A^A^ - A^A^ + A-j^A^ • A^A^, 

where A^Aj represents Dist (AiAj) or - Dist (AiAj) according as S (OAiAj} = 
S (0.4p4«) or not, 0 being an arbitrary point of the circle and S (OAfAj) 
being a sense-class on the circle. 

5. If a, b, c are the sides of a triangle and a^a^, b^b^, are pairs of lines 

through the vertices be, ca, ah respectively, the six; lines ^2> ^2 

tangents of a conic if and only if 

sin (a^b) sin (aji) ^ sin (b^c) ^ sin (h^c) ^ sin (c^a) sin (c^a) _ ^ 

sin (UiC) sin (a^c) sin (^i^) sin (h^a) sin sin (Cg^) 

6- Tht! points of a ray having (x, y) as origin may be represented in 
(x+Xa,y+X^, 

where a and ^ are fixed and A. > 0. There is a one-to-one reciprocal corre- 
spondence between the rays having (x, y) as origin and the ordered pairs of 
values of a and ^ which satisfy the condition 

€p A' pp — 1 . 

When a and p satisfy this condition, the numerical value of X is the distance 
between (x, y) and (a: -I- An, y + Xj8). 

7. Two angles formed by the pairs of rays 

(xq + Ao, yo + and (Xq 4- Xa', Uq + Xp'), 

(Po + An, yo + XP) and (x^ -b An', ^ + AjS') 

respectively are congruent if and only if 

on' -b PP' = an' + PP'- 

8 . Eelative to the homogeneous coordinates employed above, the formula 
for the distance between (x^, x^, x^) and (y^, y^, yg) may be written 

r — — - I *>• ■>* 'i* 1"^ 1 -r rr 'r._ 

V -- ^03/2)^ ■, ^ 

^ 0^0 ^ 0^0 1 


X>0 


^0 ^*2 

i 

^(0 ^2 

^0 Vx 

• 

Vo Pi 

[o 1 % 


0 1 -t 
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73. Generaiizatioa by projection. The relation established in § 66 
between Euclidean and projective geometr}’' furnishes a source of new 
theorems in each. A theorem which has been proved for projective 
geometry can be specialized into a theorem of Euclidean geometry, or 
a theorem of Euclidean geometry may be generalized so as to furnish 
a theorem of projective geometry. 

The two processes, of generalization and of specialization, may often 
be combined in a happy way with the principle of duality or with 
other general methods of projective geometry. Thus a theorem proved 
for Euclidean geometry can be generalized into a theorem of projective 
geometry and the dual of the general theorem specialized into a new 
theorem of Euclidean geometry. As an example, let us take the 
theorem of Euclid: 

A. The perpendiculars fro7rb the vertices of a triangle to the opposite 
sides meet in a point (the orthocenter). 

The sides of the triangle meet the line at infinity in three points, 
and the three perpendiculars are lines from the vertices to the 
conjugates of these three points in the absolute involution. The 
Euclidean theorem is therefore a special case of the following 
projective theorem: 

B. The lines joining the vertices of a triangle to the cmijwgates, with 
respect to an arbitrary elliptic involution on a line Z, of the points in 
which the opposite sides 7neet I, are concurrent. 

This is a portion of Theorem 27, Chap. IV, Yol. I, the orthocenter 
and the three vertices of the triangle being the vertices of a complete 
quadrangle. But though the Euclidean theorem is a special case, yet 
the general theorem for elliptic involutions in real geometry may easily 
be proved by means of it. For, given any elliptic involution whatever 
and any triangle, the involution can be projected into the absolute 
involution and the given triangle will go into a triangle of the Euclid- 
ean plane. Hence the general theorem, B, that certain three lines 
meet in a point could fail to be true only if the Euclidean theorem, 
A, faded. 

It is to be noted that this proves the theorem only for a real space and 
an elliptic invololion. In a complex space (§ 5) it might happen that any 
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feransformatioH which carried the involution into the absolute involntion 
would cany the triangle into one whose sides are not ail real 

Now consider the plane dual of the projective theorem, B. 

Ths points of intersection of the sides of a triangle with the 
conjugates in an arbitrary involution at a point L, of the lines joining 
the vertices to L, are collinear. 

If the involution at L is taken as the orthogonal involution we 
have the Euclidean theorem: 

AK The three sides of a triangle are met in three collinear points 
hy the perpendiculaTS from a fixed point to the lines joining this point 
to the opposite vertices. 

The second of the two processes which we are here emphasmng, namely 
the discovery of Euclidean theorems by specializing projective ones, is bril- 
liantly illustrated in many of the textbooks on projective geometry. We may 
mention the following : 

L. Cremona, Elements of Projective Geometry, Oxford, 1894. 

T. Eeye, Geometrie der Lage, Leipzig, 1907-1910. 

K. Sturm, Die Lehre von den Geometrischen Verwandtschaften, Leipzig, 1909. 

E BSger, Geometrie der Lage, Leipzig, 1900. 

H. Grassman, Projective Geometrie der Ebene, Leipzig, 1909. 

J. J. Milne, Cross-Eatio Geometry, Cambridge, 1911. 

J. L. S. Hatton, Principles of Projective Geometry, Cambridge, 191S. 

The reader will find material for the illustration of the second process, 
namely the discovery of projective theorems by generalizing metric ones, in 
Euclid’s Elements, and even more in such books as the following : 

X Casey, A Sequel to the First Six Books of the Elements of Euclid, 
Dublin, 1888. 

C. Taylor, Ancient and Modern G^metry of Conics, Cambridge, 1881. 

X W. Russell, Elementary Treatise on Pure Geometry, Oxford, 1905. 

The class of theorems which are here in question will be dealt with to some 
extent in the following chapter, and the methods available will be extended 
in Chap. YI by the study of inversions. But on account of the magnitude of 
the subject many important theorems will be found relegated to the exercises 
and many others omitted entirely. In nearly every such case, however, a good 
treatment can be found in one or another of the books on projective geometry 
referred to above. 

The current textbooks do not often classify theorems on the basis of the 
geometries to which they belong (§ 34) and the assumptions which are neces- 
sary for their proof (§ 17). Some progress has been made on such a classifi- 
cation in the present book (cf. § 83 below), but more remains to be done. 
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Another criticism on current books is that they employ imaginary poinis 
in a rather shy and awkward manner. This is doubtless due to the fact that, 
previous to a logical treatment of the subject based on definite assumptions, 
the geometry of reals was regarded as having, somehow, a higher degree of 
validity than the complex geometry. The reader will often find it easy to 
abbreviate the proofs of theorems in the literature by a free use of imaginary 
elements (cl § 78). 

EXERCISES 

1. Greneralize projectively the following theorems: 

(a) The medians of a triangle meet in a point. 

(b) The perpendiculars at the mid-points of the sides of a triangle meet 
in a point. 

(c) The diagonals of a parallelogram bisect each other. 

2. Let A j, Ej, be the points in which the lines joining the vertices A, B,C, 
respectively, of a triangle to the orthocenter, 0, meet the opposite sides. The 
circle through A and contains the mid-points of the pairs AB^ BC, CA 
and of the pairs OA, OB, OC. This circle is called the nine point or Feuerbach 
circle of the triangle. Cf. Ex. 7, § 41. 

3. A hyperbola whose asymptotes are orthogonal is said to he equilateral 
or rectangular. Every hyperbola passing through four points of intersection 
of two equilateral hyperbolas is an equilateral hyperbola. 

4. All equilateral hyperbolas circumscribed to a triangle pass through its 
orthocenter. 

5. The centers of the equilateral hyperbolas circumscribed to a triangle 
lie on the nine-point circle. 



CHAPTER 

ORDINAL AND METRIC PROPERTIES OF CONICS 

74. One-dimensional projectivities. The general discussion of one- 
dimensional projectivities in Chap. VIII, VoL I, has a great many 
points of contact with the ordinal and metric theorems of the last 
three chapters. For example, a rotation leaving a point 0 invariant 
transforms into itself any circle with O as a center. The transfor- 
mation effected on the circle by the rotation is a one-dimensional 
projectivity having the point O as center and the line at infinity as 
axis. The defining property of the axis of the projectivity in this case 
is that if a pair of points AB of the circle he rotated into a pair A^B^ 
(i.e. 4 . AOB he congruent to 2i.A!OB^)y then the line AB^ is parallel 

to the line A!B^ which is a well-known Euclidean theorem. 

The proposition that any rotation is a product of two line reflec- 
tions corresponds to the proposition that any projectivity is a product 
of two involutions. The point reflection with 0 as center is commut- 
ative with all the other rotations about 0 and hence effects on (7^ an 
involution which (§ 79, VoL I) belongs to all the projectivities effected 
on (f by the rotations of this group. This involution is harmonic 
(§ 78, VoL 1} to the involution effected on by any orthogonal line 
reflection whose axis contains O, and hence all the involutions of the 
latter sort form a pencil. Thus all the theorems of § 79, Vol. I, can 
be specialized so as to yield theorems about the group of rotations 
with 0 as center. 

There are many other applications of the theorems in Chap. VI, 
VoL I, to affine and Euclidean geometry (a few of them are indicated 
in the exercises below), but the main application which we are to 
consider at present is to the theory of order relations. Let us first 
recall some of the ordinal theorems which have already been estab- 
lished, and interpret them on the conic sections. Extending the 
definition of § 4, we shall say ; 

* In the earlier chapters of this volume we have used only the first seven chap- 
ters of Vol. 1. The present chapter may advantageously be read in connection with 
Chaps. VIII-X, Vol. I. Chap. IX is first used in § 77 and Chap. X in § 86. 
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Definition. A projectivitj of a one-dimensional form in any- 
ordered space is hyperiolwy paraholic^ or elliptic according as it 
has two, one, or no double points. 

With, regard to involutions, we have already established the follow- 
ing propositions (§21): If an involution preserves sense, each pair 
separates evei'y other pair. If an involution alters sense, no pair 
separates any other pair. An involution which does not alter seme 
is elliptic ; that is to say, the pairs of a hyperbolic involution do not 
separate each other. The double points of a hyperbolic involution 
separate every pair of the involution. 

Definition. If A, B, C, D are four distinct points of a conic, the 
point 0 of intersection of the lines AB and CD is called an interior 
point in case the pairs AB and CD separate each other* and an 
exterior point in case these pairs do not separate each other. The 
set of all interior points is called the interior or inside of the conic, 
and the set of all exterior points is called the exterior or outside of 
the conic. 

The pairs AB and CD are conjugate in the involution with 0 as 
center. Hence, if these two pairs separate each other, this involution 
preserves sense and is such that any two of its pairs separate each 
other. Hence any two lines through O which meet the conic meet it 
in pairs of points which separate each other. That is to say, the def- 
inition of an interior point is independent of the particular choice of 
the points A, B, C, D. A like argument applies in case 0 is exterior. 
In case the involution with O as center has double points, the lines 
joiumg O to these points are tangent to the conic. Hence the next 
to the last of the propositions about involutions stated above implies 
that there are no tangents through an interior point. These results 
may be stated as follows : 

Theorem 1. The points coplanar with a conic fall into three 
ffiutually exclusive classes: the conic itself, its interior and its 
exterior. Bach interior point is the center of an involution on 
the conic which preserves seme, and eaxh exterior point of one 
which alters seme. All points of a tangent, except the point of 
contact, are exterior points of the conic. 


« Cf . S partieularly the footnote. 
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Now let 0 be any interior point. If (/ is any point conjugate to O 
with r^ard to the conic, there exists (cf. fig. 59) a complete quad- 
rangle ABCD whose vertices are points on the conic such that AB 
and CD meet in O and AD and CB meet in But by Theorem 7, 



Chap, n, if AB separates CD, then AD does not separate BC, and 
hence O' is an exterior point. Hence the polar line of any interior 
point consists entirely of exterior points. Hence 

Theorem 2. All ^ints conjugate to an interior point are exterior. 

Suppose, further, that the tangent to the conic at B meets the line 
00' in a point F and the line BD meets 0 O' in a point P' (fig. 59). 
Then P and P'are conjugate points with regard to the conic. Moreover, 

ABCDj;OFaFL 

Since A and C do not separate B and D, it follows that the pair 00' 
does not separate the pair PP'. That is, 

Theorem 3. On a line containing an interior point of a conic the 
pairs of conjugate points with regard to the conic do not separate 
one another. 

By elementary propositions about poles and polar there follow 
at once : 

Corollary 1. The pole of a line which contains an interior point 
is an exterior point. 

Corollary 2. The polar of an exterior point contains some in- 
terior points. 


§ 74 ] OyE-DIMEE^SIOyAL FBOJECTIVIT3ES 1T3 

In § 78, VoL I, it was established that any projectivity is a product 
of two involutions one of which is hyperbolic. Since a hyperbolic 
involution is opposite, it follows that if the given projectivity is direct, 
it is a product of two opposite involutions ; and if the given projec- 
tivity is opposite, it is a product of a direct and an opposite involution. 
But in the second case the direct involution is, by the aigument just 
made, a product of two opposite involutions. Hence 

Theoeem 4. A direct projectivity is a product of two opposite 
involutiamy and an opposite projectivity is a product of three opposite 
involutions. An opposite projectivity is also expressible as a product 
of a direct and an opposite involution. 

In the case of projectivities on a conic, the axis of the product of 
two involutions is the line joining their centers. Hence we have, as 
consequences of this theorem, 

Corollary 1. Any line in the plane of a conic contains points 
exterior to the conic. 

Corollary 2. A projectivity whose center is an interior point, and 
whose axis therefore consists entirely of exterior points, is direct 

In the fourth exercise, below, we need the following definition : 

Definition. The line perpendicular to a tangent to a conic and 
passing through its point of contact is called the normal to the conic 
at this point. 


EXERCISES 

1. Yirhat transformations of the Euclidean group effect projectivities on 
Im to which the absolute involution belongs? How are these distinguished 
from the remaining similarity transformations by their relation to the cir- 
cular points? What transformations of the Euclidean group are harmonic 
on to the absolute involution ? 

2. Show that the measure of a line pair as defined in § 72 is the logarithm 
of the characteristic cross ratio of a certain projectivity on Z*. Obtain an 
analogous formula for the measure of an angle in terms of the characteristic 
cross ratio of a projectivity on a circle. 

3. Any noninvolutoric planar coUineation which leaves invariant a conic 
and a line transforms the points of the line by a projectivity to which belongs 
the involution of conjugate points wiHi regard to the conic. 
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4. If P is any fized point of a conic and RQ a, variable point pair such 
that 4.RPQ is a right angle, the lines RQ, meet in a fixed point on the 

normal at P. 

5. The lines joining homologous points in a noninvolutoric projectivity 
on a conic are the tangents of a second conic. 

6. If P is any fired point of a conic and RQ Yariable pair of points 
sucli that 4,RPQ fias constant measure, the lines RQ are the tangents to a 
second conic. 

7. If a projectivity T on a line is a product of an involution having double 
points, and followed by another involution, and if 

and r(^i) = Jg, then A^ and jB^ are harmonically conjugate with regard to 
^4^ and whenever Aq 9 ^ A^; and — Aq whenever Aq = A^. 

8. If and are a pair of an involution I which is left invariant by a 

projectivity F, and if F-^ (^4 j) = and F(J.i) =A^ 7 ^ A^, then Aq and 

are harmonically conjugate with regard to Aj^ and 

9. Let .4 and A' be any pair of an involution I. 11 A A% any projec- 
tivity n which transforms I into itself and leaves A invariant is either the 
involution, with A and A' as double points, or the identity. 

10. Generalize § 80, YoL I, so as to apply to the group of translations and 
the equiaffine group, using the fact that the transformations in each of these 
groups are products of pairs of involutoric projectivities. 

75. Interior and exterior of a conic. 

Theoeem 5. Any two points of d conic cltc the ends of two linear 
segments one consisting entirely of interior points and the other entirely 
of exterior points. 

Proof. Let the given points be denoted by A and B, let C and D 
be any two other points of the conic which separate A and B, and let 
a and 'd represent the segments ACB and AJDB on the conic. By the 
definition of the order relations on the conic, the lines joining G to 
the points of a meet the line AB in the points of a segment whose 
ends are A and B, and these points satisfy the definition of interior 
points. In like manner the lines joining C to points of cr meet the 
line AB in a segment u-' which is complementary to and consists 
entirely of exterior points. 

In a real plane the following theorem is a consequence of what 
we have just proved, but in order to have the result for any ordered 
plane we gire a proof which is entirely general 

Theoeem 6. Any two interior points of a conic are the ends of a 
segment consisting entirely of interior points. 
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Proof (fig. 60). Ixfc A and C be two interior points. Let any 
point of the conic not on the line A <7. The lines A^C'and A^A are not 
tangent to the conic, since (Theorem 1) the involutions at A and C/are 
both elliptic. Let and respectively be the points, distinct from 
A^f in which the lines A^A and AfJ meet the conic. The two segments 
of the conic whose ends are A^ and are projected by the lines 
through A^ into the two segments of the line A C which have A and 
C as their ends. We shall prove that the segment a- of the line AC 
which is the projection of the segment complementary to A^A^B^ con- 
sists entirely of interior points. 

Let B be any point of a. The 
line AfB then meets the conic in 
a point which is separated from 
A^ by A^ and Let B^A meet 
the conic in let CJB meet it in 
Ag, and let AfJ meet it in B^, so 
that form a Pascal 

hexagon whose pairs of opposite 
sides meet in A, B, C, Since A is 
an interior point, we have the 
order (C^A^B^AJ. Since B was chosen so that 0^ and are separated by 

B^ and A^, we have {B^ C^A^AJ. From these there follows {B^ C^AfB^A^. 
Transforming this by the involution at A we have {C^B^A^ Hence 

we have {BC^A^C^BA\. Since the involution with center at (7 is 
elliptic, we have 'ReTLeewe\idi.Ye{BfJ^A^^C^B^A^A^. Hence 

C^ and A^ separate A^ and (7^, and hence B is interior to the conic. 

Theokem 7. Any two exterior points are ends of a segment consist- 
ing entirely of exterior points. 

Proof Let the two exterior points be and li the line EfS^ 
is tangent, all points on it except the points of contact are exterior, 
since each of these points is the center of a hyperbolic involution 
on the conic. In this case the theorem is obvious. If the line 
meets the conic in two points, the theorem reduces to Theorem 5. 
If the line E^E^ does not meet the conic, and both the segments with 
E^ and E^ as ends should contain interior points, and respectively, 
then neither of the s^ments whose ends are and could consist 
entirely of interior points, contrary to Theorem 6« 
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The theorems above are connected with the following algebraic considera- 
tions : Any involution can be wuitten in the form 


( 1 ) 


ax -^-b 
ex’— a 


If we regard a, 6, c as a set of homogeneous coordinates in a projective plane, 
then for every involution (1) there is one and only one point (a, b, c ) ; and 
inversely lor every point (a, b, c) there is a unique involution (1), provided 
that the point does not satisfy the condition 

(2) ^2 + &c = 0. 

By § 18 the projectivities (1) for which 

(8) + be >0 

are opposite, and those for which 

(4) be <0 

are direct. 

The equation (2) represents a conic section of which the points satisfying (3) are 
the exterior and those satisfying (4) are the interior. This may be proved as follows; 

The conic is given by the parametric representation (§ 82, VoL I) 
a : 5 : c = X : a:® : — 1, 

and any involution on the conic is given by the transformation (1) of the 
parameter x. The center of the involution is the point of intersection of the 
lines containing pairs of the involution. The point (0, 0, 1) of the conic is 
given by the value 0 of the parameter x and thus is transformed to the point 
given by the value x = — b/a, namely, the point (— aby b% — a^). The point 
(0, 1, 0) of the conic is given by x = oo and thus is transformed to the 
point given by x = a/c, namely, the point (ac, a% — c^). The point of inter- 
section of the lines joining (0, 0, 1) to ( — ab, b\ — a^) and (0, 1, 0) to 
(acy a% — c^) is manifestly (— a, c). Hence (—«,&, c) is the center of the 
involution (1), and therefore is interior to the conic if (4) is satisfied and the 
involution direct, and exterior to the conic if (3) is satisfied and the involu- 
tion opposite. 


EXERCISES 

1. Parabolic projectivities are direct. 

2. Two of the three vertices of any self-polar triangle of a conic are 
exterior points. 

3. The center of a hyperbola is an exterior point. 

4. The center of a circle is an interior point. 

5. In a Euclidean plane all points interior to a circle and all points on it 
(except the point of contact of the tangent in question) lie entirely on one 
side of any one of its tangents. 
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6, If a segment is contained in a segment the circle the ends 
of whose diameter are J ^ and is composed of points interior to the circle 
the ends of whose diameter are ^4^ and 

7, Jn a Euclidean plane all points interior to an ellipse lie entirely on 
one side of any line consisting entirely of exterior points. 

8, An\’ two pairs of conjugate diameters of an eEipse separate each other 
'fwo pairs of conjugate diameters of a hyperbola neyer separate each other. 

9, If O is the center of a conic K^, the polar reciprocal of a conic C® 
with respect to will be an ellipse, parabola, or hyperbola according as 0 
is interior to, on, or exterior to CK 

10. Consider a conic C® in a planar net of rationality satisfying Assump- 
tion 11. The f joints of the net exterior to the conic fall into two classes [E] 
and [F] such that two tangents to the conic can be drawn from any point E 
and no tangent can be drawn to the conic from any point F, On any line in 
which one E is conjugate to an F with regard to C®, every E is conjugate to 
an F. On any line in which one E is conjugate to an E, every E is conjugate 
to an E and every F to an F. The interior points fall into two classes [J] 
and [/] such that the pairs of conjugate lines on a point I either both meet 

or both do not meet C®, whereas one member of any pair of conjugate lines 
on a point J meets and the other member does not meet (F, 

11. Let the equation of a conic be f (Xq, = 0 and let the determ ina nt 

of the coefScients of /(ar^, be 


^00 

*^01 

^02 

10 

^11 

«12 

^20 

<^21 

«22 




A point (xQi Xi, X 2 ) is interior or exterior according as -4 * / (rj, arj, xQ is 
greater or less than zero. 


76. Double points of projectivities. The preceding theorems hold 
for any ordered space. On specializing to a real space we have the 
additional theorem that a projectivity which alters sense has two 
double points (§ 4). In the case of involutions this result com- 
bined with the theorem that a hyperbolic involution is always 
opposite gives 

Theokem 8. The pairs of an elliptic involution always separate 
one another^ and, the pairs of a hyperbolic involution never separate 
one another. 

The last half of this theorem, combined with Theorem 3, gives 
the condition for the intersection of a line with a conic, a condition 
which has already been given in a more special form in § 64 
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Theoeem 9. On antf lm& through an interior point of a conic the 
involution of conjugate points j$ hypei^olic, and the line meets the 
conic in the douhle points of this involution. 

Bj Cor. 2, Theorem 3, the polar of an exterior point is a line 
through an interior point. The lines joining the exterior point to 
the points of intersection of its polar with the conic are tangents. 
Hence 

COKOLLAEY 1. Through any exterior point there pass two tangents 
to a conic. 

CoEOLLARY 2. Two involutions, one at least of which is elliptic, 
have one and only one common pair. 

Proof. The center of an elliptic involution represented on a conic 
is an interior point. The line joining this point to the center of any 
other involution meets the conic in two points which are pairs of 
both involutions. Since any pair of an involution is collinear with 
the center, the two points so constructed are the only pair common 
to the two involutions. 

A special case of this corollary may be stated in the following form: 

Corollary 3. In a given one-dimensional form there is one and 
only one pair of elements which are conjugate with respect to a given 
elliptic involution and harmonically separated ly a given pair of 
elements. 

Since a hyperbolic involution is determined by its double points, it 
is evident that any two hyperbolic involutions are equivalent under 
the group of all projectivities of a one-dimensional form. The corre- 
sponding theorem for elliptic involutions is best seen by representing 
the involutions on a conic. The two centers are interior points, 
and the line joining them meets the conic in two points C^, which 
do not separate them (Theorem 5). Let 0^ and 0^ be the double 
points (Theorem 8) of the iuvolution in which and are pairs. 
An involution with either of the points 0^ or 0^ as center will 
evidently transform the one with as center into the one with 
as center. Hence 

Corollary 4. Any two elliptic involutions in the same real one- 
dimensional form are conjugate under the projective group of that 
form. 
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EXERCISES 

1. AU iiiYoiutions which are harmonic to (i.e. commntetive with and 
distinct from) an elliptic involution are hyperbolic. 

2. If two points Aj B of a line separate each point P{P^A, P^B) ot 
die line from its conjugate point in a given elliptic involution, A and B are 
^njugate in this involution. 

3. A hyperbolic projectivity is opposite or direct according as a pair of 
homologous points does or does not separate the double points. 

4. Elliptic projectivities are direct, 

5. The center of an ellipse is an interior point. 

' 6 . The involution determined on the line at infinity of a Euclidean plane 

by an ellipse is elliptic, by a hyperbola, hyperbolic. 

7. Any two ellipses are conjugate under the affine group.* 

8 . An involution in a fiat pencil is either such that eveiy pair of conju- 
gate lines is orthogonal or there is one and only one orthogonal pair of 
conjugate lines. 

9. A conic having two pairs of perpendicular conjugate diameters is 
a circle. 

10. If Aj and are the real limiting points of a pencil of circles, each 
circle of the pencil either contains and is on the opposite side of the radi- 
cal axis from A^, or contains A^ and is on the opposite side of the radical 
axis from A 3 ^. 

11. Of two circles of a pencil, both containing the same limiting point, 
one is entirely interior to the other. 

12. For any angle, 4- ABC, there is one and only one pair Z, I' of orthog- 
onal lines through B which separate the lines BA and BC harmonically. One 
line, Z, of the pair contains points P interior to 4 ABC, and 4ABP is con- 
gruent to 4PBC. The line I is called the interior bisector, and the line I' the 
exterior bisector, of the angle 4ABC^ 

13. The asymptotes of an equilateral hyperbola bisect any pair of conju- 
gate diameters. 

14. The bisectors of the angles of a triangle ABC meet in four points, one 
in each of the four regions determined hj ABC according to § 26. These four 
points are the centers of four circles inscribed in A JSC and are the vertices of 
a complete quadrilateral of which ABC is the diagonal triangle. The mid- 
point of the pair BC is the mid-point of the points of contact of either pair 
of inscribed circles whose centers are collinear with A. 

15. Let F and V' be the vanishing points (§ 43) of a projectivity on a 
line, the notation being so assigned that the point at infinity is trans- 
formed to V'. There exist two points A, B which are transformed to 
two points A', B' such that 

AF = FJ5 = A'F' = F'J5'. 

« Of .§ 37, Em 14 and 15. 
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77. Ruler-and-ojmpass constmctioES. The discussion in Chap. IX, 
YoL I, reduces any quadratic problem to the problem of finding the 
points of intersection of an arbitrary line with a fixed conic. Accord- 
ing to Theorems 5 and 9 the necessary and sufficient condition that 
a line coplanar with a conic meet it in two points is that the line 
j^iss through an interior point of the conic. Hence this condition 
will serv^e to determine the solTability of any problem of the second 
degree in a real space. Thus the discussion of linear and quadratic 
constructions, under the projective meaning of these terms, may be 
r^rdoi as complete. 

^Vhen we adopt the Euclidean point of view, the fixed conic may 
he taken as a circle; and therefore every problem of the second 
d^ree is reduced to the problem of deter mini ng the points of inter- 
section of an arbitrary line with a fixed circle (ct § 86, YoL I). 

The constructions of elementary Euchdean geometry which are 
known as ruler-and-compass constructions involve the determination 
of the points of intersection (whenever existent) of two arbitrary lines, 
or of an arbitrary line with an arbitrary circle, or of two arbitrary 
circles. The last of these problems has been shown in § 65 to be 
reducible to the first and second. Hence any ruler-and-compass con- 
struction may be reduced to the problem of fi nding the intersection 
of an arbitrary line with a fixed circle. 

On account of the special character of the line at infinity, there is 
not a perfect correspondence between the linear constructions of pro- 
jective geometry and the Euclidean constructions by means of a ruler. 
The operations involved in the linear constructions of projective 
geometry are 

(a) to join two points by a (projective) line ; 

(b) to take the point of intersection of any two lines. 

These are evidently equivalent to the following Euclidean operations : 

(1) to join two ordinary points by a line ; 

(2) to take the point of intersection of two nonparallel lines ; 

(3) to draw a line through a given point parallel to a given line. 

The first of these operations corresponds to the proposition that 
two points are on a unique line, the second to the proposition that 
two nonparallel lines determine a unique point. These operations 
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may be tliouglit ci as carried out mth a straightedge or ruler whose 
length is not limited. 

The operation (3^) can be eflfected by means of (1) and (2), together 
with tlie following operation : 

(3) to Mnd on any ray through a points, a point G such that the 
point pair AC is congruent to a preassigned point pair AB,^ 

For let A be the given point and let EC7 be the given line. Let O be 
a point on the line JB in the order (ABO) such that BA is congruent 
to BO. Let A be the point of the line Ot7 in the order OCA such that 
CO is congruent to CA. Then A A is evidently parallel to BC. 

Thus (1), (2), and (3) serve as a basis for all linear operations in 
the projective sense. They obviously yield also a certain class of 
quadratic constructions; but they do not suffice for all quadratic 
constructions. The latter may he provided for, as explained above, 
by adjoining the operation of taking the point of intersection with a 
fixed circle of an arbitrary line through an arbitrary interior point. 

For the proof that (3') is not a consequence of (1) and (2), and 
that (1), (2), (3) do not provide for all quadratic constructions, the 
reader is referred to Hilbert, Grundlagen der Geometric, Chap. VII 
(4th edition, 1913). 

EXERCISES 

1. Given three collinear points A, B^C such that AB is congruent to EC, 
show how to construct a parallel to the line AB through an arbitrary point P 
by means of the operations (1) and (2) alone. 

2. Given two parallel lines, show how to find the mid-point of any pair of 
points on either of the lines by means of (1) and (2) alone. 

3. Given a parallelogram and a point P and a line I in its plane. Through 
P draw a line parallel to /, making use of the ruler only. 

* It is important to notice that the pairs AB and AC have the point A in com- 
mon. Thus (3) provides merely for drawing a circle through a given point and 
with a given other point as center. The drawing instrument to which this corre- 
sponds is a pair of compasses which snaps together when lifted from the paper, so 
that it cannot be used to transfer a point pair AB to 2 , point pair A'R unless 
A = A'. This will be understood by anyone reading the second proposition in 
Euclid’s Elements, which shows how to lay off a point pair congruent to a given 
point pair on a given ray. The operation (3) may be replaced by the operation of 
finding on any ray AB a point G such that the point pair AO is congruent to a fixed 
point pair OP. The instrument for this operation may be thought of as a measur- 
ing rod of fixed length (say unit length) without subdivisions. (Cf . the reference 
to Hilbert, belov\) : 
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4 . Given a point pair AC and its mid-point £, using the ruler alone. 

constariict tlie point pair AD such that 

AC 

AD 

5. Given four collinear points Af A'^ B, B', construct the fixed point of 
the parabolic projectivity carrying A to A' and B to B' • 

6. Given a projectivity on a line, find a pair of corresponding points A 
and A' such that a given point M is the mid-point of the segment AA\ 

7. Inscribe in a given triangle a rectangle of given area. 

8- Given four tangents of a parabola, construct a tangent parallel to a 
given line. 

9. Given three points of a hyperbola and a line parallel to each asymptote, 
find the point of intersection of the hyperbola with a line parallel to one of 
the asymptotes. 

10. Construct by ruler and compass any number of tangents to a conic 
given by five of its points ; also any number of points of a conic given by 
five of its tangents. 

11. Construct any number of points of a parabola through four given 
points. 

12. Construct any number of points of a parabola touching three given 
lines and passing through a given point. 

13. Through a given point construct an orthogonal pair of lines conju- 
gate with regard to a conic. (If the point is exterior to the conic, these 
lines are the bisectors of the angles formed by the tangents to the -conic 
from this point.) 

78. Conjugate imaginary elements. It has been shown in § 6 that 
a real projective space S can be regarded as immersed in a complex 
projective space in such a way that every line of S is a subset of 
a unique Mne of S'- Certam additional definitions and conventions 
have been introduced in § 70. But in both these places little use was 
made of the properties of imaginary elements beyond their existence 
and the fact that S' satisfies Assumptions A, E, P. We shall now 
prove some of the most elementary theorems about the relation be- 
tween elements of S and S'. 

Definitiok. Two imaginary points, lines, or planes are said to be 
conjugate relative to a real one-dimensional form of the first or second 
degree if and only if they are the double elements of an involution 
in the real form. 

As an example consider a real conic and a line I exterior to it 
The conic and the line have in common the double points of an ellip- 
tic involution on I, But these points are also the double points of 
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the involution on (f whc^e axis is 1. Hence the points common to 
(f^ and I are conjugate imaginaries both with respect to and to L 
Since any one-dimensional form of the first or second degree whose 
elements are points is a line or a point conic, and since the double 
points of any involution on a conic are the intersections of the axis 
of the involution with the conic, we have 

Theorem 10. Any two conjugate imaginary points are on a 
real lins. 

By duality we have that any two conjugate imaginary planes are 
on a real line. 

Two conjugate imaginary lines are by definition on a real point, 
line conic, cone of lines, or regulus. If they are on a real line conic, 
the plane dual of the argument above shows that they are on a real 
point. By dualizing in space we obtain the same result for conjugate 
imaginary lines of a cone of lines. Hence we have 

Theorem 11. Any two conjugate imaginary coplanar lines are on 
a real point and any two conjugate imaginary concurrent lines are 
on a real plane. 

Conjugate imaginary lines on a regulus will be considered in a 
later chapter. 

Theorem 12. The lines joining a real point to two conjugate 
imaginary points not coUinear with it are conjugate imaginary lines. 

Proof. The conjugate imaginary points are double points of an 
elliptic involution on a real line. From any point not on this line 
this involution is projected into an involution of lines whose double 
lines are the projections of the given points. 

Theorem 13. ^ and are two pairs of conjugate imagi- 
nary points on different lines, the lines and AfB^ meet in a real 
point and are conjugate imccginary lines. 

Proof. By hypothesis the lines A^A^ and B^B^ are real and hence 
they meet in a real point C. Let B be the conjugate of C in the elliptic 
involution with A^ and A^ as double points. By Corollary 3, Theorem 9, 
there are two real points P and Q which are paired in this involution 
and separate B and C hamionically. Let A be the conjugate of C in the 
elliptic involution with B^ and as double points, and let and jS^ be 
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tbe two real points which, are paired in this involution and separate 
A and C harmonically. Since any two harmonic sets are projective, 

CBPQ = CABS and CBFQ = CASE. 

The centers of these two perspectivities are two real points and C^, 
and since each perspectmty transforms two pairs o! the elliptic invo- 
lution on the line A^A^ into two pairs of the elliptic involution on the 
line B^B^, it transforms A^ and A^ to B^^ and B^. Hence one of the 
points Cj and is the intersection of the Lines A^B^^ and A^B^ and 
the other that of the lines A^B^ and AJB^. By Theorem 12 each of 
these pairs of lines is a pair of conjugate imaginaries. 



The complete quadrilateral whose pairs of opposite vertices are 
and is analogous to the quadrilateral considered in 
§ 71 whose vertices were and the limiting points of two orthog- 
onal pencils of circles (cf. fig. 57). With regard to the existence of 
such quadrilaterals we have 

Theorem 14 Let A^A^, le the pairs of opposite 'vertices 

of a complete quadrilateral. If A^A^ and are pairs of conjugate 
imaginary points, then arid are real and the diagonal triangle of 
the complete quadrilateral is real. If A^ and A^ are real and B^ and 
B are conjugate imaginaries, then and are conjugate imaginaries 
and the diagonal triangle is real. 

Proof In the first case and are determined as in the proof 
of the last theorem and hence are real The diagonal triangle has for 
its sides the three real Hnes A^A^, B^B^, C^G^. 
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In the second case let a be the line through which is harmon- 
ically conjugate to with respect to the pair of lines and 
Since the latter two lines are conjugate imaginaries and A^A^^ 
is real, a is real. The harmonic homology with A^ as center and a as 
axis transforms B^ and B^ to and C^. Hence C[ and are conjugate 
imaginaries and the line 0^0^ is real. 

Eelatively to a real frame of reference a real involution is repre- 
sented by a bilinear equation with real coefficients {§ 58,Uol. I), and 
its double points appear as the roots of a quadratic equation with real 
coefficients. Hence the coordinates of a pair of conjugate imaginary 
points are expressible in the form 

(^0 + ^2 + ^3 + %) 

and (^0 ~ ^2 - ^3 

where z^, x^, x^, y^, y^ are real. Like remarks can be made 

with regard to the coordinates of a plane or a line, and Theorems 10-14 
can easily be proved analytically on this basis. The following theorem 
appears to be easier to prove analytically than synthetically : 

Theokem 15. A complex line on a real plane contains at least otu 
real point 

Proof, Let the equation of the line be 

This may be expressed in the form 

« + m") -f (u[ + m") ajj + « + «<) *2 = 0. 

where etc. are real This equation is equivalent, if x^, 

are required to be real, to 

+ ^2^3 = 0, 

4- u^^x^ + = 0, 

two equations which are satisfied by at least one real point. 

EXERCISES 

1. A conic section through three real and two conjugate imaginary points 
is real. 

2. A pair of conjugate ima^nary points cannot be harmonically conjugate 
with regard to another pair of conjugate imaginary points. 

3. An imaginary point is on one and o^y one rOal line and has one and 
only one conjugate imaginary point. 
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79. Projective, affine, and Euclidean classificatioa of conics. Let us 
r^ard a real plane tt as immersed in a complex plane ir', and consider 
nil conics in ir' with respect to which, the polar of a real point is always 
a real line.* 

Throughout the rest of this chapter the word “conic” shall be used 
in this sense. The involution of conjugate points with regard to such a 
conic is one in which real points are paired with real points. Hence, 
if a conic contains one real point, every real nontangent line through 
this point contains another point of the conic, and the conic is reaL 
The conics under consideration therefore fall into two classes, the real 
conics t and those containing no real point. 

By § 76, Vol. I, any two real conics are equivalent under the group 
of projective collineations. The same proposition holds also for any two 
conics of the other class, as we shall now prove. Let two sucli conics 
be denoted by Cl and Cl On an arbitrary real line I they each deter- 
mine an elliptic involution of conjugate points. By Cor. 4, Theorem 9, 
there is a projectivity of the line I carrying the involution determined 
by C'i into that determined by C?. Any projectivity of the real plane 
which effects this transformation on I will carry C'I into a conic C| 
which has the two conjugate imaginary points A^, on Z in common 
with (7|. A collineation leaving I invariant will now carry the pole 
of I with regard to C| to the pole of I with regard to C|; and therefore 
carries C| to a conic C'I which has Aj, A.^ and the tangents at these 
points in common with (7|. Let L be the pole of I with regard to C'I 
and ij be any real point of 1. By Cor. 3, Theorem 9, there is a pair of 
points which are conjugate with respect to (7| and harmonically 
separate L and X, and also a pair M'M[ conjugate with respect to 
C'I and harmonically separating L and Xj. The homology with I as 
axis, X as center, and carrying M' to M carries C'I to Cl Hence we have 

Theorem 16. Any two rml conics or any two imaginary conies 
with real polar systems are conjugate under the group of real pro- 
jective collineations. 

* In § 85 tins condition is seen to be equivalent to the condition that the equa- 
tion of the conic relative to a frame of reference in tt shall be expressible with 
real coefficients. For the present discussion, however, we do not need the general 
theory of correlation which is used in § 86. 

t According to some usage any complex locus which has a real equation is called 
real. Cf. Pascal’s Repertorium der Hdheren Mathematik, Vol. II (1910), Chap. XIII 
(Berzolari). According to this definition both of the above classes of conics would 
be called real. 
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If the line I be taken as the line at infinity of a Euclidean plane 
the argnment above shows that any two imaginary conics are also 
conjugate under the affine group. Since these conics do not meet 
any real line in real points, they are analogous to ellipses no matter 
how the line at infinity is chosen. Hence we make the definition : 

Definition. An imaginary conic with a real polar system is called 
an imaginary ellipse. 

The results just established, together with those stated in Ex. 7, 
§ 76, and Exs. 14 and 15, § 37, may be summarized as follows: 

Theoeem 17- TJrder the affine group the conics with real polar 
systems fall into four classes, parabolas, hyperbolas, real ellipses, 
imaginary ellipses. Any two conics of the same class are eguivalent 

Under the Euclidean group conics must be characterized by their 
relations to the circular points Since a real conic which does 

not meet in real points meets it in conjugate imaginary points, 
any real conic through also contains and is therefore a circle. 
For the same reason the imaginary conic determined by an elKptic 
polar system must contain if it contains J^. 

Definition. An imaginary ellipse with respect to which the pairs 
of conjugate points on are pairs of the absolute involution is called 
an imaginary circle. 

Theorem 18. Any two real circles or any two imaginary circles 
are similar. 

Proof. Let the centers, necessarily real, of two circles and 
be Oj and 0^ respectively. The center 0^ may be transformed to 0^ by a 
translation Tj. This carries to a circle Any real line I through 
0^ meets Cj in two points and and in two points and 
Since each of these pairs is harmonically conjugate with respect to 0^ 
and the point at infinity 0« of I, the homology T^ with 0^ as center 
and as axis which carries to also carries to This homol- 
ogy evidently carries all real points to real points if C^, X^, X^ are 

real If and Xffi^ are pairs of conjugate imaginary points, con- 
sider (§ 77) the real pair of points PP' harmonically conjugate with 
regard to and 00« and the real pair QQ^ harmonically conjugate 
with regard to X^X^ and The homology must carry P and P' 
to Q and and therefore carries all real points to real points in 
this case- 
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Now the conic Cf is fully determined by its points and 

its center 0^ and is fully determined by and O^. Hence 

Tg carries to Jr®. The product carries C'® to K\ 

Theorem 19. Any two parabolas are similar. 

Proof. Let (7® and be two parabolas and let and be their 
points of contact with /«* Let be any rotation carrying <7« to Km 
and let T,(£7®) = a®. Leti. be the conjugate of JT^in the absolute 
involution and let c be the ordinary line through Km tangent to Cf 
and C its point of contact; also let h be the ordinary line through 
K^ tangent to X®, and K its point of contact. The translation 



carrying 0\>oK carries c to ^ and Cl to a conic Cl touching L at Km- 
Anj line I through K, iiot containing Km or Km, meets in a point 
C^ and X® in a point K^. The homology with K as center, Im as 
axis, and carrying <7' to K^ carries Cl to K\ The product is a 

similarity transformation carrying (7® to K\ 

No theorem analcgous to the last two holds for ellipses and hyper- 
bolas. Suppose an ellipse or a hyperbola C^ meets Im in C^ and C^ and 
another ellipse or hyperbola K^ meets it in K^ and K^. In case a 
similarity transformation carries C^ and C^ into K^ and K^, 

(5) E (!/„ R K^K^). 

Conversely, if (7® and -ST® satisfy the condition (5) there evidently 
exists a rotation carrying C^ and C^ to K^ and K^. This rotation carries 
(7® to a conic Cl which passes through K^ and K^. By an argument 
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analogous to the proof of Theorem 18 it can be shown that if and 
are both real ellipses, or both imaginary ellipses, or both hyper- 
bolas, there is a similarity transformation carrying to Hence 
Theorem 20. Two real ellipses or two imagmary dlipses or two 
hyperbolas which meet in pairs of points and are 

similar if and only if 

EXERCISE 

A hyperbola for which B (fihy = — 1 is rectangular (Ex. 3, § 73). 

80, Foci of the ellipse and hyperbola. Let be any hyperbola or 
real or imaginary ellipse, and let be the tangents to through 
f and /g, the tangents to through The circular points 
are one pair of opposite vertices of the complete quadrilateral 
Let the other two pairs of opposite vertices be and F[Fl respec- 
tively (fig. 63), let a be the line Ff^^, b the line F[F^^^ and 0 the point 
of intersection of a and 6. Also let and be the points at infinity 
of the lines a and b respectively. The triangle is self-polar 

with respect to C^. Hence O is the center of and is therefore real 
Let X be any real point not on l^, or (F. By the dual of the 
Desargues theorem on conics (§ 46, Yol. I) the tangents to (f through 
X are paired in the same involution with XI^, Xl^ and XF^^ XF^ and 
XF[, XF^. The double lines of this involution are harmonically 
conjugate with regard to XI^ and to the tangents to (f. Hence 
they are paired both in the involution of orthogonal lines at X and 
the involution of lines conjugate with respect to (f at X Hence 
by Cor. 2, Theorem 9, and x^ are real, and are the unique pair of 
orthogonal lines on X which are conjugate with regard to (f. 

In particular, if X = 0 it follows that a and b are real and are the 
only pair of orthogonal and conjugate diameters of C^, Hence and 
Zee are also real. If X is not on a, 5, or Z*, the lines x^ and meet a 
in a pair of real points X^, X^ distinct from A„ and 0. Since F^ and F^ 
are harmonically conjugate with respect to the real pairs X^X^ and JL 0, 
they are either real or conjugate imaginaiies. But since and are 
conjugate imaginaries, by Theorem 14 if one of the pairs F^F^ and 
F[F^ is a pair of real points, the other is a pair of conji^ate imagi- 
naries, and conversely. Henc^ the notation may be so assigned that 
and F^ are real and and Fl are conjiigate iimigm 
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Lefc and be the points in wMch a meets and and the 
points in which & meets 6'*^. By construction neither of the lines a 
and & can he tangent to C'^ so that each of the pairs A^A^ and B^B^ is 
either real or a pair of conjugate imaginaries. 

In case is an imaginary ellipse, both A^A^ and B^B^ are neces- 
sarily paira of conjugate imaginaries. In case (7^ is a real ellipse, the 
lin e does not meet it in any real point, and hence 0, the pole of 
is an interior point. Hence both a, and 5 meet 0^ in real points. 
Hence if is an ellipse, A^, A^, B^, B^ are all real. Whether is 
an ellipse or a hyperbola, the tangents to from are conjugate 
imaginajy lines since they join the real point to the conjugate 



imaginary points and Hence F^ is interior to as is also F^ 
by a like argument. Hence the line F^F^ meets in real points. 
Hence if (7^ is a hyperbola, A^ and A^ are real. But if (7^ is a hyper- 
bola, 0 is an exterior point, and hence A^, which is harmonically 
separated from 0 by A^ and A^y must be an interior point. Hence h, 
the Dole of Aa.y does not meet 0^ in real points, and consequently B^ 
and B^ are conjugate imaginaries. 

Let the polars of F^y F^y F[y Fl relatiye to be denoted by 
dly d[ respectively. Then d^ and d^ being the polars of real points are 
real ; and since their point of intersection is polar to a, it is B^, and 
hence they are parallel to &. In like manner d[ and d'^ pass through 
and are conjugate imaginaries. 
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Definitioh. The lines a and J defined above are called the aM9 of 
the conic 6^^, a being called the major, or primipal, axis and h the 
minor, or secondary, axis. Each of the pointe F[, F^^ is called a 

focus, and each of the points A^, A^, B^, a vertex, of the conic C\ 
Each of the lines d^, d^, d[, d^ is called a directrix of C\ 



In the course of the discussion of the complete quadrilateral 
we have established the following propositions : 

Theoeem 21 . If is a Tiyperhola or a real or imaginary ellijpse 
which is not a circle, its axes are the unique pair of conjugate diaror- 
eters which are mutually perpendicular. Two of the foci and two of the 
directrices are real. The real foci lie on the major axis and the real 
directrices are perpendicular to it The other two foci are conjugate 
imaginaries and lie on the minor axis. If is real, the real foci are 
interior points and the real directrices are exterior lines. If is a 
real ellipse, all four of the vertices are real; if is a hyperbola, the 
two vertices on the major axis are reed and those on the minor axis 
are conjugate imaginaries. 

The two tangents to through F^ also through I^ and I^ 
Pairs of conjugate lines at F^ are separated harmonically by these 
two tangents and hence meet L in pairs of the involution whose 
double points are and J^. If we limit attention to real elements, 
this may be expressed by saying that the pairs of conjugate lines with 
respect to which pass through a focus are orthogonal. Conversely, 
if the pairs of orthc^orial lines at any point F are conjugate with 
respect to O^, the double lines of the involutiom of orthogonal lines at 
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P would haTe to coincide with the double lines of the involution of 
conjugate lines, and hence P would be a focus. Hence 

Theorem 22. The real foci of a hyperbola or a real or imaginary 
eliipse are the unique pair of real points at which all pairs of con^ 
jugate lines are orthogonal. 

The set of all conics tangent to the four minimal lines 
form a range {§ 47, Vol. I). Hence the pairs of tangents to these conics 
through any point P not on the sides of the diagonal triangle OA^B^ 
form an involution among the pairs of which are the pairs of lines 
PJ^, PJ^; PPp PPg; and FF[, FF^, How if P is on there is only 
one tangent to at P, and this tangent is therefore a double line of 
the involution. T his and the other double line have to be harmon- 
ically conjugate with respect to FI^ and FI^; that is, if 0^ and P 
are real, the two double lines have to be orthogonal. These double 
lines must he harmonically conjugate also with respect to FF^ 
and FF^. Thus we have a result which may be expressed as follows 
(cl Ex. 12, § 76): 

Theorem 23. The tangent and the normal to a real ellipse or 
hyperbola at any real point are the bisectors of the pair of lines 
joining this point to the real foci. 

In the proof of this proposition we have excepted the vertices of 
the conic, but the validity of the proposition for these points is self- 
evident. Another proposition which follows directly from the discus- 
sion above is the following, in which we make use of the fact that the 
pair of real foci determines the pair of imaginary ones, and vice versa. 

Theorem 24. Definitiox. The system of all conics having two 
real or two imaginary foci in common is a range of conics of Type I, 
The two conics of the set which pass through any real point have 
orthogonal tangents at this point. Such a range of conics is called a 
system of confocal conics or of confocals. 

The construction for the foci which has been considered in this section, 
when applied to a circle, reduces to a very simple one. The tangents to the 
circle at 7^ and meet in the center of the circle. The center of the circle 
is therefore sometimes referred to as the focm and the line at infinity as the 
directrix. 

The term focus ” is derived from the property stated in Theorem 23, in 
consequence of which, if the conic be regarded as a reflecting surface, all rays 
of light diverging from one focus will be reflected back to the other focus. 
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In the rest of the chapter the foci, center, directrices, and axes of 
an ellipse or a hyperbola 'vv-ill be denoted by the same letters as in this 
section. The notation has been assigned so that for an ellipse the points 
are m the order , 

and for the hyperbola in the order 


where and denote the points of intersection of the principal 
axis with the directrices and respectively. 

81. Focus and axis of a parabola. Let be any parabola. Since 
it is tangent to there are two ordinary tangents to it through 
and respectively ; let these be denoted by and respectively. 
Let tbeir point of intersection be denoted by F, their points of contact 
with by and respectively, and the line by d. Also let 
the point of contact of with L be denoted by A«, the line A^F by 
a, and the point, other than in which a meets by A. 

Definition'. The point F is called the focus, the line d the direc- 
trix, the line a the axis, the point A the vertex, of the parabola 



That the focus, directrix, etc. of a parabola are real may be proved 
as follows: The transformation from pole to polar with regard to 
transforms the absolute involution to an involution of the lines 
through Aa^ and transforms and into AooFj^ and Aa>F^ respectively. 
The involution in the linas at A^ is perspective with an involution 
among the points of which has and as double points. Hence 
are conjugate imaginary points. H^ee by Theorein 10 
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Ime d is real Hence its pole, F, is real Hence the line a joining 
F to -4* is real, and also the point A. 

Since the two tangents to through F pass through 1^ and 
any two conjugate lines through F are f^rpendicular. Conversely, if 
the pairs of conjugate lines at any point are orthogonal, the tangents 
through this point must contain and respectively. Hence F is 
the only such point. Since the tangents through F are imaginary, F 
is interior to 6'“, and hence all real points on d are exterior. 

The tangent at A is parallel to d, and hence by the construction of 
d perpendicular to a. Since the tangent at any other ordinary point 
of is not parallel to d, it follows that the line a is the only diameter 
of which is perpendicular to its conjugate lines. These and other 
obvious conse(|ueiices of the definition may be summarized as follows : 

Theorem 25. The axis of a parabola is real and is the only 
diameter perpendicular to all its conjugate lines. The focus of a 
parabola is real and lies on the axis. The focus is the unique point 
at which all pairs of conjugate lines are orthogonal. It is interior to 
the. parabola. The directrix is real, is the polar of the focus, and is 
perpmdiculaT to the aods. All real points of the directrix are exterior 
to the parabola. The vertex is real and is the mid-point of the focus 
and the point in vjhich the directrix meets the axis. 

The system of alL conics tangent to and l^ and to Z*, at A» forms a 
range of Type II (§ 47, VoL I) which consists of all parabolas having 
F as focus and a as axis. The pairs of tangents to these conics 
through any real point F of the plane are by the dual of Theorem 20, 
Chap. V, VoL I, the pairs of an involution in which Ff is paired with 
FI^ and FF with FAo,^ The tangents to the two conics of the range 
which pass through F are the double lines of this involution and 
hence separate Ff and FI^ harmonically. Thus we have 

Theorem 26. The parabolas with a fixed focus and axis form a 
range of Type II. The two parabolas of the range which pass through 
a given point have orthogonal tangents at this point. 

The tangent to either parabola through F is therefore normal to the 
other. Since these two lines separate FF and FA^ harmonically, we have 

Theorem 27. The tangent and the normal to a parabola at any 
point are the bisectors of the pair of lines through this point of which 
one passes through the focus and the other is a diameter. 
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EXERCISES 

1. If P is any point of an ellipse, the normal at P is the interior bisector 
of 4 P 1 PP 3 . If P is any point of a hyperbola, the tangent at P is the interior 
bisector of A P^PPg. 

2. At any nonfocal point in the plane of a conic there is a unique pair of 
orthogonal lines which are conjugate with regard to the conic. In case of an 
ellipse or a hyperbola these lines harmonically separate the real foci. In case 
of a parabola they meet the axis in a pair of points of which the focus is 
the mid-jMsiiit. 

3 For any point P of an axis of a conic there is a unique point P' on 
the same axis such that any line through P is orthogonal to its conjugate 
line through P'. The pairs of points P and P' are pairs of an involution 
(called a focal inmlution) whose double points are the foci of the conic, or, in 
case of a parabola, the focus and the point at infinity of the axis. If P and 
P' are on the minor axis, 4 PF^P' is a right angle. If the conic is a parabola, 
F is the mid-point of the pair PP'. 

4. Of two confocal central conics having a real point in common, one is 
an ellipse and the other a hyperbola. 

5. The tangents at the points in which a conic is met by a line through 
a focus meet on the corresponding directrix. 

6. If two conics have a focus in common, the poles with regard to the 
two conics of any line through this focus are collinear vrith the focus. 

7. Let P be any point of a conic, and Q the point in which the tangent at 
P meets a directrix. If F is the corresponding focus, 4PPQ is a right angle. 

8. If a circle passes through the two real foci and a point P of a conic, it 
will have the two points in which the tangent and normal at P cut the other 
axis as extremities of a diameter. 

9. If a variable tangent meets two fixed tangents in points P and Q 
respectively, and P is a focus, the measure of 4 PFQ is constant. 

10. Let and be two tangents of a central conic meeting in a point P; 
the pair of lines TF^ is congruent to the pair TF^, 

11. The line joining the focus to the point of intersection of two tangents 
to a parabola makes with either tangent the same angle that the other tangent 
makes with the axis. 

12. Let p be a variable tangent of a parabola, and P a point of p such that 
the line PF makes a constant angle -with p. The locus of P is a tangent to 
the parabola. 

13. The foci of all parabolas inscribed in a triangle lie on a circle. 

14. A circle circumscribed to a triangle which is circumscribed to a 
parabola passes through the focus. 

15. The circles circumscribing four triangles whose sides form a complete 
quadrilateral pass through a point which is the focus of tiie parabola having 
the sides of the quadrilateral as tangents. 
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16. Let P be any point coplanar with, but not on an axis of, a conic (P. 
The lines which are at once perj>endieular to and conjugate with regard to C 
to the lines through P are the tangents of a parabola (the Steiner parabola). 
The axes of C- are tangents of this parabola. 

17. If P and P' are a pair of one focal involution of a central conic, and 
<3 and O' a pair of the other, P, P', Q, Q' are on an equilateral hyperbola, 
which may degenerate into a jtair of orthogonal lines. 

18. Given five points of a conic, construct by ruler and compass the center, 
the axes, the vertices, the foci, and the directrices. Construct the same 
elements when five tangents are given. 

82. Eccentricity of & conic. let be a real focus, and d the cor- 
responding directrix, of a conic C* which is not a circle. Let a be the 
major axis of C^, and h the line parallel to d such that if cl meets d 
in a point D, and A in a point the mid-point of the pair FK 

Then d is the vanishing line (§ 43) of the harmonic homolc^ T with 



Since ^ is a focus, the tangents to through F pass also through 
the circular points. Hence the transformation F changes into a 
circle with F as center. Now if P is any point of the circle, 
P' the point of (7® to which P is transformed by F, and jy the 
point in which the line through P' parallel to FD meets d, it follows 
by Cor. 2, Theorem 21, Chap. Ill, that 

Hist {P’F) _ Dist (PP) 

Dist(P'J3') Dist(PZ))’ 

Since Dist (PP) and Dist (PP) are constants, it follows that 

Theorem 28. Definition. I%e ratio of the distances of a point 
of a conic to a focus and to the corresponding directrix is a constarU 
called the eccentricity. 
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The conic is a parabola if and only if the circle E} is tangent 
to d, the Yanishing line of F. In this case 

Dist (ZZ>) = Dist {PF), 

and hence the eccentricity is unity. The conic is a hyperbola if 
and only if meets d in real points. In this case 

Dist {FD) < Dist {FF), 

and hence the eccentricity is greater than one. Applying a like 
remark to the ellipse we have 

Theoeem 29. A cmic section is an ellipse, hyperbola, or parabola 
according as its eccentricity is less than, greater than, or egual to 
unity, 

A circle is said to have eccentricity zero, because if P and F be held 
constant, and D be moved so as to increase FD without limit, the ratio 
Dist (PF)/ Dist (FD) approaches zero. 

The eccentricity of a hyperbola or an ellipse is evidently the same 
relatively to either of its real foci, because the two foci and the 
corresponding directrices are interchangeable by an orthogonal line 
reflection whose axis is the minor axis of the conic. 

As an immediate corollary of the definition of eccentricity we have 

Theoeem 30. Tvjo real conics are similar if and only if they have 
the same eccentricity. 

On comparing this theorem with Theorem 20, it is evident that the 
eccentricity is a function of the cross ratio of the double points of 
the absolute involution and the points in which the conic meets L. 
As an example of this relation we have (by comparison with § 72) 
the theorem that any two hyperbolas whose asymptotes make equal 
angles have the same eccentricity. The formula connecting the eccen- 
tricity of a hyperbola with the angular measure of its asymptotes is 
given in Ex. 7, below, and the formula for the eccentricity in terms 
of the cross ratio referred to in Theorem 20 is given in Ex. 9. 

Since a real focus of any conic is an interior point, the line through 
a real focus (e.g. F^, fig. 64) perpendicular to the principal axis meets 
the conic in two points, The number Dist is evidently 

the same for both foci of an ellipse or hyperbola, and hence is a fixed 
number for any conic C\ 
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Definition. The number p = Dist {Q^Q^) is called the parameter, 
or iatm rectum, of the conic C^, 

In the following exercises e will denote the eccentricity and p 
the parameter of any conic. Eor an ellipse or hyperbola a denotes 
Dist (OJj) and c denotes Dist {OF^), For an ellipse h denotes 
Dist {OB^. For a hyperbola h denotes — 

In all cases a radical sign indicates a positive square root. 


EXERCISES 


1. If P is any point of an ellipse, Dist (F^^P) + Dist (F^P) = 2 a. 

2. If P is any point of a hyperbola, Dist (FjP) — Dist {F^P) = ± 2 a. 

3. In an ellipse Dist (PjP^) = a and -f- 

4. Dist . Dist {F,A,) = /A 

5. In an ellipse or hyperbola e = - and p = — 

6. In a parabola Dist (.^4P) = p/^- 

7. The measure d (§ 67) of the pair of asymptotes of a hyperbola is 


determined by the equation 


cos 0 = 1 — 


2 


8. For an equilateral hyperbola e = V^. 

9. The cross ratio B (CjCg, ^ referred to in Theorem 20 is con- 

nected with the eccentricity by the relation 

. 4 * 


1 + 21 :+ B 
1-^k+B 


in case of an ellipse, and by ^ = 
in case of a hyperbola. 

10. Let and be the circles with O as center and passing through the 
vertices and Pj, respectively, of an ellipse, and let a variable ray making 
an angle of measure 0 with the ray OA meet these circles in X and Y 
respectively. Then the line through Y parallel to OA^ meets the line through 
X parallel to OB^ in a point P of the conic. If x and y are the coordinates 
of P relative to the axes of the conic, 

a: = a cos 0, y = & sin 6. 

6 is called the eccentric anomaly of the point P. 

11. Relative to a nonhomogeneous coordinate system in which the prin- 

cipal axis of a conic is the a:-axis, and the tangent at a vertex the y-axis, the 
equation of a parabola, ellipse, and hyperbola, respectively, can be put in 
the form i^=px, 

=px-^3?, 

^=px + -P3?. 

A a 
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12. Relative to the asymptotes as axes, the equation of a hyperbola may 
be written 

_ a- 4- 


13. Relative to any pair of conjugate diameters as axes, an ellipse has the 
equation ^ ^ 




and a hyperbola. 


= 1 , 




If is a point in which the a:-axis meets the conic, Bist {0A')= n'. In 
the case of an ellipse, if B' is one of the points in which the ^^axis meets the 
conic, Bist {OB') = h'. 

14. The measure of the ordered point triads OA'B' is a constant. 

15. The numbers a' and h' satisfy the conditions a'^ + 6'^ = <2® + in case 

of an ellipse and = <2^ — ^ in case of a hyperbola. 

16. The equation of a system of eonfocal central conics relative to a sys- 

tem of nonhomogeneous point coordinates in which the axes of the conics 
are a: = 0 and y = 0 is ^ o 

- ^ 4- - J^ =:! 

a2-A ’ 

where A is a parameter. In the homogeneous line coSrdinates such that 
u^x -h u^y 4 - Wq = 0 gives the condition that the point (a:, y) be on the line 
Wj, Ug], the equation of a system of confocals is = (a^ — X) 4- (6^ — X)m|. 

17. Relative to point coordinates in which the origin is the focus, y = 0 
the axis of the parabolas, and x = 0 perpendicular to the axis, the equation 
of a system of eonfocal parabolas is 

y^ — 2 (p — X)x 4- X(p — X) = 0. 

In the corresponding homogeneous line coordinates this is (cf. Ex. 16) 

Pm| — 2 u^Uq — X{uf 4- w|) = 0. 


83. Synoptic remarks on conic sections. An inspection of the 
literature will convince one that it would not be practical to include 
a complete list of the known metric theorems on conic sections in a 
book like this one. The theorems which we have derived, however, 
are sufibcient to indicate how the rest may be obtained either directly 
as special cases of projective theorems or as consequences of the focal 
and aflSne theorems given in this chapter and Chap. III. 

The theorems on conic sections have been classified according to 
the geometries to which they belong. The most general and elemen- 
tary which we have considered are those which belong to the proper 
projective geometry (§ 17), the geometry corresponding to the projec- 
tive group in any space satisfyuig Assumptions A, P. Theorems 
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of tMs class are given in Vol. I, particularly in Chaps. V, VIII, X. 
A second large class contains those theorems which belong to the 
affine geometry in any proper projective space. These are treated 
somewhat fully in Chap. III. 

The theorems of the class considered in §§ 74, 75 of this chapter 
belong to the projective geometry of an ordered space. The theorems 
of § 76 belong to the projective geometry of a real space. Finally, 
in §§ 80-82 we have been considering theorems of the Euclidean 

geometry of a real space. 

It is c^uite feasible to make a much finer classification of theorems 
on conics. This would mean, for example, distinguishing those proper- 
ties of foci which hold in a parabolic metric geometry in a general 
space, then those which hold in an ordered space, and then those 
which are peculiar to the real space. 

The theorems which have been under discussion in the remarks 
above refer in general to figures composed of one conic section and a 
finite number of points and lines. Theorems regarding more than 
one conic at a time have not been considered in any considerable 
number, and the theory of families of conics has not been carried 
beyond pencils and ranges. For an outline of this subject the reader 
is referred to the Encyclopadie der Math. Wiss., Ill Cl, §§ 56"“90. 

EXERCISES 

1. The diagonals of the rectangle formed by the Tangents at the vertices 
of an ellipse are conjugate diameters for which a' = ¥, The angle between 
this pair of conjugate diameters is less than that between any other pair of 
conjugate diameters. For this pair of conjugate diameters ¥+ h' is a maxi- 
mum. It is a minimum for a' ^ a, b' = h. 

2. If two orthogonal diameters of a conic meet it in P and Q, 

OP^ 00^ W 

for an ellipse, and ^ ^ /I 1\ 

for a hyperbola. 

3. The locus of a point from which the two tangents to a conic are 
orthogonal is a real circle in case is an ellipse or a hyperbola for which 
o > & ; is a pair of conjugate imaginary lines through the center and the cir- 
cular points in case is a hyperbola for which a = J ; is an imaginary circle 
in “ise CP is a hyperbola for which a < 5 ; is the directrix in case is a parab- 

L. The circle thus defined is called the director circle of CP. Construct it 
by ruler and compass. 
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4. A variable tangent to a central conic is met by the lines through a focus 
which make a fixed angle with it in the |'K)ints of a circle. In particular, the 
locus of the foot of d |-»erpendicii]ar from a focus to a tangent is a circle, 

5. If t is a variable tangent of a central conic, Dist (F^t) * Dist (F^t) = ir. 
If f is the other tangent parallel to Dist (Fj^t) • Dist (F^f) = 

6. If P is a focus of a conic and the points of intersection of aii 

arbitrary line through F with the conic, 

J_ + J_ 

P F FP 

is a constant. ^ ® 

7. If the tangent to a conic at a variable point P meets the axes in two 
points and and the normal at P meets them in and then 

Dist (PFi) • Dist (^PT^) — Dist {PX^) • Dist (PX^) 

= Dist (PFj) • Dist (PF^). 

8. There is a nnique circle which osculates^ a given conic at a given 
point P. This is called the circle of curvature at P. Its center is called the 
center of curvature for P and lies on the normal at P. 

9. Construct by ruler and compass the center of the circle of curvature 
at an arbitrary point of a given conic. 

10. The circle of curvature of a conic (P at a point P meets in one and 
only one other point, Q. The line PQ is the axis and the point P the center of an 
elation which transforms into The center of curvature is transformed 
by this elation into the center of the involution on (P in which the pairs of 
orthogonal lines at P meet CF. 

11. The tangent and normal at any point P of & conic are both tangent 
to the Steiner parabola (Ex. 16, § 81) determined by this point. The point 
of contact of the normal with the parabola is the center of the circle of cur- 
vature of C® at P, and the point of contact of the tangent with the parabola 
is the pole of the normal with respect to <P, (For further properties of the 
circle of curvature, cf. Encyclopadie der Math. Wiss., Ill Cl, § 36.) 

12. The polar reciprocal of a circle with respect to a circle having a 
point 0 as center is a conic having 0 as a focus. (A set of theorems related 
to this one will be found in Chap. ViII of the book by J. W. Russell referred 
to in § 73.) 

84. Focal properties of collineations. The focal properties of conic 
sections are closely related to a set of theorems on collineations 
some of which are given in the exercises below. A good treat- 
ment of the subject is to be found in the Collected Papers of 
H. J. S. Smith, VoL I, p. 545, and further references in the 
Encyclopadie der Math. Wiss., Ill AB 5, § 9. 


♦ Cf . § 47, Xoh I 
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Xfit n 1)6 anv real projective collineation whicli does Dot lea\e Z«> 
iDvariaDt, and let p and q be its vanishing lines ; so that 11 (p) = L 

and n (L) = 2* If It and L are the circular points, let (1^) = ij, 

By the theorems of §78 the 
lines and meet in a real point A^, and and meet 
in a real point If H (A,) = and H (A^) - B^, it is clear that 
the complete quadrilateral whose pairs of opposite vertices axe 
JJ, PiJ, AjA is transformed into one whose pairs of opposite 
vLtices are //,, B^B^. The foUowing propositions are now 

easily verifiable, and are stated as exercises. 

EXERCISES 

1. is such that any ordered pair of lines meeting A ^ is transformed 
by n into a congruent pair of lines. is such that any two lines meeting in 

are transformed by U into a symmetric pair of fines. No other points 
have either of these properties. 

2. Every conic having a focus at or ^2 goes to a conic with a focus at 

or respectively. 

3. The range of conics having and as foci is transformed by 11 into 
the range of conics with B^ and B^ as foci ; and this is the only system of 
confocals which goes into a system of confocals. 

4. The pencil of circles with A^ as limiting points is transformed by II 
into that having B^^ B^ as limiting points ; and these are the only two pencils 
of circles homologous under II. The radical axes of the two pencils are the 
two vanishing fines. 

5. If P is any point and II (P) = P', then the ordered point triad A^PA^ 
is similar (but not directly similar) to the ordered point triad B^P B^. 

6. At a point of a Euclidean plane there is in general one and only one 
pair of perpendicular lines which is transformed into a pair of perpendicular 
fines by a given affine collineation, 

7. In any two projective pencils of fines there is a pair of correspond- 
ing orthogonal pairs of fines. The fine pairs which are homologous with 
congruent fine pairs form an involution. 

S. Any projective collineation which does not leave invariant is express- 
ible as a product of a displacement and a homology. 

85. Homogeneous quadratic equations in three variables. Eevers- 
ing the process which is common in analytic geometry, it is possible 
to derive certain classes of algebraic theorems from the theory of 
conic sections. We shaU illustrate this process in a few important 
cases and leave the development of further algebraic applications to 
the reader. 
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The general homogeneous equation of the secxind d^ree can 
be written in the form 


Vo® + «01 Vi + Vo*s 
(6) + Vi^o + “lA* + 

+ «a)*2*0 + «2l“V*=I + Vs == Oj 

where Let us first suppose that 


( 7 ) 



a , 

a^ 

00 

01 

02 


Ot' , 


10 

11 

12 

a^ 

a , 

a^^ 

20 

21 

22 


In § 98, Vol. I, it has been shown, from the point of view of general 
projective geometry, that every projective polarity is represented by 
a bilinear equation of the form 

«oo Vo + “oi Vl' + 

(8) + “i« Vo' + “a Vi' + « 

+ a^o Vo' + « 2 i Vl + Vs = 0> 

where and where A ^ 0. 

It was also shown that every bilinear equation of this form, subject 
to the condition A¥= 0, represents a polarity ; that the equation in 
point coordinates of the fundamental conic of the polarity is (6), 
which is obtained from (8) by setting ce( = and that the equation 
of this conic in line coordinates is 


(9) 

where A^^ is the cofactor of in A, 

The coefficients are elements of the geometric number system. 
Therefore in the case of the real plane they are real numbers, and 
we have 

Theoeem 31. Emry equation of the form (6) with real coefficients 
such that and A^ represents a conic whose polar system 

transforms real points into real lines. Conversely^ every conic with 
regard to which real points have real polars has an equation of the 
form (6) with real coefficients such that a^=aj^ and A ^0. 
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III § 79 we have seen that any conic having a real polar system is 
in one of two classes, and that any two conies of the same class ai^ 
projectively equivalent Kow it is obvious that 

( 10 ) = 0 

is the equation of an imaginary conic, and that 

( 11 ) xl=0 

is the equation of a real conic. Hence we have 

Theorem 32. An^ quadratic equation in three homogeneous vari- 
ahles whose discriminant A does not vanish is reducille ly real linear 
homogeneous transformation of the variables to the form (10) or to 
the form (11). 

Algebraic criteria to determine whether a given conic whose 
equation is in the form (6) belongs to one or the other of these classes 
may easily be determined by the aid of simple geometric considera- 
tions. In ease contains no real points, the line has no real 

point in common with it, and the point ^^=0 (which is on the line 

0) is on no real tangent to it. On the other hand, if the line 0 
contained no real point of C^, and were real, this line would consist 
entirely of exterior points, and hence there would be a tangent to 
through the point Hence a pair of necessary and sufficient 

conditions that contain no real points are (1) x^=: 0 is on no point 

of Cf and (2) 0 is on no tangent of (71 

Substituting 0 ;^= 0 and ' = 0 in (8), we have the equation of an 
involution , . 

+ = 0 , 


which, by § 4, is elliptic if and only if >0. By a dual argument 
applied to (9), the necessary and sufficient condition that there be no 
real tangents to through the point 0 is 


(13) 


^00 -^02 


> 0 . 


By a well-known theorem on determinants (or a simple computation) 
this reduces to 


A > 0 . 
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Hence we have 

Theokem 33. The imaginary conies are those for which 
A^> 0 and 0, 

and the real ones are those for which not both of these conditimts 
are satisfied and for which Q, 


In these conditions it is obvious that A^ and may be replaced 
by A^ and where i,j = 0, 1, 2, provided that i j. 

Let ns now investigate the cases where A = 0, and first the case in 
which not all the cofactors A^, A^^, A^ are zero. To fix the notation, 
suppose that 0. Then the bilinear equation (8) is satisfied 
by x^=A^ matter what values are taken by 

xl, x[, x^. Hence in this case (8) determines a transformation, F, of 
all the points (as', a?', a:') distinct from (A^ A^^^, A^^) into hnes through 
i^OO’^OV A^), A coUineation which transforms {A^ A^^, A^) to (1, 0, 0) 
must reduce (8) to 


(14) 


+ =0 “ 


It is to be noted that 



because if this determinant vanished, T would transform all points 
{Xq, a^, a;') into a single line, and hence A^ would vanish. Hence F 
transforms any point (a?', x[, a?') into the line paired in a certain invo- 
lution with the line joining (a?', x[, x^) to (A^^, A^^^, A^), The double 
lines of the involution must satisfy the quadratic equation (6). 

Comparing with the definitions in § 45, Vol. I, we have that when 
A_ 0 and not all the cofactors A^, A^^, A^ are zero, (6) represents a 
degenerate conic consisting of two distinct lines and that (8) represents 
the polar system of the conic. Since the lines represented by (6) are 
the double lines of a real involution, they are either real or a pair of 
conjugate imaginaries. In the first case (6) can evidently be trans- 
formed by a coUineation to 

(15) 

and in the second case to 

(16) 


= 0 - 
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The criteria to distinguish the two cases may be found by considering 
the intersection with (6) of a line 0. This yields imaginary points 
(just as in the nondegenerate case) if and only if > 0, and real 
points if and only if = 0. Hence the case where (6) represents a 
|B.ir of real lines occurs if and only if-.Ijj- = 0, for i= 0, 1, 2. 

FinaUy, suppose that identity, 

(17) i) 

this implies that all the cofactors A^j are zero, and hence that (8) 
represents the same line, no matter what values are substituted for 
xl Hence (6) represents a single real line (i.e. two coincident 
real lines), and the polar system (8) transforms all points not on this 
line into this line. If this line be transformed to 0, (6) obviously 
becomes 

(18) ^1 == 0- 

A degenerate point conic is two distinct or coincident lines. These 
may always be represented by a quadratic equation which is a product 
of two linear ones. For such a quadratic A = 0, because if A =5^ 0, the 
equation has been seen to represent a nondegeiierate conic. Hence 
the theory of degenerate point conics is equivalent to that of homo- 
geneous quadratic equations for which A = 0. 

The complete projective classification of conics, degenerate or not, 
may now be stated as an algebraic theorem in the form : 

Theorem 34. Any homogeneous quadratic equation in three vari- 
ables may he reduced by a real linear homogeneous transformation^ 

(19) 2)’ i “y 1 0 

to one of the normal forms (10), (11), (16), (15), (18). The criteria 
which determine to which one of these forms an equation (6) is reducihU 
may be summarized in the following table : 


Imaginabt 

COINIO 


aiiA > 0 
^00 >0 


Real Costic 


aixA ^ 0 


or Aoo = 0 


Imaginary 
Line Pair 


-^00 > 0 
or All > 0 
or A 22 > 0 


Real 
Line Pair 

AoqKO 
or All < 0 
or A 22 < 0 


COXNOIBENT 

Real Line Pair 
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Since the algebraic expressions in the above criteria determine conditions 
on the conic which are independent of the choice of coordinates and thus are 
invariant under the projective group, it is natural to inquire whether they are 
algebraic invariants in the sense of § 90, VoL I. A direct substitution will 
readily verify that ^ is a relative invariant of (6). 

Suppose we regard the coefficients of (6) as homogeneous coordinates 
^ 10 ? ^ 12 ) ^ point in a five-dimensional space. Then A = 0 

determines a certain cubic locus in this space the points on which represent 
degenerate conics, l^ow if there were any other invariant of (6) under the 
projective group, say <f> the equation <}> = 0 would represent a locus 

in this five-dimensional space. But since each nondegenerate conic is projec- 
tively equivalent to every other nondegenerate conic, this locus would have to 
be contained in the locus of A = 0. From this it can be proved, by the general 
theory of loci represented by algebraic equations, that tbe locus of <f> (Oy) = 0 
coincides with that of A = 0, and tbat hence (u^) is rationally expressible 
in terms of A. Thus A is essentially tbe only invariant of (6) under tbe 
projective group. 

Tbe question, however, arises whether there are not other rational func- 
tions of the coefficients of (6) which are invariant whenever A = 0. If there 
were such a function, say ^ (Uy), the conics for which (a^) = 0 would 
be a subclass of tbe degenerate conics which is transformed into itself by 
all complex projective coUineations. Tbe only class of this sort consists 
of tbe coincident line pairs which are given by two conditions, A^^ = 0, 
An = 0. In view of tbe theorem tbat a locus represented by two inde- 
pendent algebraic equations cannot be the complete locus of a single 
algebraic equation, this shows tbat there is no other invariant of (6) even 
for tbe cases in which A = 0. 

This reasoning could be expressed stiU more briefly by saying tbai^ while 
tbe set of all conics is a five-parameter family, and the set of degenerate 
conics a four-parameter family given by one condition, tbe only invariant 
subset of tbe degenerate conics is the two-parameter set of coincident line 
pairs which have to be given by two conditions and so cannot correspond to 
a single invariant in addition to A. 


EXERCISES 

1 . In case A = 0, tbe lines represented by (6) intersect in tbe point 

(VA^jo, VAip tbe three cofactors A^,- vanish, in which case (6) 

represents the coincident line pair 

2. In case (fi) represents a pair of distinct lines, (9) represents their point 
of intersection connted twice. In case (6) represents a pair of coincident 
lines, A^ = 0 (4/=0, 1,2). 
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86. Nonlioiiiogeiieous quadratic equations in two variables. The 
flffin p. theory of point conics corresponds to the theory of 

“oo +V -'-“osy 

( 20 ) + + a^xy 

+ 

where the a^’s satisfy the same conditions as in the last section. 
The theorem that any nondegenerate conic is an imaginary ellipse, 
real ellipse, hyperbola, or parabola, and that any two conics of the 
same class are equivalent under the affine group, translates into the 
following : Any quadratic equation in two variables, for which A =?£= 0^ 
is transformable by a transformation of the form 


( 21 ) 


2^' = + Cj, \ \ 


into one of the following four forms : 


(22) 

ar* + / + 1 = 0, 

(23) 

af + y^ — l=0. 

(24) 


(25) 



To know this it is merely necessary to observe that these equations 
represent conics of the four types respectively. 

The criteria to determine in which class a given conic belongs 
may be inferred from the discussion in the last section if we set 
X = and y = evident that > 0 for an ellipse, 

= 0 for a parabola, and < 0 for a hyperbola. Hence the 
afiine classification of cases where A 0 may be summarized in the 
following table : 

A ^0 


iMAGiNARV Ellipse ^ 

Real Ellipse 

Hyperbola 

Parabola 

o o 

A A 

o o 

A VII 

8 

^ 53 

^00 < 0 

o 

11 

8 


The cases where A = 0 correspond, as in the last section, to degener- 
ate conics. Geometrically the types of figures are obvious, and to 
obtain the algebraic criteria we need only combine with considera- 
tions already adduced, the observation that when A^ = 0 and either 
= 0 OT 0, then = 0. 
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^ = 0 


CONJTGATE 
IMAGIXABY LI^'ES 

Bistinct Real Li3»es 

Coincident 

Beal Lines 

Ccmcarrent 
at ordinary 
point 

Parallel 

pair 

Concnrrent 
at ordinary 
fM5int 

Parallel 

pair 

One at 
infinity 

Ordinary 

At infinity 

8 

V 

© 

8 

II 

p 

8 

A 

© 

.4.00 

= 0 , 

Aoo = All 

= ^S2 = 0 ; 


■^11 > ^ 


^11 < 0 




or 


or 




^ 0 


A 22 < 0 ; 






«11 5^ 0 


an 0 





or 

0 

11 

1 
II 

e 

or 

<211 = 022 = ^^ 




<122 ^ 0 


% 

0 



As normal forms for the first six cases we may take 


(26) 

3^ + f= 0, 

(27) 

ar'+l =0, 

(28) 


(29) 

0^-1 = 0, 

(30) 

x=0. 

(31) 

£C“ = 0. 


The case of coincident real lines at infinity does not correspond to 
any equation in nonhomogeneous coordinates. 

Summarizing these results we have the following algebraic theorem : 

Theoeem 35. A%y quadratic equation in two variahhs may te 
reduced to one and only one of the normal forms (22)~(31) hy a 
transformation of the form (21). The normal form to which it is 
reducible is determined by the criteria in the two tables above. 

The question of invariants of (20) under the affine group may be 
investigated in the manner indicated for the corresponding projective 
problem in the fine print at the end of the last section. The results 
of such an investigation are given in the exercises below. 

There are no absolute invariants of conics under the projective 
and affine groups, because two conics would fail to be equivalent 
under the one group or the other if they determined different values 
of an absolute invariant, and this would contradict the fact that 
there are only a finite number of conics distinct tinder tiie affine 
group. 
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EZEBCISES 

1. A and are invariants of (20) under the affine group. 

2. In case .4 = Ag^ = 0, .Iji/Qjs and -d^/ou are invariants of (20) under 

tie afine group. 

3. Tie homogeneous eo5rdiiiates of the center of (20) are 

4. If ^ 09 0. tiie translation x = x- y = taranaforms (20) into 

Qjij* + 2 a^^y + flajjf* + ^ = 0. 

•^00 

5. I£ A 9^0 and .4^ 0, the asymptotes of (20) are given by the equation 

niix® + 2 + a^sf^ = 0. 

6. Any diameter of a parabola is parallel to = 0 and tc 

ajjX + Oggif = 0. 

87. Euclidean da^iflcatioii of point conics. Witt respect to a non- 
homc^neous coordinate system in which the pair of lines a? = 0 and 
y = 0 is orthogonal and bisected by the lines = y and a? = — y, the 
transformations of the Euclidean group take the form (21) subject to 
the conditions 

(32) a 2 4- < = == 0, 

and the displacements are subject to the additional condition 

Since any ellipse or hyperbola is congruent to one whose principal 
ax^ are x=Q and y = 0, and since any parabola is congruent to a 
j^rabola with the origin as vertex and y = 0 as its principal axis, it 
foEows that any conic is congruent to a conic having one of the 
foEowing equations : 


(34) 

^ + ^ + 1 - 0 , 

(35) 

^+^- 1 - 0 , 

¥ 

(36) 

0K 

o 

II 

1 

1 

(37) 

o 

II 

1 


The normal forms to which d^enerate point conics can be reduced 
by displacements are evident when one recalls that two pairs of non- 
parallel lines are congruent when they have the same ctoss ratio with 
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the circular points and that two pairs of parallel lines are congruent 
if the lines of each pair are the same distance apart.^ By comparison 
with the second table (A = 0) in § 86 we find 


(38) 


(39) 

4- = 0, 

(40) 

o 

II 

1 

(41) 

1 

II 

o 

(42) 

« = 0, 

(43) 

a^=0. 


The group of displacements is extended to the group of similaritj 
transformations by adjoining transformations of the form 

Transformations of this sort will reduce the equations (34)~(43) to 
normal forms in which &, c, and jp are all unity. 

The criteria for determining to which of these normal forms a 
conic is reducible under the group of displacements or that of simi- 
larity transformations are the same as those already found for the 
affine group. Two conics whose equations can be reduced to the same- 
normal form are evidently equivalent under the group of displace- 
ments if and only if they determine the same values for a and & or ^ 
or fy and under the Euclidean group if they determine the same value 
for a. The numbers a, h, e, p are evidently absolute invariants of the 
corresponding conics under the group of displacements, and a in (38) 
and (40) also under the Euclidean group. 

Hie problem of determining a, I, c, p in terms of the coefficients 
of (20) presents no special difficulty, and will be left to the reader to 
be considered in connection with the exercises below and those at the 
end of the next section. 

When ly a^re all unity, a is a function of the eccentricity given by 
the equations in Exs. 7 and 9, § 82. The same refere nce giv es the con- 
nection between the eccentricity and the invariant ^—A^J{a^+ a^, 

* The distance apart is the distance of an arbitrary point on one of the parallel 
lines from the other line. The formula for distance is applied to the case of a pair 
of conjugate maginaiy lines as explained in § 70. 
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BXEECISES 

L If *4 0 &nd ^ 0, the angular measure of the asjmptotes is 0, where 

o v”— 47' 

tan 0 = • 

^11 %2 


Moreover, ^ ^ 

where and Q are the points in which the conic meets /», and Jj and are 
the circular faints. If^ = 0 and -4^ 0, these formulas give the angular 

measure of the lines represented by (20). Derive from this the formula for a 
in (35) and (40) in terms of the coefficients of (20). 

2. and are absolute invariants of (20) under the group of 

displacements, and - *4’^o/(un + under the Euclidean group. If .4 5^ 0 
and = 0, (20) represents an equilateral hyperbola; if A =0 and 

Uji + a .,2 = 0, it represents a j »air of orthogonal lines or L and an ordinary line. 

3. If -4 0 and .4^ 0, the axes of (20) are 

+ ¥^) + («22 - «ii) == 

where 5 and y are defined as in Ex. 4, § 86. 

4. For an ellipse the constants a and d are 
and Xg are the roots of 

(45) X® — (Uii + Ss) ^ 4- = 0 ; 


IjihL 


and 




where Xj 


The discriminant of 


and for a hyperbola a and are and \ 

(45)is(n,,-o,,)®+4uf,. ^ 

5. If -4 ?«£ 0 and 0, the parabola (20) touches /<« at (0, 
which is the same as (0, — <%). The axis is 


• «ii). 


(46) 


^11 + 


= 0. 


U 22 


88. Classificataon of line conics. The projective classification of line 
conics is entirely dual to that of point conics and so need not be con- 
sidered separately. The affine classification, however, corresponds to 
a new algebraic problem. If the line coordinates are chosen so that 

is the condition that the point x^, x^ he on the line [u^ ^ J, the 
point coordinates being the same as already used, we have the problem 
of reducing equations of the form (9) to normal forms by means of 
transformations of the form 


u'a- —l^u^+a^u^ 


«i \ 
\ \ 


¥= 0. 


(4:1) 





ALGEJBEAIC THEORY 


213 


Tliese are the transformations which leave the line [1, 0, 0] 
invariant. If 


K: 




and 




''n. ^£1 '"al 

(47) is the same coUineation as (21). 

The affine classification of nondegenerate line conics is of course the 
same as that of nondegenerate point conics. To express the criteria 
in terms of the equation (9) regarded as given primarily,* let us write 


(48) 


a = 


A 


00 


"^01 ^02 

4 A ^ 
10 n is; 

^4. -^ss! 


where the AAs are the coefficients of (9), and let cc^ denote the 
cofactor of in a. The point conic associated with (9) must have 
the equation 

(49) 0. 

Bt the criteria already worked out, this is an ellipse, hyperbola, or 
parabola according as the value of 






is greater than, less than, or equal to zero; and, in the case of an 
ellipse, real or imaginary according as > 0 or ^ 0. Thus we have 


a 


Imaginary Ellipse 

Eeal Ellipse 

Hyperbola 

Parabola 

a^Aoo > 0 
an >0 

a 'Aqo > 0 
an ^ 0 

o 

V 

8 

jd-oo = 0 


The normal forms for these four classes are respectively 


(50) 

“o + + «•! = 0, 

(51) 

< — “i — < = 0, 

(52) 

— ■“! + “2 = 

(53) 

< - w, = 0. 


The projective classification of d^enerate line conics is dual to 
that of degenerate point conics, and therefore yields the following 
three cases : (1) two distinct real points, a = 0, cc^ ^ 0, one at least 


* Instead of in terms of the coefficients of (0)* 
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of flue* ®ii’ 'being different from zero; (2) coincident real points, 
a = = 0 ; (3) conjugate imaginary points, a = 0, «« > 0 

for at least one value of i. 

For the affine clas.sification let us observe that since [1, 0, 0] 
is the line at intinity, the condition that at least one factor of 
(9) represent a point at infinity is .4^= 0. The following criteria 
are now evident. 


or = 0 


COKJCOATE 
Imaoinaey Points 

Distinct Real Points 

Coincident 

Real Points 

Ortilnsury 

At infinity 

Botli i One 

ordinary j ordinary 

Both at 
infinity 

Ordinary 

At infinity 

aii>0 

or 

oc^ > 0 

■ 

ot^ > 0 

aH = <3r22=0- 

aril < 0 

or 

I orjs < 0 

1 Jloo 9 j .400 ~ 9 j 

aoo < 0 
an = 0 

an = 0 j 

OCOQ = ^11 

-4oo ^ 0 j 

= an — 

1 -400 ~ ® 


The normal forms for these cases are respectively 


(54) 

ul + w? = 0, 

(55) 

ul + = 0, 

(56) 

w* — '**1 = 

(57) 


(58) 

= 0, 

(59) 

11 

o 

(60) 

11 

p 


EXERCISES 


1. The two pairs of foci of (9) are the degenerate conics of the range 

4o(,«o + 4oi«o“l + 4 osW„«2 

(61) + 4io«iUo + (4u - P) «i + 

+ ^!!o“«“o + -421«2 «i + — p) u| = 0, 

wMcli are given by tbe values of p satisfying 

(62) ^^p®-(aii + «js)p + o = 0. 

The discriminant of this quadratic is (uji — + 4 
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2. In case a = 0 and ?s 0, the distance between the points represented 

3. The normal forms for line conies under the group of displacements are 


(63) 

4- = 0, 

(64) 

ul — — ttul = 0, 

(65) 

= 0, 

(66) 

4 + pul = 0, 

(67) 

ul + h^ul = 0, 

(68) 

= 0, 

(69) 

ul — = 0, 

(70) 

WqWi = 0, 

(71) 

— c^u| = 0, 

(72) 

ul = 0, 

(73) 

wf = 0. 


Here a, 5, p have the same significance as in (34) -(37); 2 Td is the distance 
between the two points represented by (67); 2^ is the distance between the 
two points represented by (69) ; c is expressible in terms of the cross ratio ot 
the circular points and the two points represented by (68) or (71). 

* 89* Polar systems. The theorems on the classification of conics 
(§ 79) may be regarded as completing the discussion of projective polar 
systems in a real plane. There is, however, a certain amount of inter- 
est in making the discussion of polar systems without the intervention 
of complex elements, and basing it entirely on the most elementary 
theorems about order relations. This treatment will hold good for a 
projective space satisfying Assumptions A, E, S, P. 

Theoeem 36. In any projeetwe polar system in an ordered plane 
the involutions of conjugate points on the sides of a self -polar triangle 
are all direct, or else om inmlvAion is direct and the other two opposite. 

Proof Let ABC be the self-polar triangle (fig. 68), and let PP be 
a pair of points on the side BC and QQ^ a pair on the side CA. Let E 
be the point of intersection of the lines PQ and AB, 0 that of AP^ and 
BQ\ and Ef that of CO and AB. Then AP^ is the polar of P, PQ' of Q, 
PQ of O, and CO of E. Hence E and P' are paired in the involution 
of conjugate points on AB. Let P" he the point in which P'Q' meets 
AB : P" is the harmonic conjugate of with respect to A and P. 
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If the involutions an BC and CA are direct, F and F^ sep.rate B 
and C\ and Q and ^ sejarate G and A. It follows Iit Theorem 19, 
Cliap. II, that E and do not sej^rate B and A, Hence by Theorems 
7 and 8, Chap* II, is sepirated from B by A and Bj and hence the 
involution on tlie line AB is direct. 

On the other hand, if the involutions on BC and CA are not direct, 
F and F^ do not separate B and C, and Q and do not sepxate 0 
and A, Hence B and B^^ do not, and therefore B and do, separate 
A and B, Hence again the third involution is direct. 



We have thus shown that at least one of the three involutions is 
direct; and that if two are direct, so is also the third. Erom this the 
statement in the theorem follows. 

The reasoning above is valid in any ordered projective space. 
Specializing to the real space, we have 

CoBOLLAEY 1. The involutiom on the sides of a self-polar triangle 
of a projeetive polar system in a real plane are all three elliptic, or 
dse two are hyperbolic and the third is dliptic. 

Theorem 37. If the involutions of conjugate points on the sides of 
07W self-polar triangle of a projective polar system in an ordered plane 
are direct, the involution of conjugate points on any line is direct. 
Proof Let the given seK-polar triangle on the sides of which the 
involutions of conjugate points are direct be ABC, Hie theorem will 
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follow if we can prove that the involution of conjugate points on any 
line through a vertex of such a triangle is direct. For any line I meets 
BC m ^ point M which has a conjugate point X on BC. By the prop- 
osition which we are supposing proved, the involutions on the sides of 
the self-polar triangle, A JLY, are direct ; and by a second application 
of the same proposition, the involution of conjugate points on / is 
direct. Thus the proof of the theorem reduces to the proof that the 
involution of conjugate points on any line through A is direct. 

Let such a line meet BC in o. point and let F be the conjugate 
of F^ in the involution on BC. Let Q and be a conjugate pair 
distinct from A and C on the line AC, and let 0, B, have the 

same meaning as in the proof of the last theorem (fig. 68). Also let 
O' be the conjugate of 0 on the line AF\ i.e. let O' be the inteisec- 
tion of AP' with FQ. Applying Theorem 19, Chap. II, to the triangle 
ABF^ and the lines O'P and 0E\ it follow's that, since C and F do 
not separate B and F\ and E and P' do separate A and B, 0 and O' 
are separated by A and P'. Hence the involution of conjugate points 
on the line AP' is direct. 

COKOLLARY 1. If the involutions on two sides of a self -polar triangle 
of a polar sy stein in an ordered plane are opposite, then two of the 
involutions on the sides of any self-polar triangle are opposite and 
the third is direct. 

Froof. If there were any self-polar triangle not satisfying the con- 
clusion of the theorem, this would, by Theorem 36, be one for which, 
all three involutions were direct. By Theorem 37 it would follow 
that the involutions on all lines were direct, contrary to hypothesis. 

The propositions stated in tlie last two theorems and in the last 
corollary may evidently be condensed into the following : 

Corollary 2. Any projective polar system in an ordered plane is 
either such that the involution of conjugate points on any line is direct, 
or such that on the sides of any self -polar triangle two of the involu- 
tions are opposite and the third direct 

Applying this result in a real plane, we have that every projective 
polar system is either such that all involutions of conjugate points 
are elliptic, or such that on the sides of any self-polar triangle two 
involutions are hyperbolic and the third elliptic. In the latter case 
let ABC he a self-polar triangle, AB and AC bdng the sides upon 
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which the involiitioDS are hyperbolic. Let the double |X)iiits of the 
involution on AJB and and those of the involution on J 6^ be 
and The polar of is then the line C\Cl The conic section 
through and tangent to the line C^C at has a 

|M>iar system in wMch is a self-polar triangle, and in which the 
given involutions are involutions of conjugate points. By § 93, VoL I, 
these conditions are sufficient to determine a polarity. Hence the 
given polarity is the polar system of if®. Thus we have 

Theoeem 38. Definition. A projective polar system in a real plane 
if either the polar system of a real conic, or such that the involution of 
conjugate points on any line is elliptic. A polar system of the latter 
type is said to be elliptic. 

The existence of elliptic polar systems is easily seen as follows: 
Let ABC be any triangle, 0 any point not on a side of this triangle, 
the point of intersection of OA with BC, Q* the point of intersec- 
tion of OB with CA, and P and Q any two points separated from P' 
and by the pairs BC and CA respectively. By the theorems in 
§ 93, VoL I, there exists a polar system in which the triangle ABC 
is self-polar and the point 0 is the pole of the line FQ, and by the 
theorems in the pr^ent section this polar system is elliptia 
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90. Vectors and complex numbers. The properties of the addition 
of vectors have been derived in § 42 from those of the group of 
translations. If the operation of multiplication is to satisfy the dis- 
tributive law, ,, , , , , 

a (o r) = ao -j- ao. 


multiplication by a vector, must effect a transformation on the 
vector field such that 5 4- c is carried into the vector which is the 
sum of those to which h and c are carried. Since the group of trans- 
lations is a self-conjugate subgroup of the Euclidean group, any 
similarity transformation of the vector field satisfies this condition. 

Let us then consider the transformations effected on a vector field 
by the Euclidean group. Any similarity transformation is a product 
of a translation by a similarity transformation leaving an arbitrary 
point 0 invariant. But a translation carries every vector into itself. 
Hence any similarity transformation has the same effect on the field 
of vectors as a similarity transformation leaving 0 invariant. Hence 
the totality of transformations effected on the vector field by the 
Euclidean group is identical with the totality of transformations 
effected on it by the similarity transformations leaving 0 invariant. 
Since no such transformation changes every vector into itself, any 
two of them effect different transformations of the field of vectors. 
Hence we have 

Theokem 1. The grou^p of tramformaticms effected hy the Euclidean 
group in a plane upon the field of vectors is isomorphic with the group 
of similarity transformations leaving an arbitrary point invariant. 

To obtain a definition of multiplication we restrict attention to the 
group of direct similarity transformations and make use of the fact 
that if OA and OB are any two nonzero vectors, there is one and but 


* The main part of Chap. VII is independent of Ihfe chapter. The two ohaptan 
may therefore he tak^ up in rev^cse order if the reader so desires. 
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one transformatioii of tliis group carrying the joints 0 and A to 0 
and B respectively. 

Definition. Kektive to an arbitrary vector OJ, wbicli is called 
the unit reei&r^ the pmduet of two vectors OX (where X # O) and OY 
is the vector OZ to which OY is carried by the direct similarity trans- 
formation carrying OA to OX, and is denoted by OX - 01. In case 
X=0, OX-OY denotes the zero vector. 

As ob\ious corollaries of this definition 
we have the following two theorems ; 

Theorem 2. The triad of points OAY 

u direeii^ similar to the triad OXZ if 
and only if 

OZ=OX-OY 

Theorem 3. The equation 

OZ=OX-OY Eig. 69 

is satufied if and only if AAOX+Z.AOY=diAOZ and Dist (f)Z)^ 
Dut (OX) -Dist (OY), the unit of distance heing OA. 

Since the direct similarity transformations leaving a point 0 invari- 
ant form a group, the operation of multiplication must be associative, ie. 

OX* (OX- OZ) == (OX- OY) • OZ, 

and also such that there is a unique inverse for every vector OB for 
which 0 4^ ie. there must be a vector OX such that 

OB^OY^ OA. 

The group of direct similarity transformations leaving 0 invariant is 
commutative because it consists of the rotations about 0 (which form 
a commutative group by § 58) combined with dilations with O as 
center. Hence the operation of multiplication is commutative, ie. 

OX-OX=OX-OX 

The fact that the group of translations is self-conjugate under the 
group of displacements translates into the distributive law, 

OX- (OX+ OZ) = OX- OX+ OX- OZ. 

Eecalling the definition of a number system given in Chap. V]^ 
VoL I, we may summarize these results by saying. 
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Theorem 4. With respect to the operation of addition described in 
§ 42 and of multiplication defined in this section^ a planar vector 
field is a commntatim number system. 

in proving this theorem we have made use of no properties of the Euclidean 
group except such as hold for any paralx>lic metric geometry for which the 
absolute involution is elliptic. In case the absolute involution were hy|«fr- 
bolic, exceptions would have to be made corresponding to properties of the 
minimal lines. 

The definition of multiplication of vectors as given here does not 
conflict with the notion of the ratio of collinear vectors as developed 
in Chap. III. For the quotient of two collinear vectors is a vector 
collinear with the unit vector OA^ and the system of vectors collin- 
ear with OA constitutes a number system isomorphic with the real 
number system. Thus, if we denote the unit vector by 1, any vector 
OX collinear with it may be denoted by 

xl, 

where, according to the definition of § 43, a? is a real number and 
where, according to our present definition, x denotes OX itself. 

Let us denote a vector OB such that the line OB is perpendicular 
to the line OA and such that Dist {OB) = Dist (OA), by i Then by 
the definition of multiplication, 

f*=~L 

Any vector collinear with i is expressible in the form xi^ where a? is a 
vector parallel to 1, and by Theorem 8, Chap. Ill, any vector whatever 
is expressible uniquely in the form 

dl. -f- bi. 

The product of two vectors may be reduced by the associative, 
distributive, and commutative laws as follows: 

(a\ -f- bi^ (cl -f- di) = {a\ bi) cl -j~ (^1 "f" hi) dt 
= {ac — bd) 1 4- (5c + ad) i 

By comparison with §§ 3 and 14 this shows that 

Theorem 6. A planar field of vectors is a number system isomor- 
phic with the complex number system, i.e. the yeometric number system 
of a complex line. 
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Tbe isomorpliisni in question is that by winch the complex miinber 
m f &i correspnds to the vector + Supposing that the funda- 
mental points of tlie scale ob the complex line are i^, ii, this 
means that there is a correspondence between the complex line and 
the Euclidean plane in which ij corresponds to 0, to A, and every 
point whose coordinate relative to the scale ij, ii is 

a -i-M 

conresponds to the point Q of the Euclidean plane such that 

OQ — al + hi 

One obvious property of this correspondence which we shall have 
to use later is that the points of the complex line which have real 
coordinates relative to the scale ij, ij, ii correspond to the points of 
the line OX, or, in other words, that the points of the chain* C (JJiJii), 
other thimRy correspond to the points on the real line 0 A, 

Theorem 5 may be made the basis of a method for the investigation of 
theorems of Eiieiidean geometry, particularly those relating to n-lines and 
circles. The complex numbers may be regarded as the coordinates of the 
]M«nts of the Euclidean plane and many interesting theorems obtained by 
interpreting simple algebraic equations. Compare the articles by F. Morley, 
'rransactions of the American Mathematical Society, Vol. I, p. 97 ; VoL lY, 
p. 1; Yol. Y, p. 467; YoL YIII, p- 14. 

The whole subject is closely related to certain elementary parts of the 
theory of functions of a complex variable. Cf. an article by F. ISf. Cole, 
Annals of Mathematics, 1st Series, Yol. V (1890), p. 121. 

91 . Correspondence between the complex line and the real Euclidean 
plane- The operation of addition of vectors has been so defined that 

OX'-OX+OP, 

where O and P are fixed and X and X' variable points, may be taken 
as representing a translation carrying X to X^. The operation of 
multiplication has been defined so that 

(9X' = OP • OX 

may be taken to represent a direct similarity transformation carrying 
0 into itself and X to X'. Thus the general direct similarity trans- 
formation may be written 

OX' = OP-OX+ OQ. 

* Cf. § 11. The reader who has omitted the starred sections m Chap. I may 
take a chain C (P^PjPoo) as by definition consisting of those points of a complex 
line which have real coSrdinates relative to the scale Po» Pn P®* 
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The last theorem may therefore be stated in the following foim : 

Theorem 6. Lei Q^, he three arhitrary points of a complex 
projective lim I, and let and he two arhitrary points of a Euclid- 
ean plane ir in whose lim at infinity an elliptic absolute involution 
is given. There exists a one-to-one atid reciprocal correspondence F in 
which ij corresponds to Q^y ij to Q^y /* to Q^, and every ordinary point 
of rr to a point of I distinct from This correspondence is such that 
to every projective transformation of I leaving invariant, i,e. to 
every transformation of the form 


<i) 


of = ax + hy a ^ 0, 


there corresponds a direct similarity transformation of w, and 
conversely. 


The question immediately arises. What group of transformations 
of TT corresponds to the general projective group on I, ie. to the set 
of transformations 


( 2 ) 


j __ctx + h 
cx-^-d 


a 

c 


h 

d 




The transformation of tt corresponding to 
(3) = 

must change any point P to a point P^ such that 

PoP-i?iJ. 

Hence, by Theorem 3, 4PiJiJ is congruent to Therefore 

the orthogonal line reflection with as axis must carry P to a 
point P^' of the line iJP'. If P be re- 
garded as a variable point of a line 
through i^, it follows that the correspond- 
ence between P^ and P^' is projective. In 
this correspondence ij corresponds to the 
point at infinity of the line iJP, and each 
of the points in which this line meets the 
circle through with as center corre- 
sponds to itself. Hence the correspond- 
ence between P' and P^' on a given line 
through is an involution, and P and P'^ are conjugate points with 
respect to the circle. Hence (§ 71), if P be a yaiiable point of the 
plane, the correspondence between P and P" is an inversion. H^ce 
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tke traiisforiaation of it corresponding to = 1/x is the product 
of the orthogonal line reflection with as axis and the inversion 
with respect to the circle through with as center. 

Now anj traiisfonnation (2) is evidently (cf. § 54, \ oL I) a product 
of transformations of the forms (1) and (3). But the transformation 
(1| has been seen to correspond to a direct similarity transformation, 
ie. to a product of a dilatiun and a displacement. A displacement has 
l^en proved in Chap. IV to be a product of two orthogonal line 
reflections ; and a dilation will now be shown to be a product of two 
or four inversicms and orthogonal line reflections. 

For consider a dilation A with a point 0 as center and carrying 
a pidnt A to a point B, If 0 is not between A and B, there exists 
(Theorem 8, Chap. Y) a pair of points qc; which separate A and B 
harmonically and have 0 as mid-point. Let 1^ be the inversion with 
respect to the circle with 0 as center and passing through <7^. The 
transformation I^A leaves invariant all points of the circle through A 
with 0 as center, and effects a projectivity on each line through 0 
which interchanges 0 and the point at infinity. The projectivity on 
each line through 0 is therefore the involution canying each point 
to a conjugate point with regard to the circle through A with 0 as 
center. Hence I^A is an inversion, I^, with respect to this circle. 
From IjA = follows A = I If ^ is bet^veen A and B, let A be 
the point reflection with O as center. The product AA is a dilation 
such that 0 is not between A aiul AA (A), Hence AA is a product of 
two inversions 1^, and A = AI^I^. Since A is a product of two 
orthogonal line reflections, A is a product of four inversions and 
orthogonal line reflections. 

Hence any projective transformation of a complex line I corresponds 
under T to a transformation of a real Euclidean plane tt which is a 
product of an even number of inversions and orthogonal line reflections. 

The converse of this proposition is also valid. In order to prove it 
we need only verify {a) that the product of two orthogonal line reflec- 
tions in TT corresponds to a projectivity of Z, that the product of an 
orthogonal line reflection A and an inversion P of tt corresponds to a 
projectivity of Z, and (7) that the product of two inversions of tt 
corresponds to a projectivity of Z. The first of these statements is a 
corollary of Theorem 6. 
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To prove ( 0 ) let us first consider the case where the axis of A 
jasses through tlie center O of P. Let 0^ be one of the points in which 
the axis of A meets the invariant circle of P, X be any point of and 
X^ = AP (X). The considerations given above in connection with the 
transformation ( 3 ) show that 


00 

OX 


and hence that AP corresponds to a transformation of I of the same 
type as (3), i.e. to an involution. Moreover, AP is obviously the same 
as PA In case the axis of A does not pass through the center of P, 
let A^ be an orthogonal line reflection whose axis passes through the 
center of P. Then 

AP = AALA'P and PA=PALAA. 


The products AA^ and A^A correspond to projectmties by Theorem 6 , 
and PA' = A'P corresponds to an involution by what has just been 
proved. Hence AP and PA correspond to projectmties. 

To prove ( 7 ) let A be an orthogonal line reflection whose axis 
contains the centers of and P^. Then 

P^P^ = P^A*AP^. 

The products P^A and AP^ correspond to projectivities by (/3). Hence 
P^Pjj corresponds to a projectivity. Thus we have the important result : 

Theorem 7. A projective traTisformation on a complex Km corre- 
sponds under V to x transformation of the real Euclidean plans 
which is a product of an even number of inversions and orthogonal 
line rejiectionsy and, conversely, any transformation of the real 
Euclidean plane of this type corresponds to a projectivity of the 
complex line. 

92. The inversiaa group in the real Euclidean plane. 

Definition. The transformations of a Euclidean plane and its 
line at infinity which are products of orthogonal line reflections 
and inversions are called circular transformatiom, and any circular 
transformation which is a product of an even number of inversions 
and orthogonal line reflections is said to be direct 

Theorem 8. Befinition. The set of oM mrmdar iransformadions 
of a Euclidean plans and its line at infmMy in which an ghsolwte 
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mrolution is giren mmiiiute a gnmp u'huh is called the inyersion 
group. The set of direct circular iramformaiiom form a subgroup 
of the mwrswn group, ivhicJi, if the Euclidean plane is real, is 
uomorplm with the projeciire group of a complex line. 

The first part of tliis theorem is an ob\ious conseqneEce of the 
definition, and the second is €i|_iilvaleiit to Theorem 7. That not all 
eirciilar transformations are direct is shown by the special case of 
an inveraiom An inversion is not a direct circular transformation, 
because it leaves invariant all points of a circle and hence cannot 
correspond under T to a projectivi'y. Combining Theorems 8 and 6 
we have 

COROLLAEY- In a real Euclidean plane the group of circular 
transfoirmatioTis leaving /* invariant ts the Euclidean group, and the 
direct circular transfoTmiaiioiis leaving /« invariant are the direct 
similarity transformations. 

The isomorphism between the group of direct circular transforma- 
tions and the projective group on the line may be used as a source 
of theorems about the former. Thus the fundamental theorem of 
projective geometry (Assumption P) translates into the following 
theorem about the real Euclidean plane: 

Theorem 9. A direct circular transformation which leaves three 
ordinary points, or two ordinary points arid Z*, invariant is the 
identity. There exists a direct draular transformation carrying any 
three distinct ordinary points A, B, 0 respectively into three distinct 
points A\ 0, 0^ respectively, or into A!, 0, and L respectively. 

Xow consider a circular transformation 11 which is not direct and 
which leaves three distinct points A, B, C invariant. By definition 

II = • • • Aj • Aj^, 

where (i = 1, 2, • - 2 ^ -h 1) is an inversion or an orthogonal line 

reflection. Let A he an orthogonal line reflection whose axis contains 
A, B, 0, if these points are collinear, or an inversion with respect to 
the circle containing them in case they are not collmear. Then AH 
is a direct circular transformation leaving A,B,C invariant. Hence 

An=i. 

Since A is of period two, this implies 

n==A 
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The same argumeiit applies in case one of the points A, B, C is 
replaced by L. Hence we have 

Theorem 10. ^ circular tram/ormatian which is not direct and 
leaves invariant three distinct ordinary points A, B, C\ or two ordinary 
points Ay By and 1^, is an orthogonal line reflection or an mversion 
according as the invariant points are collinear or not 

Theorem 11. If TL is a circular transformation and A an inver- 
sion or orthogonal line reflectiony IJAri“^ is an inversion or orthogonal 
line reflectim. 

Proof. Let Ay By C be three of the invariant points of A ; then 
nAII""^ leaves H {A), II {B)y 11 ((7) invariant. If 


1I=A^A^--A„, 

where A^, • • •, are orthogonal line reflections or inversions, then 

nAn“'= A^A^ • • • 4.AA, • -KK 

and is thus a product of an odd number of orthogonal line reflections 
or inversions. Hence by the last theorem it is an orthogonal line 
reflection or an inversion. 

The invariant elements of 11 AII’^^ are those to which the invariant 
elements of A are carried by 11. Since nAn~^ is an inversion or an 
orthogonal line reflection, we have 

Corollary 1. Any circular transformation carries any circle into 
a circle or into the set of points on an ordinary line and on It 
carries the set of points on L and an ordinary line into a set of this 
sort or into a okrcle. 

Corollary 2. If and are any two circles and I any lins, 
there exists a direct drcidar transformation carrying to and 
one carrying to the set of all points on I and 

Proof Let Ay By C he any three points of let A', B^, Cf he any 
three points of and let A^y B' be any two points of 1. By Theorem 9, 
there exist direct circular transformations II and II' such that 


n (ABC)=^A^B'(I and H' {ABC)=A!B%. 

Since A\ Bl, (f are not collinear, the set of points into which II carries 
must he a circle ; and since there is only one circle containing 
A^y B^y (fy tMs chde is Ef. Since there is no cirde containing .1', B[y 
and L, the sd? of points into wMdi carries (7® must be the ^ of 
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points on l» and an ordinary line. Since the ordinary line contains 

and it must be I 

An inversion {§ 71) transforms all lines through its center into 
themselves and iiiterehaiiges the center with Hence, by the last 
two ix)rollaries, we have at once 

Coboll AEY 3. Ab immersion carries a circle through its center into 
the set of points on L and a line not passing through the center. 

CoKCiLLARY 4. A pair of circles which touch each other is carried 
hy an inrersion into a pair of circles which touch each other ^ or into 
a circle and a tangent line together with /«, or into two parallel lims 
and L. 

Proof Let and be two circles which touch each other 
Since an inversion is a one-to-one reciprocal correspondence except 
for the origin and if neither nor passes through the origin, 
they must be carried into two circles having only one point in 
common and which therefore touch each other. If passes through 
the origin and does not, 0^ is carried into and an ordinary 
line C while is carried into a circle which has one and only one 
point in common with the line pair Z«,C Since cannot meet in 
a real point, I meets it in a single point and therefore is tangent. If 
and both pass through the center of inversion, they are transformed 
into /« and a pair of ordinary lines Z, m. Since and have only 
the center of inversion in common and this is transformed into Z«, 
the lines Z and m can have no ordinary point in common. Hence I 
and m are paralleL 

It was remarked in § 90 (just before the fine print at the end) 
that the correspondence T between the complex line and the real 
Euclidean plane is such that the points of a certain chain C 
with the exception of Z, correspond to the points of a certain Euclid- 
ean line Z. Since P, corresponds to Z«., the chain C corresponds 

to the line pair ZZ«. Under the projective group on a line any two 
chains are equivalent ; and under the group of direct circular trans- 
formations any circle is equivalent to any circle or any line pair ZZ« 
(Cor. 2). Hence we have 

Theoeem 12. The correspondmee T is sucX that chains in the com- 
plex line correspond to real circles or to line pairs ZZ„, where I is 
ordinary and Z« the line at infinity of the Eudidean plane. 
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The theory of chains on a complex line is therefoi*e eijuivalent to 
the theory of the real circles and lines of a Euclidean plane. In view 
of this equivalence we shall freely transform the terminology of the 
complex line to the Euclidean plane, and vice versa. Thus we shall 
speak of the cross ratio of four points in the Euclidean plane and of 
pencils of chains in the complex line. Tlie exerci^s below contain a 
number of iiii|K}rtant theorems some of which can be obtained directly 
from the definitions in § 71 and some of which can be proved most 
simply by translating projective theorems on the complex line into 
the terminology of the Euclidean plane. 

Definition. An innaginutry circle is an imaginary conic through 
the circular points such that its polar system transforms real points 
into real lines. 

The definition of an inversion given in § 71 applies without change 
to the case of imaginary circles. 

On the geometry of circles in general the reader is referred to the 
papers by Mobius in YoL II of his collected works ; to those by Steiner 
in Yol. I (especially pp. 16~83, 461'~527) of his collected works; to 
Yol. II, Chaps. II, III, of the textbook by Doehlemann referred to in 
Ex. 4 ; and to the forthcoming book by J. L Coolidge, A Treatise on 
the Circle and the Sphere, Oxford, 1916. 

EXERCISES 

1. An inversion with respect to an imaginary circle is a product of an 
inversion with respect to a real circle and a point reflection having the 
same center as the circle. 

2. The inverse points on any line through the center 0 of a circle are 
the pairs of an involution having O as center. If and are any two 
inverse points, OA^ • OA^ is a constant, which in case of a real circle is equal 
to (OCy, C being a point of CK 

3. Two pairs ^ of points A A' and BE' are inverse with respect to a circle 
with 0 as center if and only if (1) 0 is collinear with the pairs AA' and 
BR, and (2) the ordered triads OAB and OB'A' are similar, but not 
directly similar. 

4. A linkage which consists of a set of six bars OA, OC^ AB, BC, CBj 
DA, jointed movably at the points 0, A, B, C, D, and such that Dist (OA) =r 
Dist (OC) and ABCD is a rhombus, is called a «Peaucellier inversor.” If 
0 is held fixed and B varies, the locus of D is inverse to that of B with 
respect to a circle with 0 as center- If B be constrained, say by an additional 
link, to move on a circle through O, i> describes a line. Oh the general 
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subject ol linkages, cf. K. Doehlemann, Geometrische Transformationen, 
Vol. 1 1, p. 90, Leipzig, 1908, and A. Emoh, Projective Geometry, §§ 62-67, 
New York, 1905. 

5. li A , B, C, B are four points of a Euclidean plane, 


where 


R {AB, CD) = 

Dist (AC) ^ Dist (RC) 
Dist (A D) Dist (RD) 


0 = a — 


where a and ^ are the measures of AlCAD and 4.CBD respectively. The 
number k is invariant under the inversion group, and 6 under the group of 
direct circular transformations. The four points are on a circle or collinear 
if ^ = 0. 

6. Construct a point having with three given points a given cross ratio. 

7. If n is any circular transformation, the points 0 = n~^(^oo) and 0'=II{U) 
are called its vanishing points. The lines through 0 are transformed by 11 into 
the lines through 0\ If X is any point of the plane, and A' = 11 (A), then 
Dist (OX) • Dist (OA^) is a constant, called the power of the transformation 
(cf. § 13). 

8. Let A and R be two points not collinear with 0 and let 11 (A) = A\ 
n (R) = B'. The ordered point triads OAB and O'B'A' are directly similar if 
U. is direct, and similar, but not directly so, if 11 is not direct. 

9. The equations of an inversion relative to rectangular nonhomogeneous 
coordinates, having the center of inversion as origin, are 


fa 

^.2 ^ y2 ’ j,.2 _j_ y2 


The circle of inversion is real or imaginary according as ^ > 0 or I' < 0. 

10. The coordinate system for the real Euclidean plane obtained by means 
of the isomorphism of the Euclidean group with the projective group leaving 
a point invariant on a complex line is such that the coordinate z of any point 
is r + iy, where x and y are the coordinates in a system of rectangular non- 
homogeneous coordinates and = — 1. The points 2 : of a circle satisfy the 
condition r,T ^ 

^ 0 , 


(it A h 


ct A d 


a h 
c d 


where t is real and variable and a, b, c, d are complex and fixed. If c — 0, this 

circle reduces to a line. ^ ^ 

11. The circles orthogonal to z — — , are 

ct A d 


— (Q + bp) it Ab A cux 
(c + d^) it A d A ca 

where a and ^ are real. 

12. The circles through two points z^ are given by 

at A 1 
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13. A circle witii as center is given by 

z--z,= ke% 

where 0 ^ ^ < 2 and k is a real constant. 

14. The centers of the circles circumscribing the four triangles fornaed by 
the sides of a complete quadrilateral are on a circle. This circle is called the 
?eni^r circle of the complete quadrilateral. The centers of the center circles 
of the five complete quadrilaterals formed by the sides of a complete five-line 
are on a circle called the center circle of the five-line. Generalize this result. 

93. Generalizatioii by inversion. By the corollary of Theorem 8 
the set of direct circular tmnsformations leaving L invariant is the 
group of direct similarity transformations, and the set of all circular 
transformations leating /» invariant is the Euclidean group. Tliis is 
tiie basis of a method of generalization by inversion entirely analo- 
gous to the generalization by projection employed in § 73. 

In case a figure wliich is under investigation can be trans- 
formed by one or more inversions into a knovm figure then such 
of the relations among the elements of as are invariant under 
circular transformations must hold good among the corresponding 
elements of F^, 

In order to apply this method it is necessary to know relations 
which are left in^^J’ariant by the circular transformations. The most 
elementary of these are given in the last section, but perhaps the 
most important property of an inversion for this purpose is that of 
isogonality, or ‘‘ preservation of angles.” 

Definition. If (Tf and are two circles having a point Q in com- 
mon, and and are the tangents to Cf and respectively at Q, 
the measure (according to § 72) of the ordered line pair is 
called the angular measure of the ordered pair of circles at or 
simply the angle between the two circles at Q. If is any circle, 
a line meeting it in a point Q, and m^ the tangent to at 
the measure of the ordered line pair is called the angle between 
and and the measure of mpn^ is called the angle between Cl 
and m^. The measure of a line pair mpti^ is called the angle^ between 
and 

Th^oeem 13. An angle a between two circles or a circle and cl 
line or between two lines is changed into tt — ^ by an invasion or 

* In accsorclance with commion u^ige, we are here using the tem smgjLe ” te 
denote a number, in spite of the fact that we use if in § 28 to denote a geum^arijcai 
figure. 
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an orthogonal Urn 7\tlietio/h a/id is left unaltered hg ang direct 
nrcular tmmformaiion. 

Proof, Tlie statement with regard to direct circular transforma- 
tions is an obvious cons6i|ueiice of the one with regard to inversions 
and orthogonal line reflections. What we have to prove is, therefore, 

the following: 

Let n be an inversion or an orthogonal line reflection, and let 
and lie two lines meeting in a point P such that II {P) =(> is an 
ordinary point. If is carried by H into a line, let this line be denoted 
hj mg; and if (together with L) is carried to a circle Lf, let denote 
the tangent to C’l at Q; likewise, if is carried by II into a line, let 
this line be denoted by mg and if (tc^ether with h) is carried to a 
circle let denote the tangent to at Q, The tw^o ordered pairs 
of lines 44 are symmetric. 

In case II is an orthogonal line reflection, m^=Il (4) and ^2=11 (4), 
and the proposition is a direct consequence of the definition of the 
term symmetric ” (§ 57). Suppose, then, that II is an inversion hav- 
ing a point 0 as center. 

One of the lines 4 , say 
4 , can be transformed into 
itself if and only if 4 is on 0. 

By hypothesis hence 

if n (Zj) = Zj, the line 4 goes 
into the set of points dif- 
ferent from 0 on a circle 
through O and Q. Then 
is the tangent to (7| at Q. 

Any line through 0 which 
meets Z^ in an ordinary 
point X meets in the 
point which corresponds to 
X under the inversion. Hence the line through 0 and tangent 
to cannot meet Z^ in an ordinary point, and is therefore parallel to Z^. 
Hence the line pair Z^Z^ is congruent to the pair The line is 
the tangent to at Q. Since is carried to Z^m^ by the orthogonal 
line reflection whose axis is the perpendicular bisector of OQ, the pair 
4^2 symmetric with Hence is symmetric with 
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If neither of the lines is transformed into itself, neither passes 

through O. Let I denote the line OP, Then by the last paragraph 

is symmetric with and with bn^. But by Theorem 13, Chap. I¥, 

the symmetry which carries ll^ to must be identical with that 

which carries to Hence is symmetrio with 

As an exercise in generalization by inversion let ns prove the following : 

Theokem 14. If three circles Cf, C|, C| meet in a point O in such a way that 

each pair of them makes an angle and also meet hy pairs in three other points 

o 

Pf Q, Rt the circle (or line) through P, Q and R makes with each of the other 
circles an angle ^ - 

Proof The pair of circles which meet at 0 obviously make the angle — at 

each of the points P, Q, R. An inversion n with respect to a circle having O 
as center must therefore change them into the sides of an equilateral triangle. 

The circle circumscribing this triangle makes the angle — with each of the 

3 

sides. But since this circle is the transform of the circle PQR by 11, the 
conclusion of the theorem follows. 

As a second application of the theory of inversion, in combination with 
projective methods, we may consider the theorem of Feuerbach on the nine 
point circle (cf. Ex. 2, § 78). 

Theorem 15. The nine-point circle of a triangle touches the four inscribed circles. 
Proof. Let the given triangle be ARC, and let the mid-points of the pairs 
BC, CAy AB be C^ respectively. The nine-point circle is the circle 

containing Rj, C^. 



Let Kf and be the two inscribed circles whose centers are on one of tha 
bisectors of 4 CAR. In case Kf and touch the line RC at the same point, 
‘ids is the mid-point A^ of the pair RC, the triangle ARC is isosceles, and ilie 
cine-point circle obviously touches Kf and at A^. In every other casethtere 
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is one line, I, besides AB, BC, CA, which touches both K'l and A'|. Let A'B'C' 

he the points in which i meets the sides BC\ CA, AB respeetiveiy. Then .4^4', 
CCA are the pairs of oppjsite vertices of a complete quadrilateral circuia- 
scribing lK>th and Kr* and the diagonal triangle of this quadrilateral is a 
»lf-{>olar triangle both for Kf and A^| (| 44, \oI. I). Since the side -4-4 of 
this triangle is the line of centers of Af and KS, the other two sides, MB' and 
CC% are parallel to each other and pjerpendicular to -4-4'. Let their points of 
intersection with -4-4' be and respectively. These two points are con- 
jugate with respect to both circles, and hence must be the limiting points of 
the i^neil of circles containing Af and A|. The radical axis of the pencil of 
circles is the |«ri>endicular bisector of the pair B^Cq, and hence (§ 40) passes 
through the mid-points of ail the pairs BC, BT', BC% B'C, B^C^. In partic- 
ular the radical axis of Kf and A"! passes through -4j^, the mid-point of BC- 
Hence there is a circle with as center and passing through and 

Let r be the inversion with respect to Since this circle passes through 

and it is orthogonal both to Kf and A^ (Theorem 34, § 71), and hence 
r transforms each of these circles into itself. We shall now prove that T 
taransforms / into the nine-point circle. 

Let be the point in which A^Bj^ meets L Since -4^^^ is parallel to A B^ 
it is not parallel to I, and hence is an ordinary point. Since A^B^ contains 
the mid-point -4^ of the pair CB and is parallel to BC% it contains the mid- 
point Cq of the pair CC'. The involution which T effects on the line A^Bj^ 
must have as one of its double points and-4j as its center,- hence the other 
double point must be the point B^ in which A^^B^ meets BB', because .4 3 , is the 
mid-point of the pair C^B^- Thus G^ passes through B^ as well as through Cq. 
But since ^ 

B,A'C,A = B,B,C,B,, 

and are harmonically conjugate with respect to and Hence T 
transforms to 

In like manner it can be shown that if is the point in which A^C^^ meets 
/, r transforms Cg to Since any line whatever is transformed by F to a 
circle through -i,, it follows that i is transformed to the circle through Aj, Bj, 
and Cj, i.e. to the nine-point circle. By Theorem 11, Cor. 4, since I is tangent 
to Kf and A'|, the nine-point circle tonches Kf and A|. Since it has not been 
specified which of the bisectors of 4 CAB contains the centers of Aj and A|, 
this argument shows that the nine-point circle touches all four inscribed circles. 

EXEHCISES 

1. Any three points can be carried by an inversion into three collinear 
points. 

2. Two nonintersecting circles can be carried by an inversion into 
concentric circles. 

3. Any direct circular transformation is a product of an inversion and 
an orthogonal line reflection. 
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4. A product of two inversions is an involution if and only if the circles 
are orthogonal. 

5. Of four circles mutually perpendicular by pairs, three can be real. 

6. The nine-p3int circle meets the circle through C\ having as center 
in points of the line 

7. The nine-point circle of a triangle touches the shsteen circles inscribed 
to the triangle or to any of the triangles formed by pairs of its vertices with the 
orthocenter. 

8. Let three circles Cf, C|, C| meet in a point 0, and let P^, Pg be the 
other points of intersection of the pairs C’iCf, CfCf respectively. If 
be any point of Of, the point of C| collinear with and distinct from and 

and the point of C§ collinear with and distinct from and P^, then Qg, 
Pg, and are coliinear. 

9. The problem of Apollonius, Construct the circles touching three given 
circles. Cf. Pascal, Repertorium der Hoheren Mathematik, II 1, Chap. II, on 
this and the following exercise. 

10. The problem of Malfaiti. Given a triangle, determine three circles each 
of which is tangent to the other two and also to two sides of the triangle. 

94. Inversions in the complex Euclidean plane. Thus far we have 
dealt only with a real Euclidean plane. The definition of an inver- 
sion given in § 71, however, applies without change in the complex 
Euclidean plane; ie. two points A^, are inverse with respect 
to a circle provided they are conjugate with respect to and 
collinear with its center. The transformation thus defined is obviously 
one to one and reciprocal for all points of the complex projective 
plane except those on the sides of the triangle where 0 is the 
center of (7^, and and are the circular points at infinity. Any 
point of L is carried to 0 by the inversion, and 0 is carried to every 
point of L. The circular point is transformed to every point of the 
line OJj, and every point of the line 01^ is transformed to J^. In like 
manner is transformed to every point of the line OJ^, and every 
point of this line is carried to 

Definition. The sides of the triangle OI^I^ are called the singular 
lines of the inversion with respect to (7^, and the points on these lines 
are called its singular ^points. 

The principal properties of an inversion may he inferred from 
the following construction : If is any point not on a side of the 
triangle let and be the points distinct from and 

(fig. 73) in which the lines AJ[^ and AJ^ respectively meet C\ Let 
A^ be the point of intersection of and The poiuts A^ and 
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are mutiially inverse because, by familiar theorems on conics, they 
are conjugate with regard to and collinear with 0. 

From this construction it is evident in the first place that all 
points, except of the line are transformed into points of the 
line J I , and vic^ veim Hence an inversion transforms the minimal 
lines through into the - b , 

minimal lines through 
and vice versa. More- 
over, the correspondence 
betwwn the two pneils 
of minimal lines is such 
that if ^ is a variable 
point of the line 
always corresponds to | 

IJB, In other words, the 
correspondence effected ^ 
by an inversion between 
the two pencils of mini- 

T pal lines is a projectivity generating the invariant circle C^. 

The definitions of circular and of direct circular transformations, 
given in § 92, apply without change in the complex Euclidean plane. 
The result just obtained therefore implies that any direct circular 
transformation transforms each ^pencil of minimal lines projectively 
into itself, and any nondireot circular transformation transforms 
ea>di pencil of minimal lines projectively into the other. 

Now suppose that A^ is a variable point on any line I not contain- 
ing or 

(4) 

Since and are always on the conic (7*, 

( 5 ) 



(5) 

and 

( 6 ) 
Hence 

(7) 




But corresponding lines of these two pencils intersect in the vari- 
able point A^, which is therefore always on a conic through and 
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or on a line. In the projectivity (5) the line 1^0 corresponds to L ; 
in (4) L corresponds to itself; and in (6) L corr^ponds to 
Hence in (7) the line 1^0 corresponds to 1^0, and so the circle or Ihie 
genemted by (7) passes through 0. 

This result may be stated in a form which account of the 
singular elements, as follows : Any degenerate conic coneisUng of 
and a nonminimal line is carried hy an invasion with resjoect to (f 
into a conic {degmwrate m not) which parses throvfh and 0. 

Next suppose to be a variable point on any nond^n^te conic 
through and In this case 

( 8 ) 

and hence by the projectivities (5) and (6) we have 

( 9 ) 

Hence is again on a conic through and J^, which can d^enerate 
only if 4 corresponds to itself under (9). The latter case implies, by 
(5) and (6), that If) and If) correspond under (8) or, in other words, 
that the locus of passes through 0. Hence any nondegenerate conic 
through f and corresponds hy the inversion with respect to (f 
to a conic through f and which degerierates into a pair of lines, 
ons of which is L, only in case passes through 0. 

This result, together with the other statement italicked above, 
amount to an extension of Cors. 1 and 3 of Theorem 11 to the com- 
plex Euclidean plana From our present point of view we can also 
establish the following theorem, which did not come out of the 
reasoning in § 92. 

Theoeem 16. The correspondence between two circles which are 
homologous under an inversion is projective. 

Proof If is a variable point of one circle and A^ of the other, 
then, in the notation above, = I^A^, and hence by (5) 

-^xEAIa-^sE^J. 

which is a nec^sary and sufficient condition that the correspondence 
between the two circles be projective (cf, the corollaiy and definitions 
foEowmg Theorem 10, (liap. 
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The same reasoning also applies in case one or both of the conics 
which are the loci of and degenerate. We thus have 

CoROLLAKY. A pwjecUve correspondence is estaUkhed hy an iiir 
version hetweem any iito homologous lines or hetween a line and 
Us hoMoiogous set of points on a circle. 

The proof of Theorem 13 on the preservation of angles under a cir- 
cular transformation applies without change in the complex Euclidean 
plane. This theorem can also be proved by the use of considerations 
with regard to the circular points. We shall give the argument for 
the case of orthogonal circles, lea\ing it as an exercise for the reader 
to derive the proof along these lines for the general case. 

It has been proved in § 71 that the circles through two points 

are orthogonal to the circles through two points ^ ^^7 

if the pairs J^A^, and are pairs of opposite vertices of a 

complete quadrilateral (cf. fig. 73). The sides I^A,^, I^A^ of 
such a quadrilateral are transformed by an inversion relative to any 
circle into four lines through f and 7^. Hence the points A^, A^, B^, 
Bq are transformed into four points A.^, B[, B.^ such that 
A^Ay, and BlB,j are pairs of opposite vertices of a complete quadri- 
lateral Hence the pencils of circles through A^, A^ and B^, B^ 
respectively are transformed into two pencils such that the circles 
of one pencil are orthogonal to those of the other. 

With this result it is easy to prove that Theorems 8—11, 13, and 
their corollaries hold in the complex Euclidean plane, proper excep- 
tions being made so as to exclude minimal lioes and pairs of points 
on minimal lines. This is left as an exercise. 

95. Correspondence between the real Euclidean plane and a complex 
paidl of lines. The correspondence between a complex one-dimen- 
sional form and the points of a real Euclidean plane, together with 
L, can be established in a particularly interesting way if the one- 
dimensional form be taken as the pencil of lines on one of the circular 
points of the line at infinity of the Euclidean plane. 

Let L be the line at infinity, and 7^ he one of the circular points. 
By Theorem 15, Chap. V, each line through 7^ contains at least one 
real point. Ho line through 7^, except Z*, can contain more than one 
real point ; for otherwise it would be a real line, and hence would meet 
L in a real point contrary to the fact that 7^ is imaginary. Then each 
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line tlirougli except /*, contains one and only one real point of the 
Euclidean plane. Let ns denote hy F' the correspondence by which 
L corresponds to itself and the other lines through correspond each 
to the real point which it contains. 

By § 94 a direct circular transformation transforms the pencil of 
lines on projectively into itself. Hence every direct circular trans- 
formation corresponds under F' to a projectivity of the lines on 

By Theorem 9 there is one and only one direct circular trans- 
formation carr}ing an ordered triad of distinct points to an ordered 
triad of distinct points ; and by Assumption P there is one and only 
one projectivity carrying an ordered triad of lines of a pencil to any 
ordered triad of the pencil Hence a given projectivity of the pencil 
of lines on can correspond under F^ to only one direct circular trans- 
formation. In other words, F^ sets up a simple isomorphism between 
the projective group of a complex one-dimensional form and the 
group of direct circular transformations. 

The correspondence between the points of a real line and the lines 
joining them to is evidently projective. Since the cross ratio of 
four points of a real line is real, so is the cross ratio of the lines join- 
ing them to Jj. Hence any real line together with /«, corresponds 
under F^ to a chain. Since any two chains of a one-dimensional form 
are projectively equivalent, and any circle of the Euclidean plane is 
equivalent under the inversion group to an ordinary line and L, it 
follows that under F^ any chain corresponds to a circle and any circle 
to a chain. 

The correspondence F^ may be used to transfer the theory of invo- 
lution from the complex pencil of lines to the Euclidean plane. Let 
BB\ (7(7' be pairs of opposite vertices of a complete quadrilateral 
of the Euclidean plane. The pairs of lines joining these point pairs 
to are pairs of an involution. Hence 

Theokem 17. The pairs of opposite vertices of a complete quadri- 
lateral are pairs of an involution^ Le, they are pairs of Twmologous 
points in a direct circular traTisformation of period two. 

In other words, the pairs of opposite vertices of a complete quad- 
rilateral constitute the ima^e under F' (and hence under F) of a 
quadrangular set. While the converse of this prciposition is nCt 
true, the proposition can be generalized by inversion so as to give 
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a coast ruction for the most general quadrangular set in which no 
four of the six points are on the same circle or line (cl Ex 1, below). 
We shaE state the construction in terms of chains.* 

Theoeem 18. Given two pairs of points A A' and BB^ and a pmnt 
€ such that no four of the five points are on the same chain. The 
chains C (AB^C) and C (A'BC) either meet in a point D other than C 
07 touch each other at C, In the latter case let D demote C, The chains 
C{DAB) and C{DA^B^) meet in a point such that AA\ BB\ CO^ 
are pairs of an involution. 

Proof, Consider the figure in the Euclidean plane (together with L) 
cofTesponding under to the figure described in the theorem. If 

^2)) = 5 fc (D) can be transformed to /« hy an inversion I. 

Under the four chains C {AB^O), C (A^BC), C {BAB% and C (BA^B^) 
correspond to Euclidean lines (with lai), and hence AA', BB\ CC^ corre- 
spond to the vertices of a complete quadrilateral; so that the theorem 
reduces to Theorem 17. If (D) = the theorem reduces directly 
to Theorem 17. 

COEOLLAEY. Three pairs of points on a complex line AA\ BB ^ , 
CO^, such that the chains C {^B^G% C {AlBC), C {AB^G), C (ABC^) 
are distinct, are pairs of an involution if and only if the four 
chains have a point in corriTnon. 

EXERCISES 

1. Three pairs of points of the same chain AA', BB', CC' are in involntioii 
if for any point D not in the chain the chains C (JDAA'y, C (DRR'), C (DGC''y 
are in the same pencil. 

2. Derive Ex. 15, § 81, from the theory of involutions in a plane. 

3. If A A', BB% CC' are pairs of opposite vertices of a complete quadri- 
lateral, the three circles having A A', BB', GO' respectively as ends of their 
diameters belong to the same pencil, and the radical axis of this pencil passes 
through the center of the circle circumscribing the diagonal triangle of the 
quadrilateral. 

4. Construct the double points of an involution in a Euclidean plane with 
ruler and compass. 

* This puts in evidence the fact that while the geometry of real one-dimensional 
forms depends essentially on constructions implying the existence of two-dimen- 
sional forms, the geometry of the complex projective line could he developed 
without supposing the existence of points outside the line. 
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96. The real inversion plane. In a real Euclidean plane an inver- 
sion has been seen to be a one-to-one and reciprocal transformation 
except in that it transforms h to the center of inversion, and the center 
to /*. An inversion, therefore, is strictly one to one if we regard it as 
a transformation of the set of objects composed of the points of the 
real Euclidean plane together with L regarded as a single object. 

Defixitiox. The set of points in a real Euclidean plane, together 
with the line at infinity regarded as a single object, is called a real 
intersian plane; L is called the point at infinity of the inversion 
plana The set of pouits on a real circle, or on a real line I together 
with is called a circle of the inversion plane. An inversion is either 
an inversion in the sense of § 71 with respect to a real or imaginary 
circle or an orthogonal line reflection. Circular transformations, etc. 
are defined as in § 92. The set of theorems about the inversion plane, 
which remain vahd when the figures to which they refer are sub- 
jected to every transformation of the inversion group, is called the 
real inversion geometry. 

Although the point at infinity receives special mention in this 
definition, from the point of view of the inversion geometry it is not 
to be distinguished from any other point of the inversion plane. For 
any point of the inversion plane can be carried to any other point of 
it by an inversion. In a set of assumptions for the inversion geometry 
as a separate science, there would be no mention of a point at infinity; 
just as there is no mention of a line or a plane at infinity in our 
assumptions for projective geometry. 

The inversion geometry has a relation to the Euclidean geometry 
w^hich is entirely analogous to the relation of the projective geometry 
to the Euclidean; namely, the set of transformations of the inversion 
group which leaves one point of the inversion plane invariant is a 
parabolic metric group in the Euclidean plane obtained by omitting 
this point from the inversion plane. 

A large class of theorems about circles can be stated with the 
utmost simplicity in terms of the geometry of inversion. For exam- 
ple, the propositions that three noncoUinear ordinary points detennine 
a circle and that two ordinary points determ i ne a line combine into 
the single proposition : 

Theoeem 19. In the inversion plane any three distinct points are 
on one and hut one circle. 
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The theorem that there is one and only one circle touching a given 
circle ( at a given point J, and passing through a given point J9 not 
on may be put in the foUowmg form, which also includes the 
proposition that through a given point not on a given line I there is 
one and but one Hue parallel to I 

Theorem 20. T/are is one and hut one circle ihrotigh a point A on 
a circle and a point B not on C\ and having no point except A in 

mmimii with Ci 

The theory of pencils of circle makes no special mention of 
the radical axis (§71), for the radical axis (with L) is m^ely one 
circle of the j^ncil and is indistinguishable from the other drd^ 
In like manner the center of a circle is not to be distinguish^ 
from any other point; for the center is merely the inverse of L, 
with respect to the circle, and the inversion group does not leave 

invariant 

Thus the theory of pencils of circles in the inversion geometry 
involves no reference to the radical axis or to the line of centers. 
A pencil of circles may be defined as follows ; 

Definition. A pencil of circles is either (a) the set of all circle 
through two distinct points, or (b) the set of all circles orthogonal 
to the circles of a pencil of T^pe (a), or (c) the set of all circles 
through a point of a given circle and meeting in no other point. 
A pencil of circles is said to be Jiyperholic, elliptic, or paraholie, 
according as it is of Types (a), (b), or (c). Any point common to all 
circles of a pencil is called a hose point of the penciL 

By comparison with the theorems in the preceding sections it is 
evident that the pencils of circles of these three types include all the 
pencils referred to in § 71 and also certain pencils of circles which 
are r^arded as d^enerate, from the Euclidean point of view. Thi^a, 
consider a pencil of lines through an ordinary point of a Euclidean 
plane. Each of these lines, with L, constitutes a degenerate circle, and 
the set of degenerate circles is a pencil according to the definition 
above. Again, a pencil of parallel lines in the Euclidean plane deter- 
mines a set of circles [A^] in the inversion plane which have in 
common only the one point L. By Theorem 11, Cor. 3, any inver- 
sion r with a center O transforms into a set of circles \E^1 
through O which have in common no other real points than O. 
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Since tBere is one and only one circle of the set [JS^] through 
e¥eiy point of the Euclidean plane, [JT®] must be a pencil of 
circles of Type (c). 

The fundamental theorems about circular transformations may be 
stated as follows : 

Theorem 21. A circular tramformatum u a mic-tcHme tramfor- 
matwn of the inversion ^lane which carries circles into czrcles. There 
is a unique direct circular transformation carrying three distinct 
points A, By C to three distinct points A\ respectively, A circular 
transformation leaving three points invariant is either an inversion 
relative to the circle through these three points or the identity. 

The theorems on orthogonal circles in § 71, t(^ether with the 
corresponding propositions on circles, lines, and orthogonal line 
reflections, become: 

Theorem 22. Two circles are orthogonal if and only if one of them 
passes through two points which are inverse unth respect to the other. 

Corollary 1. Two circles are orthogonal if and only if they belong 
respectively to two pemUs of circles such that the limiting points of 
one penad are the common points of the circles of the other pencil. 

Corollary 2. If and are inverse with respect to a circle 
all circles through A^ and orthogonal to pass through A^, 

The correspondence F, which was established in §§ 90, 91, between 
the Euclidean plane and the complex projective line, is one to one 
and reciprocal between the inversion plane and the complex line. 
Since circles and chaius correspond under F, the inversion geometry 
is identical with the geometry of chains on a complex line. The direct 
circular transformations of the inversion plane correspond to the 
!projectivities of the complex line. 

It follows from § 90 that the inversion with respect to the chain 
C transforms every point z^x-\-iy into the conjugate imagi- 

nary point z—x — iy. Hence an inversion with regard to any chain 
m a transformation projectively equivalent to that by which each 
point goes to its conjugate imaginary point (c£ § 78). For this reason 
we make the definition : 

Defutition, Two points are said to be conjugate with respect to 
a chain if they are inverse with respect to it 
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It is easily seen that any iiondirect circular transformatioii is a 
product of a |«irticiilar inversion and a direct circular transforiuatioE 

Hence any nondirect transformation may be written in the form 

, az-\-h 

z = • 

cz-^-d 

We shall return to this subject in § 99. 

EXERCISES 

1. Construct a set of assumptions for the inversion geometry as a separate 

msience.^ 

2. Work out the theorems analogous to those of §§ 71, 90“-96 for the 
^rabolic metric group in a modular space. Thus obtain a modular inversion 
geometry. The number of i^oints in a finite inversion plane is p- -f 1 if the 
number of points on a circle is 4- 1- 

3. The double points of an involution leaving a chain invariant are inverse 
with respect to the chain. 

97. Order relations in the real inversion plane. The more elemen- 
tary theorems on order relations in the inversion plane follow readily 
from the corresponding theorems for the Euclidean and projective 
planes. Suppose we start with a projective plane tt'. By leaving out 
a line Z*, of a Euclidean plane tt is determined; and by regarding 
Z« as a point, an inversion plane ? is determined. Any line Z of tt^ 
which is distinct from Z« determines a circle of the inversion plane w; 
and we now define the order relations on this circle as identical with 
the projective order relations of Z, the point Z» taking the place of the 
point in which I meets Z*. The order relations on any circle ivhich 
does not contain h are determined by § 20. 

Since the correspondence effected between any two circles by an 
inversion is projective (Theorem 16), it follows that the order relations 
among the points on any circle are unaltered by inversion. Hence 
orde^ relations on circles are unaltered by circular transformations. 

On a complex line the order relations in a chain are identical with 
the order relations on a real line as developed in §§18, 19, 21—24. 
The correspondence F (§§ 90, 91) is such that the order relations of 
corresponding sets of points on a chain 0 {Q^Q^Q^) and the circle 
^j^Z« are identical. Since order relations on circles are unaltered by 

♦ TMs question has been treated for the three-dimensional case by M. Pieri| 
Giomale di Matematiche, Vol. XLIX (1911), p. 49, and Vol L, p. 106. 
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circular transformations, and order relations on chains are unaltered 
by projectivities, it follows that F is such that the order relations 
of corresponding i»ts of points on any chain and the corresponding 
circle are identical. Therefore the theory of order in the inversion 
plane applies also to the complex line. 

Eeturning to the Enclid^n plane we know by § 28 that the 
points not on an ordinary line I fall into two classes such that any 
two points of the same class are join^ by a segment not meeting I, 
whereas a line joining two points of different classes always meets Z. 
By § 64 any circle containing two points of different classy meets 
I in two pointe. We thus have 

Theorem 23. Defixitiox. The points of an inversion plane not 
on a circle fall into two classes, called the two sides of such 
that two points on the same side of are joined hy a segment of a 
circle which does not contain any point of and such that any circle 
containing two points on different sides of contains two points of 0*. 

Since order relations on circles are not altered by inversion, there 
follows : 

Corollary 1. If two points are on opposite sides of a circle 
the points to which they are transformed hy an inversion II are on 
opposite sides of 

On a complex line the points on one side of the chain C {Q^Q^QJ) 
are evidently those whose coordinates relative to the scale 
are x + where x is real and y real and positive, and those on the 
other side are those whose coordinates are x — iy. Hence, in general. 

Corollary 2. The points D and D' are on opposite sides of a circle 
through A, B,C if and only if y and ff are of opposite sign in the 
following two equations : 

E {AB, CD) X A- iy, E idB, GDI) = a/ + iff, 
where x, y, d, ff are all reaL 

Defixitiox- a throw T {AB, CD) is said to be neutral if E {AB, CD) 
is real. Two throws T {AB, CD) and T {A^B\ C^ll) are similarly or 
oppositely sensed according as y and ff are of the same or of opposite 
signs in the equations 

B^{AB,CD)=^x^iy and iff, 

X, y, d, ff being real 
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From this definitioa it is obvious that a direct circular transforma- 
tion transforms any non-neutral throw into a similarly sensed throw. 
It is also obvious that an inversion which reduces in the Euclidean 
plane -r to an orthc^onal line reflection changes non-nentral throws 
into oppositely ^nsed throws. Hence we have 

Theoeim 24. A direct circular transformation carries nonrmeutral 
throws into simUarly sensed throws^ and a nondirect circular trans-^ 
formation carrim them into opposUdy sensed throws. 

EXERCISES 

1. Two circles intersecting in two distinct points separate the inver- 

sion plane into four classes of points such that two points of the same class are 
joined by a segment of a circle containing no points of and K% whereas 
anj circle containing points of different classes contains points of and K^. 

2. Two points which are inverse with respect to a circle are on opposite 
sides of it. 

3. What is the relation between the sense of throws as defined above and 
the sense of noncollinear point triads in a Euclidean plane as defined in § 30? 

4. In a Enclidean plane if a triangle ABC is carried to a triangle A'B'(7 
by an inversion, the sense »S (iljBC) is the same as or different from S (A'B' C'') 
according as the center of the inversion is or is not interior to the circle ABC. 

5. In the notation of Ex. 7, § 92, if O is interior to a circle C*, then O' 
is interior to II (C®), and every point interior to C® is transformed by II to 
a point exterior to O'. 

98. Types of circular transformations. By § 5 every projectivity 
on a complex line has one or two double points. On account of 
the correspondence T the same result holds for the direct circular 
transformations of the real inversion plane. 

Let us consider first a transformation U having but one double 
point. In the theory of projectivities such a transformation has been 
called parabolic; and it has been proved that there is one and hut 
one parabolic projectivity leaving a point M invariant and carrying 
a point to a point A^. We have also seen that if A^^^ is the point 
which goes to A^, E (MA^, A^A^^) = — 1. Hence A_j^, A^, Aj are on the 
same chain throt^h M Since Aq, M are transformed into ALq, A^, 
M respectively, this chain is left invariant by II. 

In like manner any other point not on the chain C (A^A^M) 
determines a chain which is left invariant by EE. These two chains 
cannot have another point than Jf in common, because this point 
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would bave to be left invariant by 11. Thus II leaves invariant a 
set of chains through Jf no two of which have a point in common, 
and such that there is one and only one chain of the set through 
any point except M 

If n be regarded as a transformation of the inversion plane, this 
means that II leaves invariant each circle of a pencil of circles of 
the parabolic type. In tbe Euclidean plane €, obtained by leaving M 
out of the invemion plane, this pencil of circles is a system of parallel 
lines and II is a direct similarit}" transformation. Ifow let us regard 
€ from the projective point of view. The transformation 11 leaves all 
points of the line at infinity of e invariant, because it leaves each of 
the circular points invariant as well as the point at infinity of the 
system of parallel lines. Hence II is a translation in the Euclidean 
plane e. 

This result may be expressed in terms of the inversion plane as 
follows : 

Theorem 25. ^ny direct circular transformation with only om 
invariant point transforms into itself every pencil of circles of the 
parabolic type having this point as base point One and only one of 
these pencils is such that each circle of the pencil is invariant 

Eeturning to the Euclidean plane we have 

Theorem 26. Any direct similarity transformation which is not 
a translation or the identity leaves invariant one and only om 
ordinary point 

Proof Eegard the Euclidean plane as obtained by omitting one 
point from an inversion plane. A direct similarity transformation 
effects a transformation of the direct inversion group and leaves this 
point invariant. In case it leaves only this point invariant, it has 
just been seen to be a translation in the Euclidean plane. If not, by 
the firat paragraph of this section it has one and only one other 
invariant point unless it reduces to the identity. 

A similarity transformation leaving an ordinary point 0 invariant 
must transform into itself the pencil of lines through this point and 
the pencil of circles having this point as center. 

Two important special cases arise, namely, a rotation about O and 
a dilation with 0 as center. Moreover, since there is one and only 
one direct similarity transformation leaving 0 invariant and caxryip^ 
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a piiiat Fy distinct from 0, to a point F\ distinct from 0, any non- 
paratiolie direct similarity transformation is expressible as a product 
of a rotation and a dilation. 

A rotation wliicti is not a point reflection leaves all circles with O 
as center invariant, and changes every line through 0 into another 
lin e through 0. A dilation which is not a point reflection leaves 
every line through 0 invariant, and changes every circle with 0 as 
center into another such circle. Hence a product of a dilation and a 
rotation, neither of which is of period two, leaves invariant no line 
through 0 and no circle with 0 as center. Since either a rotation 
or a dilation of period two is a point reflection, any direct circular 
transformation falls under one of the three cases just mentioned or 
else is a point reflection. Stated in terms of the inversion plane these 
results b^ome (ef. fig. 56, p. 158): 

Theoeem 27. A direct circular trayisformation having two fixed 
pomis transfonns into itself the pencil of circles through the fixed 
points and also the pencils of circles about these points. The trans- 
formatioyi either leaves invariant every circle of one pencil and no 
circle of the other pencil, or it leaves invariant no circle of either 
pencil, or it leaves invariant every circle of both pencils and is of 
period t wo. 

Definition. A direct circular transformation is said to be parabolic 
if it leaves invariant only one point ; to be hyperbolic if it leaves in- 
variant two points and all circles through these points ; to he dliptic 
if it leaves invariant two points and all circles about these points ; 
to be loxodromie if it leaves invariant two points and no circle through 
the invariant points or about them. 

The theorems above are all valid for the complex line if circles 
be replaced by chains and direct chcular transformations by projec- 
tivitiea The definition is to be imderstood to apply in the same 
fashion. Since every nonidentical projectivity on the complex line 
has one or two double points, the discussion above gives the theorem : 

Theorem 28. A direct circular transformation {or a projectivity on 
a complex line) is either parabolic, hyperbolic, dliptic, or loxodromie. 

Corollary. An involution on a complex line is both hyperbolic and 
elliptic ; and any projectivity which is both hyperbolic and elliptic is 
an involution. 
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1. A projectiTity whose double points and are distinct from each 
other and from the fCfint Pm of a scale P^, P^, P«, and whose characteristic 
cross ratio (§ 73, YoL 1) is h, may be written 

( 10 ) 

X — X^ X — X^ 


If one of the double points is P« and the other is the projectivily may 
be written 


( 11 ) 


z'-zi = i(x-xi). 


The projectivitj is hyperbolic if k is real, elliptic if k = e^, where B is real, and 
losodromic if neither of these conditions is satisfied. 

2. The parabolic projectivities with rj as double point may be written 
in the form 


( 12 ) 


1 

af' — a:j_ 


1 


X 


+ 


at, 


or, in case the double point is Pm, in the form 


of X -k at. 


In either case a subgroup is obtained by requiring t to be real. The locus of 
the points to which an arbitrary point is transformed by the transformation 
of this subgroup is a chain, and the set of such chains constitutes a parabolic 
pencil of chains. 

3- The projectiviiies (10) and (11) for which 

X:= a*, 

where a is constant and t a real variable, form a group (a continuous group of 
one real parameter, in fact). The locus of the points to which a given point 
is carried by the transformations of this group or the group considered in 
Ex- 2 is called a path curve. In the nonparabolic cases, if a is real the path 
corves are chains through the double points. If a is complex and | a | = 1, 
they are chains about the double points- If a satisfies neither of these con- 
ditions, and the double points are P^^ and Pm, the path curves are the loci of 
X = satisfying the condition 

(13) r = ae^, 

where a and are real constants ; if the double points are not specialized, the 
path curves are projectively equivalent to the system (13)* Diagrams illus- 
trating the three types of path curves will be found in Klein and Fricke's 
EUiptische Modulfunktionen, VoL I, Abschnitt II. 

4. From the Euclidean point of view the r and B in Ex. 3 are polar coordi- 
nates, and the loci (13) are logarithmic spirals meeting the lines through the 
origin at the angle tan^i (I/^)- (A generalization of the notion of angle 
analogous to that in § 93 is here taken lor granted.) The path curves of a 
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one-parameter group of Euclidean transformations may be a pencil of par- 
allel lines or a pencil of concentric circles or a set of logarithmic spirals 
congruent to (13)- 

5. A project! vity having a finite period must be elliptic. A direct similarity 
transformation having a finite period must be a rotation. 

6. A loxodromic projectivity is a product of an elliptic and a hyperbolic 
projectivity. 

7. A projectivity leaving a chain invariant is either hyperbolic or elliptic. 

W. Clmiiis and aatiprojectivities. The theory of chains on a com- 
plex line has been developed in the sections above by combining the 
general theory of one-dimensional projectivities with the Eudidean 
theory of circles. It is of course possible, and from some points of 
view desirable, to develop the theory of chains entirely independently 
of the Euclidean geometry. The reader is referred for the outlines of 
such a theory to an article by J. W. Young in the Annals of Mathe- 
matics, 2d Series, VoL XI (1909), p. 33. Many of the properties of 
chains may be generalized to n dimensions, an Tirdimensional chain 
or an n-chain being defined as a real ?i-dimensional space contained 
in an ^wiimensional complex space in such a way that any three 
points on a line of the real space are on a line of the complex space. 
(This is the relation between S and S' in §§ 6 and 70.) A discussion 
of the theory of these generalized chains will be found in the articles 
by 0. Segre and C. Juel referred to below, and also in those by 
J. W. Young, Transactions of the American Mathematical Society, 
VoL XI (1910), p. 280, and H. BL MacGregor, Annals of M^ematics, 
2d Series, Vol. XIV (1912), p. 1. 

The transformations, 


(14) 


az + h 
cz + d 


a b 
c d 


= 0 , 


of the complex line which were mentioned ai the end of § 96 are 
analogous to the following class of transformations of the complex 
projective plane : 


— ^00^0 “h ^01^1 + 
(15) x[ = 

x' = + a^Xj^ + 


a 



00 

01 

02 


a,^ 


10 

11 

12 

a 



20 

n 

22 


where x^ denotes the complex number conjugate to These trans- 
formations are coUineations. because they transform coUinear points 
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to colliaear points,* but they are not projective collineations. If 
x.j be replaced by ul, (15) gives the equation of a non- 

projective correlation. The analogous formulas in four homogeneous 
variables will define nonp^ojective collineations and correlations in 
sf^ca 

Defikitiojc. a nonprojeetive coUineation or correlation or a 
one-dimensional transformation of the type (14) is call^ an anti- 
projmtiinty. 

The theory of antiprojectivities has been studied by C. Juel, Acta 
Mathematica, VoL XIV (1890), p. 1, and more fully hy C. Segre, 
Torino Atti, VoL XXV (1890), pp. 276, 430 and VoL XXVI, pp. 36, 
592. Their rSle in projective geometry may be regarded as defined 
by the following theorem due to G. Darboux, Mathematische Annalen, 
VoL XVII (1880), p. 55. In this paper Darboux also points out the 
connection of the geometrical result with the functional equation, 

f{x + y)=f{x)-\-f{y). 

Theoeem 29. Any one-tchone reciprocal .transformation of a real 
jprojective line which carries harmonic sets into harmonic sets is 
projective,^ 

jProof Let 11 be any transformation satisfying the hypotheses of the 
theorem. A, B, C any three points of the line, II {ABG)^A!J^(f, and 
n' the projectivity such that ARC. Then Il'n {ABC) = 

ABC, If we can prove that n'll is the identity, it will follow that 
n = n'“^, and hence that 11 is a projectivity. 

If n'n were not the identity, it would transform a point P to a 
point Q di^inct from P, while it left invariant all points of the net of 
rationality R (ABC), Let Z^, Z^, Z^ he points of this net in the order 

{PL^L^QLX 

By Theorem 8, Chap. V, there would exist two real points R, T whidi 
harmonically separate the pairs FZ^ and ZJu^, The transformation 
n'n must carry S and T into two points harmonically separating 
the pairs QZ^ and Z^Z^, But since the latter two pairs separate each 

♦ Cf. §28, VoL I. 

t Von Staudt, Greometrie dor Lage (l^tLmberg, 1847), § &, defined a proiectavity 
of a real line as a transformation having this property. We are using Cremona’s 
definition of a projectivity as a resultant of perspectivitie» (cf. VoL I, § 
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Other, by Theorem 8, Chap. V, there is no pair separating them both 
harmonically. Hence the assumption that H^II is not the identity 

leads to a contradictiort 

CoBOLLABY 1. Au^ coliinsation or correlation in a real projective 

spam is projective, 

Prmf, Since a coliineation transforms collinear points into col- 
linear points, it transforms nets of rationality into nets of rationality 
in such a way that the correspondence between any two homologous 
nets is projective (cL §§ 33-35, VoL I). Hence, according to the theo- 
rem above, the correspondence effected by the coliineation between 
any two lines is projective. Hence the coliineation is projective. 

A like argument proves that a correlation is projective. The reason- 
ing holds without change in a real projective space of n dimensions. 

CoBOLLAKY 2. Anp one-tchone reciprocal transformation of the 
rwl inversion plane which carries points into points and circles into 
circles is a transformation of the inversion group, 

JVoof. Eegard the inversion plane tt, minus a point as a Euclid- 
ean plane let 11 be any transformation satisfying the hypotheses 
of the corollary, let II (.E) ==P^ and let H' be an inversion carrying 
to .g. Then H^II is a transformation satisfying the hypotheses of 
the corollary and leaving H invariant. 

Since II'II carries circles through g into circles, it effects a coUin- 
eation in w. By the first corollary this coliineation is projectiva Since 
it carries circles into circles, it is a similarity transformation. Hence 
H'n is a transformation, say H", of the inversion group in tt'. Since 
n = n is also in the inversion group. 

Translated into the geometry of the complex projective line the 
last corollary states : 

CoROLLAKY 3. Anp tramformation which carries chains into chains 
is either a projectivity or an antiprojectivity. 

In the light of Corollary 2 it is clear that the whole theory of the 
inversion group can be developed from the definition of a circular 
transformation as one which carries points into points and circles 
into circles. This is the point of view adopted by MoHus in his 
Theorie der Kreisverwandtschaft, where, however, he used also the 
unnecessary assumption that the transformation is continuous. 
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EXERCISES 


1. Derive the formulas for antiprojectivities in a modular geometry. 
Cf. O. Yeblen, Traasaetions of the American Mathematical Society, Yol. YIII 
(1907), p. 366. 

2. Which if any of the following proj»ositions are true? Any one-to-one 
and reciprcKjal transformation of a complex projective line which carries 
harmonic sets of |»oints into harmonic sets of |»oints is either projective or 
antiprojective. Any one-to-one and recijirocal transformation of a complex 
projective line which carries quadrangular sets of |K>ints into quadrangular 
sets is either projective or anti}»rojective. Any collineation or correlation of 
a complex projective space is either projective or antiprojective. 

3. An antiprojeetivity carries four collinear ]?oiiits having an imaginary 
cross ratio into four points whose cioss ratio is the conjugate imaginary. 

100. Tetracyclic coordinates. The general equation of a circle in 
a Euclidean plane tt with respect to the coordinate system employed 
in Chap. lY is 

(16) (.r -h r) + 2 + 2 -f ctg = 0. 

Definitioin. a degenerate circle is either a pair of lines joining an 
ordinary point to the circular points at infinity or a pair of lines ZL, 
where Z„ is the line at infinity. 

Thus (16) represents a nondegenerate circle, provided that the 
following condition is not satisfied: 


(17) 


0 = 


3 12 

«i «, 0 

0 «0 


— O- 


The condition a^ — 0 clearly^ means that (16) represents a degenerate 
circle consisting of and an ordinary line, unless a^=a^=0 also, in 
which case (16) reduces to a^~ 0. The condition 

(18) == 0 


means in case 0 that (16) represents a pair of ordinary lines 
through the circular points. In case are real, these two 

lines must be conjugate imaginaries. In the rest of this section the 
afs are supposed real. 

Let us now interpret the ordered set of numbers (a:^, 0 ?^, a:^, as 
homogeneous coordinates of a point in a projective space of three 
dimensions, For every point of S^, except those satisfying (18), 
there is a unique circle or line pair ZZ«, where I is ordinary, and vice 
versa. Hence there is a one-to-one and reciprocal eorrespondencie 
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l>etweeE the points of not on the lucus (18) and the circles of the 
iEversion plane i" obtained by adjoining /x (regarded as a point) to tt. 

The fioiiits of Sg which are on the locus (18) and not on a^=Q 
represent pairs of conjugate imaginary lines joining ordinary points 
of w to and respectively. There is one such pair of conjugate 
imaginary lines of tt through each ordinary point of tt. The points of 
Sg on the locus (IS) and not on 0 may therefore be regarded as 
correspiinding to the points of with the exception of L. The only 
point of $3 common to ar,= 0 and (18) is (0, 0, 0, 1), and this point 
may te taken to correspond to L. Thus the points of not on (18) 
represent circles of the inversion plane tt, and the points of on (18) 
represent the points of^. 

Stated without the intervention of S^, this means that the ordered 
set of numbers a^} taken homogeneously and subject to the 

relation (IS) may be regarded as coordinates of the points of tt. When 
not subject to the relation (18) they may be regarded as coordinates 
of the circles and points in w. 

Definition. The ordered sets of four numbers subject 

to (18) are called tetracyclic codrdinaies of the points in tt. The same 
term is applied to any set of coordinates (yS^, /3g) such that 

A = I «o i ^ 0. (i = 0, 1, % 3) 

j=^i 

The circles (real or imaginary or degenerate) represented by (1, 0, 0, 0), 
(0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1) are called the base or fundamental 
circles of the coordinate system. 

A second particular choice of tetracyclic coordinates is given below. 

The points of on (18) evidently constitute the set of all real 
points on the lines of intersection of corresponding planes of the two 
projective pencils 

where the planes determined by the same value of <r are homologous. 
For (18) is obtained by eliminating a between these two equations. 
The lines of intersection of homologous planes are all imaginary^ but 
each contains one real point This system of lines is, by § 103, VoLI, 
a regulus, and the set of points on the lines, by § 104, Vol. I, a quad- 
ric surface. The locus (18) is therefore a real quadric surface all of 
whose rulers are imaginaij (cf, also § 105, VoL I). 
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The correspondence between the points of and the circles and 
points of the inversion plane w is such that a range of points corre- 
sponds to a pencil of circles. For the points of the line joining 
a^, aj and correspond to the circles given by 

the equation 

(af +^) + 4- fifij) + (Xa^ 4- y 4- 4- = 0, 

which represents a pencil of circles, together with its limiting points 
in case the latter are real. 

Any collineation T of Sg which carries the quadric (18) into itself 
must correspond to a transformation F of w which carries points into 
points, circles into circles, and pencils of circles into pencils of circles, 
r therefore has the property that if a point P of w is on a circle 
of w, then F (P) is on r{C^). By Theorem 29, Cor. 2, F is a circular 
transformation. Conversely, any circular transformation of w carries 
points to points, circles to circles, and pencils of circles to pencils of 
circles, and therefore corresponds to a collineation of which carries 
the quadric into itself. By Theorem 29, Cor. 1, this collineation is 
projective. In other words, 

Theokem 30. The real inversion geometry is equivalent to the 
projective geometry of the quadric (18). 

CoBOLLARY. The projective geometry of the real quadric (18) is 
equivalent to the complex projective geometry of a one^imensnonal 
form, 

A one-to-one correspondence between a complex line and the real 
quadric (18) may also he set up as follows; Let I he any complex 
Hne in the r^ulus conjugate to that composed of the lines (19). 
Each of these lines contains one real point, P, of the quadric (18) 
and one point, Q, of 1. The correspondence required is that in which 
Q corresponds to P. 

By properly choosing the constants which enter in the equation of 
a circle, we may set up the correspondence between the circles of the 
inversion plane and the points of an Sg in such a way that the equa- 
tion of the quadric surface corresponding to the points of the inversion 
plane has a particularly simple form The equation of a circle in tt 
may be written 

(20) f,(ic^4-2^ + l) + ^,(af*+2^-l)+2e^» + 2 
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The pidiits wliieli correspond to points of the inversion 

plane now satisfy the ei|uati»>n 

<2i) = + + & 

and the circles curresp Hiding to tl:e four pjints (1, 0, 0), (0, 1, 0, 0), 

|0, 0, 1, 0|, and fO, 0, 0, 1) are lauiually orthogonal, one of them being 
imaginary. The c«i<>nlinates ^ 2 , fy) are connected with a^y 

cr^l by the equations 

which represent a collineation carrying the quadric (18) into the 

quadric (21 j. 

If regarded as nonhomogeneous coordinates with 

resf^eet tu a proprly chosen frame of reference in a Euclidean space of three 
dimensions (cf. Chap. VII), (21) is the equation of a sphere. Hence the real 
inversion geometry is equivalent to the projective geometry of a sphere. 

The latter equivalence may be established very neatly, with the aid of 
theorems of Euclidean three-dimensional geometry, by the method of stereo- 
graphic projection. This discussion would naturally come as an exercise in 
the next chapter. It is to be found in books on function theory. On the 
whole subject of inversion geometry from this point of view, compare BOcher, 
Reihenentwickelungen der Potentialtheorie (Leipzig, 1804), Chap. II. 

Defixitiok. a circle is linearly dependent on two circles 
and C: if and only if it is in the pencil determined by Cl and (7^. 
A circle is linearly dependent on n circles C'l, — (7^^ if and only 

if it is a member of some finite set of circles • • •, (7^+^, such that 
is linearly dependent on two of Cl, • • *, (7„%,_i(z= 1, 2, * * h). 

A set of n circles is linearly independent if no one of them is linearly 
dependent on the rest. The set of all circles linearly dependent on 
three linearly independent circles is called a bundle. 

EXERCISES 

1. The tetracyclic coordinates of a point are proportional to the powers of 
the i')oiiit with respect to four fixed circles. If the four circles are mutually 
orthogonal, the identity which they satisfy reduces to (21). 

2. A homogeneous equation of the first degree in tetracyclic coordinates 
represents a circle. 

3. What kind of coordinates are obtained by taking as the base (a) two 
orthogonal circles and the two points in which they meet? (b) four points? 

4. Two points of S3 correspond to orthogonal circles if and only if they are 
conjugate with regard to the quadric (21). 
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5. Wh'di 5et of circles corTesjx)nd6 to tlie conics in which the quadric (21) 
is met iij the planes of a seIf-])olar tetrahedron? 

6. The direct circular transformations of ^ correspond to collineations of 
$3 which leave each imaginary reguius of (21) invariant, wTiile the others 
corresiond to collineations interchanging the two regiili. The direct circular 
tran.sforriiatiuns of w correspond to direct collineations of Sg in the sense of 
§31, Chap. IL 

7. The circles of a bundle correspond to the points of a plane of S®. 

8. The circles common to two bundles constitute a f>encil and hence corre- 
spond to a line of Sg. Determine the pirojectively distinct tyj>es of pencils of 
circles on this basis. 

9. All circles are linearly dependent on four linearly independent circles. 

10. For any bundle of circles there is a point 0 which has the same power, 
c^, with respect to every circle of the bundle- The radical axes of all pairs 
of circles in the bundle pass through O. In case there is more than one point 
0, the radical axes of all pairs of circles of the bundle coincide. 

11. A bundle of circles may consist of all circles through a point (the set 
of all lines in a Euclidean plane is a sp>ecial case of this). In every other case 
there is a nondegenerate circle orthogonal to all circles of the bundle. This 
circle has the i>oint O (Ex. 10) as center and consists of the points C such that 
Dist (OC) =c. It is real if and only if c i.s real. In case c is imaginary let 

be the real circle consisting of points C' such that Dist (0C') = c; any 
circle of the bundle meets in the ends of a diameter. 

101. Involutoric collineations. In view of the isomorphism between 
the real inversion group and the projective group of the real quadric 
(21), a further consideration of the group of a general quadric will be 
found apropos. In this connection we need to define certain particular 
types of involutoric collineations in any projective space. The theorems 
are all based on Assumptions A, E, P, 

It is proved in § 29, VoL I, that if co is any plane and 0 any point 
not on ft), there exists a homology carrying any point P to a point P^, 
provided that O, P, P^ are distinct and coUinear and P and P^ are not 
on ft). It follows by the constructions given in that place that if one 
point P is trausformed into its harmonic conjugate with regard to O 
and the point in which the line OP meets co, every point is transformed 
in this way. It is also obvious that a homology is of period two if and 
only if it is of this type. Hence we mak^ the following definition : 

Defikition. a homology of a three-space is said to he harmonic 
if and only if it is of period two. A harmonic homology is also called 
a point-plane reflection and is denoted by {Om} or {ft)0}. where O is 
the center and co the plane of fixed points 
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Definition. If I and f are two nonintersecting lines of a projective 
sjmce Sg, the transformation of Sg leaving each point of I and V inva- 
riant, and carrjing any other pjiiit F to the point F^ such that the line 
FF^ meets I and V in two points harnioiiically conjugate with regard 
to F and F\ is called a shew itivolutwifi or a line reflection in I and f. 
It is denoted by {//'}, and I and V are called its axes or directrices. 

Theoeem 31. A line refleetioyi {IV} is a product of two point-plane 
reflections lOco} • {jPw}, where 0 and F are any two distinct points of I, 
m is the plum on F and V, and rr is the plane on 0 and V. 

Proof. Consider any plane through and let L be the point in which 
it meets l\ In this plane {Oco} and {Ftt} effect harmonic homolcgies 
whose centers are 0 and F respectively and whose axes are FL and 
OL respectively. The product is therefore the harmonic homology 
whose center is L and axis L Hence the product {Oco} • {Ftt} satisfies 
the definition of a line reflection whose axes are I and V. 

Corollary. A line reflection is a projective collineation of period 
twOj and any projective collineation of period two leaving invariant 
the points of two shew lines is a line reflection, 

EXERCISES 

1. A projective collineation of period tw6 in a plane is a harmonic homology . 

2, A projective collineation of period two in a three-space is a point-plane 
reflection or a line reflection. 

S. Let A, E,C, the vertices of a tetrahedron and a, the respec- 

tively opposite faces. The transformations obtainable as products of the three 
harmonic homologies {Aa}, {Cy} constitute a commutative group of 

order 8 consisting of four point-plane reflections, three line reflections, and the 
identity. If the transformations other than the identity be denoted by 0, 1, 2, 
8, 4, 5, 6, the multiplication table may be indicated by the modular plane 
given by the table (1) on p. I, the rule being that the product of any 

two transformations corresponding to points z,/ of the modular plane is the 
one which corresponds to the third point on the line joining i and j, 

4. Gieneralize the last exercise to n dimensions. The group of involutoric 
transformations carrying n + 1 independent points into themselves is commu- 
tative, and such that its multiplication table may be represented by means of 
a finite projective space of n — 1 dimensions in which there are three points 
on each line. 

5. A projectivity T of a complex line such that for one point P which is 
not invariant, F” (P) = P is such that I” is the identity. If n is the least 
positive integer for which T” = 1, T is said to be cyclic of degree n j the 
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characteristic cross ratio of F is an lath root of unity ; in case n = 3, this 
cross ratio is said to be equiankamionic^ and a set of four points having this 
cross ratio is said to be equianharmonic. As a transformation of the inversion 
group, r is equivalent to a rotation of period n. 

6. A planar projectiFe coilineatdon of period n(n>2) is of Type I and the 
set of transforms of any point is on a conic, or else the collineation is a 
homology. In the first case, it is projectively equivalent to a rotation ; in the 
sKJond ca», to a dilation (in general, imaginary). Consider the analogous 
problem in three dimensions. (For references on this and the last exercise 
cf. EncyclopMie des Sc. Math- III 8, § 14. The statements in the EncyclopMie 
on the planar ease are not strictly correct, since they do not sufficiently take 
the existence of homologies of finite period into account.) 

102. The projective group of a qtiadric. According to the definition 
in § 104, VoL I, a quadric may be regarded as the set of points of 
intersection of the lines of two conjugate regulL These two reguli 
may be improper in the sense of Chap. IX, VoL I, and in the following 
theorems improper elements are supposed adjoined when needed for 
the constructions employed. 

Definition. If there are proper lines on a quadric, the quadric is 
said to be ruled, otherwise it is said to be unruled. 

Theoeem 32.-4 TiarTfwnic homology whose center is the ]gole of its 
plane of fixed points vnth regard to a quadric surface transforms 
^ into itself in such a way that the two lines of through any fixed 
point are interchanged. 

Proof. Let 0 be a point not on and © its polar plana Any line 
I of meets © in a unique point K. The plane 01 contains one other 
line V of (f, and (cf. § 104, VoL I) V passes through K. Any line join- 
ing O to a point L ot I other than K must meet V in a point such 
thati and X' are harmonically conjugate (§ 104, VoL I) with regard 
to O and the point in which OL meets ©. Hence {0©} interchanges 
I and V. From this result the theorem follows at once. 

Comparing Theorems 31 and 32, we have 

CoKOLLAEY. A line reflection {ah} sudi that a and h are polar with 
respect to a quadric transforms into itself in such a way that 
each regulus on is transformed into itself. 

Theokem 33.-4 projectwe collineation of a q'li^adric which leaves 
three points of the quadric invariant, no two of the three points being 
on the same ruler, is either the identity or a harmonic homology whose 
cerder and plane of fixed poimM are polar with resped to the guadria. 
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Pi'oof, Denote the thi*ee piiat.s by B, C, the plane contaming 
theiii hv ©, and the pole of by (X Since no two of Ay By C are on a 
line of (fy m contams no line of (f and hence is not on O. Since three 
points of the conic in which co meets the quadric are invariant, all 
such p3ints are invariant, as is also 0. Hence the given collineation 
is either the identity or a homology. In the latter case it must be a 
liarmonic homology, since any two points of the quadric collinear with 
O are harmonically conjugate with respect to O and the point in which 
the line joining them meets m. 

Theoeem 34. There exists one and only one projective collineation 
transfoTniiiiy each line of a tegulus into itself and effecting a given 
projeciiriiy on one of these lines. Such a collineation is a product of 
two line reflections whose axes are lines of the conjugate regulus. 

Proof Ijdt Bt he a regulus and the conjugate regulus. A projeo- 
fcivity on a line, /, of iff is by § 78, VoL I, a product of two involutions, 
say I and T. Let be a line reflection such that and are 

lines of through the double points of I, and let be a line 

reflection such that m' and m' are lines of iff through the double 
points of The product of and {mpn^ effects the given 

projectivity on I and transforms each line of into itself. 

Conversely, any projectivity T leaving all lines of JSf invariant 
effects a projectivity on I which is a product of two involutions I 
and r. The line reflections and being defined as before, 

• {mpn^} • 

leaves all points of I invariant and hence leaves all lines of Ef as weE 
as all lines of iff invariant. Hence 

• {rnjnJ ^ = 1 , 

. {mjn^^ = T. 

CoEOLLARY. The group of permutations of the lines of a regulus 
effected hy the projective collineations transforming the regulus into 
itself is simply isomorphic with the projective group of a line. 

DEFiKiTloisr. A collineation of a quadric which carries each regulus 
on the quadric into itself is said to be direct 

Theorem 35. There is ooie and hut one direct collineation of a 
quadric surface ^ carrying an ordered triad of points of Q^, no two 
of which are on a line of to an ordered triad of points of(^no two 
of which are on a line of Q\ 
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Proof . Let ABC and FQM be the given ordered triads of points, let 
a, h, r, j), f , r be the lines of one regulus through the p3ints A, R, C. 
P, Q, M respectively, aiid let a\ h\ c\ q\ r' respectively be the 
lines of the conjugate regains through the same pointa By the last 
theorem there is a projective collin^tion T carrying a, S, c to p, q, r 
respectively while leaving all lines of the conjugate r^ulus invariant, 
and also a projective coUineation carrying to resp^ 
lively while leaving all of the lines a, b, c, p, q, r invariant. The product 
of r and carries A, P, (7 to P, Q, B respectively. That there is only 
one direct collioeation having this effect is a corollary of Theorem 33. 

Let Pf he the regains containing the lines a, Z>, c, and P| the regulus 
containing h\ The two coUineations T and which have been 
nsed in the proof above are commutative as transformations of 
because F' leaves all lines of Pf invariant, and are commutative as 
transformations of P| because F leaves all lines of P| invariant. Hence 

Fr = FT. 

By Theorem 34, Fr'= {Im} • {rs} • {IW} • {r'/}, 

where I, m, r, s are lines of B{, and V, wl , t\ s' are lines of Pg^ The 
eollineations {rs} and (o'm'} are commutative for the same reason that 
F and F' are commutative. Hence 

FF'= (Im) • (IW) . (rs) * {/s'}. 

The pairs /m and I'm' are two pairs of opposite edges of a tetra- 
hedron the other two edges of which may he denoted by a and b. The 
product {Zm} - {I'm'} leaves each point of a and b invariant and is 
involutorio on each of the lines I, V, m, m'. Hence 


{Zm}.{Z'm'} = {a6}. 


The lines a and h are polar with respect to Pf because one of them is 
the line joining the point IV to the point mm', and the other the line 
of intersection of the plane iV vdth the plane mm' (cf. § 104, VoL I). 
In like manner ^ 


where c and d are polar with respect to P^* Hence we have 

Theoukm 36. Anp direct projeetim eollmeaticm ^ of a quadric 
mtfaee is eapresmblc m the form 

T= {^J} • {sc?}, 

where the line a is polar to Bhe Ime and ike line c is polar to (he Ime d^ 
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Since any line reflection whose axes are |K)iar with respect to a 
i£uadric is a product of two harmonic homologies whose centers 
are polar to their planes of fixed points {cf- Theorem 31), the last 
theorem implies 

COEOLLAEY 1. A.ny direct projective collineation of a quadric is a 
product of four harmonic homologies whose centers are polar to thetr 

respective planes of fixed points, 

CoEOLLAEY 2. Any mndireet projective collineation of a quadric 
is a prodwt of a% odd nuniher of harmonic homologies whose centers 
are polar to their respective planes of fixed points. 

Proof If a projective collineation F interchanges the two r^nli, 
and A is a harmonic homology of the sort described in the statement 
of the corollary, then FA^: A is a projective collineation leaving each 
r^nlns invariant. By Cor. 1, A is a product of an even mimber of 
harmonic homologies of the re<j^iiired sort, and hence F=AA is a 
product of an odd number. 

103. Real quadrics. The isomorphism between the real inversion 
group and the projective ooUmeation group of the real quadric (or 
sphere) (21) may now be studied more in detail Since a circular 
transformation leaving three given points of the inversion plane w 
invariant is the identity or an inversion (Theorem 21), and since a 
collineation of Sg leaving three points of the quadric (21) invariant 
is the identity or a harmonic homology whose center is polar to its 
plane of fixed points, it follows that inversions in w correspond to 
homologies of S^. Hence the direct circular transformations of tt cor- 
respond to the direct colliueations of Sg transforming (21) into itseli 

An involution in w is a product of two inversions whose invariant 
circles intersect and are perpendicular. To say that the invariant 
circles intersect and are perpendicular is to say that they intersect in 
such a way that one of the circles is transformed into itself by the 
inversion with respect to the other. Now suppose that {Ooi} and 
{Ptt} are the harmonic homologies corresponding to the two inver- 
sions. If the points of the quadric on the plane o are to be trans- 
formed among themselves by {Ptt}, © must pass through P. In like 
manner w must pass through 0. Hence 

{Ofi>}-{P7r}=={K'}, 
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where I is the line 0-P, the line mw, and the lines I and V are 
polar with respect to the quadric. Hence the involutions in the group 
of direct circular transformations correspond to the line reflections 
who^ axes are polar with respect to (21). 

Thus the theorem that any direct circular transformation of w is 
a product of two involutions is equivalent to Theorem 36 applied to 
the quadric (21). Since an involution in w always has two douJbie 
points, we have the additional information, not contained in § 102, 
that every line reflection transforming the quadric (21) into it^lf has 
two and only two fixed points on the quadric. The line joining these 
two points is ob\uously one of the axes of the line reflection. Hence 
the line reflection has two real axes one of which meets the quadric 
(21) and the other of which does not. 

These remarks are enough to show how the real inversion geometry 
can be made effective in obtaining the theory of the real quadric (21). 
We shall now show that any real nonruled quadric is projectively 
equivalent to the quadric (21), from which it follows that the real 
invemion geometry is equivalent to the projective geometry of any 
real nonruled quadria 

A nonruled quadric is obviously nondegenerate. In the complex 
space any two nondegenerate quadrics are projectively equivalent, 
because any two reguli are projectively equivalent. Since (18) repre- 
^nts a quadric, it therefore follows that every nond^enerate quadric 
may be represented by an equation of the second degrea 

Now let be any quadric whose polar system transforms real 
points into real planes, and let the frame of reference be chosen so 
that (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), and (0, 0, 0, 1) are vertices of a 
real self-polar tetrahedron. The plane section by the plane a;^==0 
must be a ccmic whose equation is of the form 

== 0 , 

and similar remarks can be made about the sections by the planes 
0, 0, and = 0. Frcun this it follows that has the equation 

( 22 ) = 0 , 

wh^ are reaL The projective coUmeation 

(23) = = 

transforms ^ into a quadric having one of tihe following equations 

sC ± ± = 0 - 
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Any one of tlie eight quadrics thus represented is obviously equiva- 
lent prujectively to one of the following three: 


(24i 

Xfl* + + xl = 0, 

(25) 

— + xl + x'^ + x'i = 0, 

(26) 

— x^ — + x:^ + xi = 0. 


It is also obvious that (24) is imaginary, that (26) has real rulers, 
and tliat (25) is equivalent to (21). 


EXERCISES 

1. Determine the types of collineations transforming into itself (1) a real 
unruled quadric, (2) a real ruled quadric, (3) an imaginary quadric having a 
real polar system. 

2. Discuss the projective groups of the three types of quadrics enumerated 
in the last exercise. 

104. The complex inversion plane. A projective plane may be 
obteined from a Euclidean plane (cf. Introduction, VoL I) by adjoining 
ideal points and an ideal line in such a way as to make it possible to 
regard every coliineatioii as a one-to-one reciprocal transformation of 
all points in the plane. In like manner the real inversion plane has 
been obtained from the real Euclidean plane by adjoining a single 
ideal point which serves as the correspondent of the center of each 
inversion. Similar considerations will now be adduced showing that 
an inversion in the complex plane may be rendered one to one and 
reciprocal by introduciiig two intersecting ideal lines. 

In the complex projective plane an inversion has been seen (§ 94) 
to be a one-to-one reciprocal transformation of all points not on the 
sides of the singular triangle and to effect a projective transfor- 
mation interchanging the pencil of lines on with the pencil of lines 
on In this projectivity the line is homologous both with 01^ 
and with OJ^. 

In the Euclidean plane obtained by omitting the line from the 
projective plane, it follows that the inversion is one to one and recip- 
rocal except for points on the two minimal lines, and through 0. 
Moreover, it effects a projective correspondence between the set of 
minimal lines [p] parallel with and distinct from and the set of 
minimal lines [m] parallel with and distinct from 
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The correspondence between any line p and the homologous line 
m is incomplete because there is no point on p corresponding to the 
intersection of m with p^ and no point on m corresponding to the 
intersection of p with This correspondence, however, may be made 
completely one to one and reciprocal by introducing an ideal point 
Jf* on m as the correspondent of the point pm^ and an ideal point 
on p as the correspondent of the point mp^. In order to treat 
aE the ininimal lines symmetrically, id^l points Fj, and ML must 
be intrcHluced on p^ and respectively, as mutually correspond- 
ing points. Also one other ideal point (9* is introduced as the 
correspondent of 0. 

According to these conventions the line p^ together with its ideal 
point FL is transformed into a set of points consisting of 0«, ML^ and 
all the points Jf*. This set 
of points is therefore called 
an ideal line In like 
manner the line together 
with its ideal point Jf* is 
transformed into a set of 
points consisting of 0*, FL, 
and all the points F ^ ; and 
this set of points is called an 
ideal line The Euclidean 
plane with the lines p^ and adjoined is called an inversion plane. 
Or to state the definition formally and without reference to a partic- 
ular inversion : 

Definition. Given a complex EucEdean plane tt and in it two 
pencEs of minimal lines [^] and [m]. By a complex inversion plane 
w is meant the set of aE points of tt (referred to as ordinary points) 
together with a set of elements called ideal points of which there is 
one, denoted by Ji, for eacE_p, and one, denoted by Jf«, for each m, 
distinct _p’s and m’s determining distinct ideal points, and also one 
other ideal point which shall be denoted by Ooa. By a minimal line 
of TT is meant (1) the set of points on a y) together with the corres- 
ponding jK», op (2) the set of points on an m together with the cor- 
respcmding JL, or (3) the set of aE FJs tc^ether with O*, or (4) the 
set of aE Mjs U^ether with The ininimal lines of Types (1) 
and (2) are caEed orMmary, and the lines (3) and (4) are call^ MmL 
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A mmimal line of Type (1) or (4) will be denoted by p, of Type (2) 
or (3) by ii ; the minimal lines of Types (3j and (4) are denoted by 

and respectively. 

This definition is evidently such, that each point of tt is on a unique 
p and on a unique m. 

Defi 5!TI0!C, By an tTwetsiou I of tt is meant a transformation 
defined as follows by an inversion I of tt : If and are the singu- 
lar lines of I, I interchanges with m*, with and each p con- 
taining ap with the m containing the m to w'hich p is transformed by I. 
A point of i= which is the intersection of a p and an_m is transformed 
to the point which is the intersection of I (p) and I (m). The set of 
points of w left invariant by an inversion is called a nondegenerate 
circle of w. A pair of minimal lines, one a p and the other an m, is 
called a degenerate circle of tt. 

By reference to § 94 it is e^ident that every circle of tt is a subset 
of the points on a circle of w. 

The complex inversion plane is perhaps best understood by setting 
it in correspondence with a quadric surface, the lines of one regulus 
on the quadric being homologous with [p] and those of the other with 
[m]. This correspondence may be studied by means of tetracyclic 
coordinate as in § 100, but it can also be set up by means of a 
geometric construction as follows: 

Eegard the complex Euclidean plane tt with which we started as 
immersed in a complex Euclidean space. Let ^ be a quadric surface 
such that 01^ is a line of one ruling and 01^ of the other (fig. 74), 
Through and there are two other lines of the two rulings which 
intersect in a point Any point P of the Euclidean plane is joined 
to by a line which meets the quadric in a unique point Q other 
than and, conversely, any point of ^ which is not on either of 
the lines 0^1^ or 0^1^ is joined to O* by a line which meets the 
Euclidean plane in a point P. Thus there is a correspondence T 
between the Euclidean plane and the points of not on 0^1^ or 
Ooo/g. This correspondence is such that every minimal line in w of 
the pencil on corresponds to a line of the quadric which is in the 
same ruling with 01^, and every line of tt of the pencil on corre- 
sponds to a line of the quadric which is in the same ruling with 
From this it is evident that if ideal elements are adjoined to tt as 
explained above, the ideal points can be regarded as corresponding to 
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tlie points of the lines 0^1^ and 0^1^ so that there is a one-to-one 
reci|irocai correspondence between w and 

Xoiv any nondegenerate circle of w is a conic through and 
This is projected from 0* by a cone of lines having in common with 
(f tlie twm lines 0*/^ and 0^1^, It follows that the cone and ^ have 
also a conic section in common. For let be three of the 

common points which aie not on the lines 0^1^ and 0« ; the plane 
meets the cone in a conic and ^ in a conic JT^. These two 
conics have also in common the points in wdiich they meet the lines 
and (if these points coincide, and K; have a common tan- 
gent at this point), and hence Kf = Kt The conic is nondegenerate, 
because a nondegenerate cone through can have no other line than 
0*/^ and O* in common with <?'. Hence every nondegenerate circle 
of TT corresponds under T to a section of (f by a nontangent plane. 

Conversely, if is any nondegenerate conic section which is a 
plane section of it is projected from 0* by a cone two of whose 
lines are 0^1^ and Hence corresponds under T to a non- 

degenerate circle of tt. 

An inversion in tt with respect to a circle transforms every 
minimal line of the pencil [ j?] into that one of [m] which meets it on 
C^. Let be the conic section on corresponding under T to 0\ 
The inversion corresponds under T to a transformation of by which 
every line of one regulus is transformed into the line of the other 
regulus which meets it in a point of -S'^. This is the transformation 
(Theorem 32) effected by a harmonic homology whose plane of fixed 
points contains and whose center is the polar to this plane with 
respect to Hence every inversion in tt corresponds under T to a 
collmeation of ^ effected by a harmonic homology whose center and 
plane of fixed points are polar with regard to Q^. Conversely, every 
such coUineation of ^ evidently corresponds under T to an inversion 
in TT. Hence (Theorem 36, Oors. 1 and 2) the inversion group in tt is 
isomorphic under T with the group of projective coUineations of 
and the direct circular transformations of tt correspond to the projec- 
tive coUineations of ^ which carry each regulus into itself. 

EXERCISE 

Develop the theory of the modular iuversioii plane, using improper dements 
in the sense of Chap. IX, YoL I. 
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105. Fimctioa plane, inversion plane, and proj^tive plane. In tlie 

theory of functions of two complex variables 

F{xy) 

the two variables x and y are thought of as completely independent 
of each other. The domain of each is the set of all complex numbers, 
ineluding x. This domain is therefore equivalent to the complex line 
or to the real inversion plane. Thus the domain of may be taken 
to be a real unruled quadric (in particular, a sphere) and the domain 
of y another real unruled quadric. Or the pair of values {x, y) may be 
regarded as an ordtvid pair of points on the same real unruled quadric. 

Ifow consider a regulus in the complex projective space and, adopt- 
ing the notation of the last section (fig. 74), let a scale be established 
on the lines p^ and so that 0 is the zero in each scale. Let x be 
the coordinate of any point on p^ and y of any point on Then a 
pair of values {x, y) determines a unique point on the quadric, i.e. the 
point of intersection of the line m through the point with x as its 
coordinate, and the line p through the point with y as its coordinate. 
Conversely, the same construction determines a pair of numbers (a;, y) 
for each point of the quadric. 

Definition. The set of all ordered pairs (a:, y) where x and y are 
complex numbers, including oo, is called a complex function plane^ or 
the plane of the theory of functions of complex variables, or the com- 
plex plane of analysis. The ordered pairs {x, y) are called points. Any 
point for which x = co or = oo is said to be ideal or at inf/nUy^ and 
all other points are called ordinary. 

The points at infinity of the function plane can be represented 
conveniently by replacing a? by a pair of homogeneous coordinates 
x^, x^ such that xjx^= a?, and y by a pair (y^, yj such that yjy^^ y. 
Dhus the points of the fimction plane are represented by 

and the ideal points are those satisfying the condition 

The set of ordinary points of the function plane obviously forms a 
Euclidean plane in which a line is the locus of an equation of the form 


aaj -h 5y + c = 0. 
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This is equivalent in homogeneous coordinates to 

(27) + ex^^ = 0, 

an equation wMch is linear both in the jmr of variablas 
and in the i«ir Ihe most general equation which is linear 

in toth pairs is 

(28) + r^xjf^ + hxj/^ = 0. 


This reduces to (27) if the condition be imposed that the locus 
shall contain the point (oc, oc) which in homogeneous coordinate is 
( 0 , 1 ; 0 , 1 ). 

Definition. The set of points of the fimction plane satisfying (28) 
is called a circle (or a hUinear curve), and any circle of the form (27) 
is called a line. 

The group of transformations which is indicated as most important 
by problems of elementary fimction theory has the equations 




(29) 


rjf + Sj 

or, in homogeneous coordinates. 



(30) 


x'a = r^x^ + s^x^. 


Pi 




^0. 

^ 0 , 




This group of transformations clearly transforms circles into circles. 
The subgroup obtained by imposing the conditions, 


»-j=0, rj,= 0, 

transforms lines into lines because it leaves (oo, oo) invariant. 

Eetuming to the interpretation of the coordinates x and y on a 
quadric, it is dLear (ef. § 102) that every transformation (29) represents 
a direct collineation of the quadric, the formula in x determining the 
transformatioii of one regulus and the formula in y the transforma- 
tion of the conjugate r^ulus. Hence the fundamental group of the 
function plane is isomorphic with the group of direct projective 
colMneations of a quadric surface* 
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The parameters x and y which determine the points of a regulus 
inav be connected with the three-dimensional coordinates f jj ^j) 

by means of the following equations : 


<31) 




where i*=- 1. For the set of aU points f,) given by these 

equations are the points on the quadric, 

( 21 ) + + 

Any plane section of this quadric is given by a linear equation in 
lo> ^ 3 ’ fj.wliich by (31) reduces to a relation of the form (28) 
among the parameters x^, x^; y^. Hence the circles of the func- 

tion plane correspond to the plane sections of the quadric (21). 
In view of the relation already established between the groups it 
follows that the geometry of a quadric in a complex projective 
space is identical with that of a complex function plane. In view 
of § 104 both these geometries are identical with the complex 
inversion geometry.* 

The complex projective plane may be contrasted with the complex 
inversion plane or function plane in an interesting manner as follows = 
The homc^eneous coordinates (a^, a^, a^) may be regarded as the 
ooefiS-cients of a quadratic equation 


(32) 


Vo + 0- 


Every such equation determines two and only two values of zjz^, 
which may coincide or become infinite (if 0); and, moreover, two 
distinct points of the projective plane determine distinct quadratic 
equations and hence distinct pairs of values of zjz^. 


•If one were to confine attention to real values, the definition of the plane of 
analysis given above would determine a set of elements abstractly equivalent to a 
real ruled quadric. This is distinct from the real inversion plane, because the latter 
is equivalent to a real nonraled quadric. For the purposes of the theory of func- 
tions of a real variable, however, it is usually desirable to distinguish between + co 
and — CO, If this be done, the function plane is easily seen to be a figure analogous 
to a rectangle in a Euclidean plane. The group of transformations of such a func- 
tion plane does not seem to be of great interest from the proieetive point of view. 
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Tile numbers zj may be taken as homogeneous coordinates on 
a projective Ene. Thus there is a one-tcMjne and reciprocal eorre- 
sjxiiidence tetween tlie points of a complex projective plane and the 
pairs of points on a complex projective line. It is important to notice 
that the pairs of points on the line are not ordered pairs^ because a 
pair of values of taken in either order would be the pair of roots 
of the same quadratic. 

Xow representing the points of a complex line on a real unmled 
quadric (e.g. a sphere), we have that the projective plane is in one- 
to-one reciprocal corres|iondence with the unordered pairs of points of 
the quadric. On the other hand, w’e have already seen that the com- 
plex projective plane is in one-to-one reciprocal correspondence with 
the ordered pairs of points of the quadric. In either ease the points 
of a pair may coincide. 

For further discussion of the subject of this section see ‘^The 
Infinite Eegions of Various Geometries’* by M. Bocher, Bulletin of the 
American Mathematical Society, VoL XX (1914), p. 185. 

106. Projectivities of one-dimensional forms in general. The 
theorems of the last four sections have established and made use of 
the fact that the permutations effected among the lines of a regulus by 
projective collineations form a group isomorphic with the projective 
group of a line. Xow a regulus is a one-dimensional form of the 
second d^ree,* and the notion of one-dimensional projective trans- 
formation has been extended to all the other one-dimensional forms 
(Chap. VIII, VoL I, particularly § 76). It is therefore to be expected 
that an analc^ous extension can be made to the regulus. This we 
shall now make, hut instead of dealing with the regulus in particular, 
we ^all restate the old definition in a form which includes the cases 
where the regulus is in question. 

DiFiOTnoK. A correspondence betwem any two one-dimensional 
forms whose elements are of different kinds and not such that all 
elements of one form are on every element of the other form is 
said to be p&r^edim if it is one-to-one and reciprocal and such 
that eaoh element of either form is on the corresponding element 
of the other form. 

*Tlie one-dimeiifiioiial forms of t^e first d^ee^ ia threo^aoe are 

the pencil of points, the flat pencil of lin^ the pencil of planes, the ^int conic, 
the line conic, the cone of lines, the cone of plan^ and regnlns. 
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This covets the notion of perspectivity as defined in VoL I between 
.1 pencil of points and a pencil of lines or between a pencil of lines and 
a pjint conic, etc. It also defines perspectivities between (1) the lines 
of a regmliis and the points on a line of the conjugate regulus, (2) the 
lines of a regulus and the planes on a line of the conjugate regulus, 
(3) the lines of a r^ulus and the points of a conic which is a plane 
section of the teguhis, (4) the fines of a regulus and the planes of a 
cone tangent to the r^ulus. 

Definitiosj. a correspondence between two one-dimensional forms 
or among the elements of a single one-dimensional form is projeetive 
if and only if it is the resultant of a sequence of perspectivities. 

This definition comprehends that made in § 22, VoL I, for forms of 
the first d^ree, and extended in § 76, VoL I, so as to include those of 
the second d^ree equivalent under duality to a point conic. In order 
to justify the new definition, it is necessary to prove that it does not 
lead to any modification of the relation of perspectivity between one- 
dimensional forms of the first degree. In other words, we must prove 
that aftri/ correspondmce hetwem two oin^dimmsioTial forrm of the 
first degree is projective according to the new definition only if it is 
projective ctceording to the definition of § Vbl L 

To prove this theorem it is sufficient to show that a sequence of 
perspectivities beginning and ending with forms of the first d^ee 
and involving forms of the second d^ree can be replaced by one 
involving only forms of the first d^rea This follows directly from 
the fact tliat each one-dimensional form of the second degree is 
generated by projective one-dimensional forms of the first degrea 
Eor example, if a pencil of points [P] is perspective with a regulus 
[Z] mid the regulus with a point conic and the point conic with some- 
thing else, it follows by the theorems of § 1 03, VoL I, that [P] is 
perspective with the pencil planes [mZ], where m is a line of the 
conjugate r^ulus and [mZ] is perspective with the point ecmic. Thus 
the regulus [Z] in this sequence of perspectivities is replaced by the 
pencil of planes [mZ]. In similar fashion it can he shown by a con- 
sideration of the finite number of po^ible cases that however a form 
of the second d^ee may intervene in a sequence of perspectivities, 
it can be replaced by a form or forms of the first d^ree. The 
enumeration of the possible cases is left to the reader, the argument 
required in each case being obvious. 
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From tMs tlieort-iii it follows that the group of projective corre- 
spondences of ang OiU'-dbaetisiuiiul form with itself is isomorphic with 
the projective group of a Hue. For let F be any projectivity of a oiie- 
dimeBsioEal form of ilie second degree (e.g. a regnliis), and let Ft 
represent a |)ersi>ectivity between and a one>4iiiiensioBal form 
of the first degree (e.g. a line of the conjugate regulus). Then nFII"^ 
is a projeetivity of F\ In like manner, if F^ is a projectivity of jF\ 
II'T'II is a projectivity uf F'\ Hence 11 establishes an isomorphism 
between the two groups. 

*107. Projectivities of a quadric. An involution on a regulus is 
the transformation of the lines of the regulus effected by a line 
reflection whose axes are the double lines of the involution. Since 
any projectivity of a regulus is a product of two involutions, it may 
be regarded as effected by a three-dimensional projective coDineation 
which transforms the regulus into itself. Conversely, any direct pro- 
jective collineation transforming a quadric into itself is a product of 
two line reflections (Theorem 36) each of which effects an involution 
on each of the reguli on the quadric. 

This relation between the theory of one-dimensional projectivities 
and the projective group of a quadric may he used to obtain prop- 
erties of the quadric analogous to the properties of conic sections 
studied in Chap. VIII, Vol. I. The discussion is based on Assump- 
tions A, E, P, improper points being adjoined to the space 
whenever this is required for quadratic constructions. 

In Chap. YIII, Vol. I, we have seen that any projectivity on a 
conic determines a unique point, the center of the projectivity, and 
that the axes of any two involutions into which the projectivity 
nmy be resolved pass through its center. If, now, a projectivity 
r be given on a r^ulus, any plane tt meets the regulus in a conic 
CF on which is determined a projectivity F' having a point F as 
center. This determine a correspondence between the planes tt 
and points F of space which is a null system (§ 108, VoL I), and 
hence the axes of the involutions into which the projectivity F' 
can be resolved form a linear complex. The formal proof of this 
stgrf^ment follows. 

Thiorim 37. For any noniderdical projedmMy of a regvdm there 
mists a linear comphac of Urns [/] having the property thM if is any 
line of the complex not tangmt to the regvFm^ there are thrm 
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/j, mch that is polar to \ and to with respect to the regtdus, and 

such that the collineation , . . , 

VjLi ■ tV** 

effects the tjhen projectivity on the regulus. Moreover, every line 
kariiiy this property leloiiys to the complex, and so do l^, l^- 

Proof. Let be a regulus and T a projectivity of If l^l, and 
are pairs of polar lines such that {If^ • {IJJ effects the given 
projectivity on let w be any plane containing f and not tangent 
to Ii\ The projectivity T on is perspective with a projectivity F' 
on the conic C® in which v meets Moreover, {IjZj} and effect 
involutions on E^ which are perspective with involutions F and 
on C'“. Thus on 0® p,_ yy, 

But (cf. § 77, Vol. I) l^ is the axis of F and hence passes through the 
center of F'. A similar ai^ument shows that I, (i = 2, 3, 4) passes 
through the center of the projectivity perspective with F on the conic 
in which is met by any plane containing and not tangent to 
Hence all lines f, l^, f,, l^ defined as above are contained in the 
set [1] of all lines I such that if w is any plane on I and not tangent 
to E^, I is also on a point P defined as follows : Let be the conic in 
which TT meets and F' the projectivity on perspective with the 
projectivity F on J?*; then P is the center of F^ 

The set [/] obviously contains all lines tangent to at points of the 
double lines (if existent) of F. If is any other line of [1] let tt be a 
plane on 7^ and not tangent to B^, let be the conic in which tt meets 
IP, and let F' be the projectivity on perspective with F. By § 79, 
Vol. I, and the definition of [7], F' is a product of two involutions 
having l^ and another line, 7^, as axes. Let 7^ and 7^ be the polars of 7^ 
and 7, respectively. Then {7^7^} - {7^7 J effects the perspectivity F' on C 
and hence effects F on B\ By the first paragraph of the proof l^, 7^, 7^ 
are all lines of [7]. Hence all lines of [7] have the property enunci- 
ated in the theorem. It remains to prove that [7] is a linear complex. 

By definition, if tt is a plane not tangent to B^ the lines of [7] in 
TT form a flat pencil. If cr is tangent to B^ let p be the line of iJ* 
on TT and q the line of the conjugate regulus on tt. In case y) is a 
fixed line of F, the lines 7 on tt are the tangents to B^, La the 
pencil of lines on v and the point pq. In case p is not a fixed line 
of F, is a tangent to E^ which meets a fixed line of F and hence is 
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a line of [/]. Any other line of [^] in must have a polar line 
pacing through the point pq. Let be the projectivity on q pers|»c- 
tive with F. If F is effected by -'{//J, then F^^ is the product 
of two involutions, F and F', which are perspective with the involu- 
tions effected on by and {IJJ respectively. Since must 
|mss through the point pq, the latter is a double point of F. But 
when F" is exprmed as a product of two involutions, one of the^ 
involutions is fully determined by one of its double pointe in case 
the latter is not a double point of F^' (cf. § 78, VoL I). Hence the 
other double point, P, is fixed ; and since must pass through it, it 
follows that all lines of [f] on tt pass through P. Moreover, it is 
evident that if is any line (except q) on w and P, its polar line, 
{V 4 } reflection effecting an involution on which is 

perspective with F^, the projectivity F is effected by 
Hence [Z] contains all lines on w and P. Hence [Z] is a linear 
complex by Theorem 24, Chap. XI, VoL L 

Theoeem 38. A direct projectivity V of a quadric surface which 
does not leave all lines of either regulus invariant determines a linear 
congruence of lines having the property that if a^ is any line of the 
eoTigruence not tangent to there exist lines a^, 6 ^, of the congruence 
such that 

(33) r = 

Moreover y each line having this property belongs to the congrumce, 
and so do 

Proof F effects a projectivity on each regulus of Q®, and each of 
these reguli by the last theorems determines a linear complex of lines. 
Ihe two complexes are obviously not identical and hence have a 
linear congruence in common. Any line of this congruence is either 
tangent to or such that there exist lines 5 ^, which are in both 
comfdexes and such that the same projectivity 

as F on both r^uli Hence = F. Moreover, any for 

which a^y b^ exist satisfying this condition must, by the last theorem, 
belong to both wmplexes and hence belong to this congruence, 

CoEOULAET 1. The mngrumce referred to in the theorem may be 
degenerate and coTisist of all lines on a point of and on a plane 
tangent to at this powd ; or it may be paraholic and home a lim 
of the quadric as directrix ; or it may be hyperbolic and have a pair 
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of polar lilies as directrices ; or it map be elliptic and hare a pair of 

improper polar Urns as directrices. 

Proof. C denote the congruence referred to in the theorem 
and let 11 be the polarity by which eveiy^ point is transformed into 
its polar plane with respect to Ql This polarity transforms any line 

of € into its polar lines and the latter, by the theorem, is in (7. 

Hence 11 transforms € into itseK. 

According to § 107, YoL I, any congruence is either degenerate, 
parabolic, hyperbolic, or elliptic. If degenerate, it consists of all lines 
on a point i? or a plane p, E being on p. If 11 transforms such a con- 
gruence into itself, it must interchange E and p, and hence E must be 
on ^ and p tangent to at E. The congruence t7"will be of this type 
if meets in a point of and does not meet 

If 6" is parabolic, its one directrix must be transformed into itself 
by n, and hence must be a line of This case arises if 
all meet the same line of and do not meet any other line of 

If C is hyperbolic, 11 must either leave the two directrices fixed 
individually or interchange them. In the first case each directrix 
must be a line of which implies that 5^, \ all meet two 

lines of and hence that all lines of one regulus are left invariant 
by r, contrary to hypothesis. Hence the second case is the only 
possible one. It occurs when do not aU meet any line of 

(fy but are met by a pair of real lines. 

If (7 is elliptic, it has two improper directrices* and the reasoning 
is the same as for the hyperbolic case. 

Definition. A line I is said to meet or to he met by a pair of lines 
pq if and only if it meets both of them. A pair of lines Im is said to 
meet or cross a pair pq if both I and m meet pq. 

EXERCISES 

1. The lines which cross the distinct pairs of an involution on a regulus 
together with the lines tangent to the regulus at points of the double lines 
(if existent) of the involution form a nondegenerate linear complex. 

2. If two pairs of polar lines, and of a regulus meet each other, 

the involutions effected by {a^a^} and harmonic (commutative) and 

their double lines form a harmonic set^ 

* This maybe proved as follows : Let Ij, be lines of G not on the same 

regulus. Any plane on meets the regulusB^ containing conic, and 

meets t!iis conic in two improper points Pg. The two lines of the regulus conju- 
gate to which pass through P^, P^ meet ^d hence meet all lines of <7* 
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3- Let r be a projeexiYitj on a regains A variable plane meets R® in a 
conic C’® on whicli there is a project! vitj D perspective with F. The axes of 
the projectivities F are lines of a linear congruence. 

4. Enumerate the types of collineations leaving invariant a quadric (1) in 
Hie complex space, (2) in a real space, (3) in various mcxiular spoies. 

Products of imrs of mvolutoric proj^viti^. 

Theoeem 39. A direct ^projective collinmtion of a quadric mrfcLce 
is a line reflection whose axes are polar ^ if it interchanges two points 
of the quadric which are not joined hy a line of the quadric^ 

Proof Denote the collinmtion by F, the quadric by the two 
reguE on it by El and jK|, and the two points which F interchanges by 
A and B. Let a and 5 be the lines of El on A and B respectively, and 

and V those of El on A and B respectively. Since F interchanges a 
and i it effects an involution on El^ and since it interchanges and 
V it effects an involution on El. Let Z, m be the double lines of the 
involution on El, and p, q those of the involution on El. F is evidently 
the product of {Im} by {pq} and hence is a line reflection whose axes 
are the line joining the points Ip and mq and the line joining the 
planm Ip and mq. These two lines are polar with regard to 

Theokem 40. Two lines which are not on a quadric and do 
not meet the same line of are met hy one and Tmt one polar pair 
of lines. 

Proof. Let one of the given lines meet the quadric in A and A^ 
and the other meet it in B and J^. By Theorem 35 there is a unique 
direct projective collineation of the quadric which carries A to A', A 
to A, and BtoB^. By Theorem 39 this is a line reflection {Zm} and 
Z and m are polar with respect to Since {Zm} transforms A to A\ 
I and m both meet the line AA', and since {Zm} transforms R to R', Z 
and m both meet the line B^. 

If th^e were another pair of polar lines l\ m' meeting AA' and 
Bff, {ZW} would interchange A and A' and B and R'. By Theorem 35 
{Zm} = {Z'm'}. 

COEOMARY. Two Knes which are not on a cpiadric and do not 
meet the same line of ^ are met hy two and only two lines whidi are 
conjugate to them iMh with regard to 

Proof This follows directly from the theorem, because two mutu- 
ally polax lines a, h meeting two lines I and m axe both conjugate 
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[ aiid M and, moreover, if a line a meets and is conjugate to both I 
and m its folar line also meets and is conjugate to loth I and m. 

Theorem 41. If a simple hexagon is inscribed in a quadric sur- 
face in such a way that no two of its certices are on a line of the 
quadric, the three pairs of opposite edges are wet each by a polar pair 
of lines, and these three polar pairs of lines are in the same linear 
miigrutnce. 

Proof. Ixt be the simple hexagon. By the la^t 

theorem the pair of opposite edges A^B^, A^B^ is met by a pair^ of 
lines c , c which are polar with respect to the quadric. In like 
manner BfJ^^ BfJ^ are met by a polar pair and C^A^, 

by a polar pair Consider the product of line reflections, 

r = {cf^} ' {W} • {«!«,}• 

The line reflection {a^a^} carries to {hfj carries to A^, and 
{c^c^} carries J, to B^. Likewise {a^aj carries B^ to carries 

A,, and {c^c^ carries A^ to Hence T interchanges B^ and B^, 
and by Theorem 39 it is a line reflection. Denoting T by {d^dj we have 

By Theorem 38 the axes of the four line reflections in this equation 
are all lines of the same congruence. 

In view of the corollaries of Theorems 38 and 40 this theorem 
may be restated m the following forms : 

CoEOLLARY 1. If cb simple hexagon is inscrihed in a quadric in 
such a way that no two of its vertices are on a line of the quadric, the 
three polar pairs of lines which meet the pairs of opposite edges are 
met hy a polar pair of lines {which may coincide). 

Corollary 2. If a simple hexagon is inscribed in a quadric sur^ 
face in such a way that no two of its 'vertices are on a line of the 
quadric, each pair of opposite edges is met by a unique pair of lines 
conjugate to both edges, and the latter three pairs of lines are met by 
a pair of lines conjugate to each of them, Ths lines of the last pair 
may coincide.^ 

* Bulletin of the American Mathematical Society, VoL XVI (1909), pp. 65 
and 62. A theorem of non-Euclidean geometry from which this may he obtained 
by generalization has been given by E. Klein, Mathematische Annalen, Vol. X X I I 
fisSS), T>. 248, 
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This theorem is closely analogous to Pascal’s theorem on eonie sections 
(Chap. Yj I)* In the Pascal hexagon the j*airs of opiiosite sides deter- 
mine three points ^4, B, C which are coilinear. In the hexagon inscrilied in 
a quadric they deteraiine three pairs of lines a^a^j bjj^, which are in a 
linear congruence. In ca^ the vertices of the hexagon are coplanar, the 
theorem on the quadric reduces directly to PascaFs. 

The Pascal theorem may he proved by precisely the method used above. 
For let be a hexagon inscrilied in a conic and let ^4 be the 

(/ijCY, C|Eg), B be -1/ 2 )» ■!-4a;, 

{E/i, , and ’ Cr] l^e the harmonh* homologies effecting the involutions having .1. 
Bf Ciis centers. By coiisiruction the projectivity effected by { Cc} - {Bi/j • { J<i; 
on the conic carries to and /C to 71^ and hence is an involution. Denoting 
its center and axis by B and d, we Lave 

{ Cc) • {Bb} • {Aa} = {Dd}, 

This implies {Bb} • {Aa} = {Cc} • {Dd}. 

By the theorems of Chap. YIII, Yol. I, the line A Bis the axis of the projec- 
tivity effected by {Bb} • {Aa} and must contain C and D. Hence A, B, C are 
coilinear. 

Pascal’s theorem, is thus based on the proposition that the product of three 
involutions on a conic is itself an involution if and only if the centers of the 
three involutions are coilinear, i.e. if and only if their axes are concurrent. 
Let us denote an invohition whose double points are L and d/by {LI/}, as 
in Ex, 11, § 52. If the involution is represented on a conic, the double points 
are joined by the axis of the involution. The proposition above then takes 
the form : The product {LgjT/g} • {L^M^} • {Z^J/^} is an invohition if and only 
if the lines EgJ/g concur. The concurrence of the three lines 

means either that the three point pairs have a point in common or that they 
are themselves pairs of an involution. Thus the theorem on involutions may 
be stated as follows : 

Theorem 42. In any one-dimensional form a product of three involutions 
{Ljl/^], {LgT/g} is an involution in case the pairs of points 

LgJ/g, LgJ/g have a point in common or are pairs of an involution; and the 
product is not an invcdudon in any other case. 

The double points of the involutions may be either proper or improper 
(real or imaginary). In order to state the result entirely in terms of proper 
elements, the involutions may be represented on a conic and the condition 
stated in terms of the concujcrence of their axes, as above; or it may be 
expressed by saying thait they ^ belong to the same pencil of involutions^ or 
by sayir^ that they mre all harmonic to the same projectivity. 

This theorem on involutions in a one-dinrensionaJ, form is fundamenM 
in the theory of thcwe groups of projeetivitie^ in a space of any mimb^ of 
dimensions^ which are products of invcdutoric projeetiviti^ For mEsanple^ 
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it is esMsntiallj tlie same m Tlieorem 8, Chap. IV , which was fundamental in 
the theory of the parabolic metric group in the plane. Corresponding theo- 
rems in the Euclidean geometry of three dimensions will be found in §§ 114 
and 121, Chap. VII. The same principle appears as Theorem 27, Cor. 1, 
Chap. Ill, in connection with the equiaffine group. 

These groups are ail projective and on that account related to the projec- 
tive grt)up of a one-dimensional form. But the essential feature which they 
have in common is that evert/ tramfoTTnation of each group is a product of two 
inmlutoric tramfmrmatwns of the same group. On this account, even without 
their common projective basis, the geometries corresponding to these groups 
must have many features in common. In particular, whenever there is some 
class of figures such that if two of the figures are interchanged by a trans^ 
formation, the transformation is of period two, there must exist a theorem 
analogous to PascaFs theorem. As examples of this may be cited Theorem 41 
above; Ex. 6, § 80, Vol. I; Ex. 1, § 122, below; and in the list of exercises 
below. Ex. 4, referring to the group of point reflections and translations, 
Exs. 5, 6 referring te me Euclidean group in a plane, Ex- 7 referring to 
the equiaffine group. On this subject in particular and also on the general 
theory of groups generated by transformations of period two, the reader 
should consult a series of articles by H. Wiener in the Berichte der Gesell- 
schaft der Wissenschaften zu Leipzig, Vol. XLII (1890), pp. 13, 71, 245; 
VoL XLIII (1891), pp. 424, 644 ; and also the article by Wiener referred 
to in § 45, above. Cf. also § 80, VoL L 

EXERCISES 

1. (Converse of Theorem 41.) If the three pairs of opposite edges of a 
simple hexagon are met by three pairs of lines pairs of points 

which are harmonically conjugate to the pairs of vertices with which they are 
coliinear, and if the lines c^, are in the same linear congruence, 

then the vertices of the hexagon are on a quadric surface with regard to winch 
CjCg are polar pairs of lines. 

2- Two pairs of lines which are polar with regard to the same regulus 
cannot consist of lines of a common regulus. 

3- If two lines I and m are met by two pairs of lines which are polar with 
respect to a quadric, I and m are polar. 

4. In a Euclidean plane let A, B, <7 be the three points of intersection of 
pairs of opposite sides of a simple hexagon. If A and B are mid-points of the 
sides containing them, and C is the mid-point of one side containing it, then 
C is also a mid-point of the other side containing it. 

5. Let be a simole hex^on ir. a Euclidean plane. If the 

perpendicular bisector of the point pair A^B^ coincides with that of A^B^y and 
the perpendicular bisector of B^C'^with that of and the perpendicular 

bisector of C^A^ with that of CjA^ tl.en the three perpendicular bisector 
meet in a point. 
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6. Let fl, k e, a% h\ e' be sis concurrent uf a Euclidean plane. If there 
is a j?air of lines biseeiing each vi the pahs ah' and a'b, and a pair bisecting 
be' and there is a jair bisecting ea and c'a. 

7. If the pairs of oj.<|>osite sides of a simple hexagon are parallel, the lines 
joining their iiiid-|ioints are concurrent. 

109. Conjugate imaginary lines of the second kind. The theory 
of aiitiprojecthities (§99) and the extended theory of projectivities 
of one-dimensional forms (§ 106) will now enable us to complete the 
theory of conjugate imaginary elements in certain essential details 
which we were not ready to discuss in § 78. Let be a complex 
projective space and let S be a three-chain of ie. a space related 
to in the manner described in §§ 6 and 70, and let us use the 
definitions and notations of § 70. The simplest type of antiprojective 
collineation of is given by the equations 

(34) < = ^o’ = = = 

The frame of reference is such that the points of S have real coordi- 

nates. The transformation changes each point 

^s+^*^s)> 

where the cc'b and ffs are real, into the point 

These two points if distinct are joined by the real line 

a:^-hAy9^, + 

and are the double points of the involution determined by the 
transformation of the parameter X, 



Comparing with the definition of conjugate imaginary points in § 78, 
it is clear that (34) is the transformation by which every point of S' 
goes to its oonjt^te imaginary point, the points of S being regarded 
as real 

From the fact that the transformation (34) leaves no imagmary 
point invariant, it follows that it cannot leave any imagmary line or 
plane invariant. For the real Hne through an imagmary point P of 
the given line or plane is left invariant by (34), and hence P would 
be left invariant by (34). On the other hand, (34) leaves ev^ real 
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element invariant and lienee leaves every eMptic involution in a red 
one-dimensional form invariant. Since (34) cannot leave the double 
elements of such an involution invariant, it must interchange them. 
Hence (34) interchanges any element of with the element which 
is its conjugate imaginary according to the definition of § 78. 

The definition of § 78 defines the notion of conjugate imaginary 
elements for all one-dimensiond forms of the first or second degrees, 
and the theorems of that section cover all cases except that of a pair 
of conjugate imaginary lines which are the double lines of an elliptic 
involution in the lines of a regulus. 

Definition. An imaginary line which is a double line of an ellip- 
tic involution in a flat pencil is said to be of the first hind^ and one 
which is a double line of an elliptic involution in a regulus is said to 
be of tht second hind. 

Theoeem 43. A.ny imagiTiary line is either of the first or of the 
second hind. 

Proof. Let Z be an imaginary line. It cannot contain two real 
points, else it would be a real line (§ 70). Hence it contains one or 
no real point. In tbe first case2et 0 be the real point on I, P one of 
the imaginary points on I, and P the imaging point conjugate to P. 
The line PP is real, and hence the plane OPP is real. Hence by § 78 
the lines OP and OP are the double lines of an elliptic invdution 
in the pencil of real lines on the point 0 and tbe plane OPP. 

In the second case let P, Q and B be three points of I and let P,Q 
and B be their respective conjugate imaginary points. The lines PP, 
QQ, BB are real and no two of them can intersect, for if they did I 
would be on a real plane, and we should have the case considered in 
the last paragraph. Hence these liues determine a r^ulus Bl iu S. 
On the real line PP there is by § 78 an elliptic involution haviug 
P and P as its imaginary double points. Hence there is an elliptic 
involution in the regulus P|, conjugate to Pf, having I as one double 
line and a line I through P as the other. The linea I and I are conjugate 
imaginary lines by definition, and satisfy the definition of imaginary 
lines of the second kind. Since (34) transforms each element into its 
conjugate element, it is clear that I contains Q and B as well as P. 

The system of real lines obtained by joining each point of Z to its 
conjugate imaginary point on Z is, by the reasoning above, a set of 
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lines of the real space S, no two of which intersect. Am four of them 
determine a linear congruence 107, Voi I) C in S and also a linear 
congruence C of S'. The congruence C has the property that each of 
its lines is contained in a line of C, and C evidently is the set of all 
lines joining points of I to points of L Hence € is an elliptic con- 
gruence according to the definition of § 107, VoL I, and consists of all 
real lines meeting I and I, Hence the system of real lines joining 
points of I to their conjugate imaginary points is an elliptic congruence 
in S, or in other words : 

Theorem 44. An imagiriary lint of the second kind is a directrix 
of an elliptic congruence. 

The observation, made in the argument above, that there is one line 
of a certain elliptic congruence through each point of an imaginary 
line of the second kind, shows that an elliptic congruence may be 
taken as a real image of a complex one-dimensional form. This of 
course implies that the whole of the real inversion geometry can be 
carried over into the theory of the elliptic congruence and vice versa. 
Of. the exercises below. 

The relations between the imaginary lines of the second kind and 
the regulus and elliptic congruence are fundamental in the von Stand t 
theory of imaginaries which has been referred to in § 6. In addition 
to the references given in that place, the reader may consult the Ency- 
clopedie des Sciences Mathematiques, III 8, § 19, and III 3, §§ 14, 15. 

EXERCISES 

1. An elliptic congruence in a real space has a pair of conjugate imaginary 
lines of the second kind as directrices. 

2. The correspondence by which each point of an imaginary line I corre- 
sponds to its conjugate imaginary point is an antiprojectivity between I and 
its conjugate imaginary line. 

3. Under the projective group of a real space any imaginary point is trans- 
formable into any other imaginary point, any imaginary line of the first kind 
into any imaginary line of the first kind, and any imaginary line of the second 
kind into any imaginary line of the second kind ; an imaginary line of the 
first kind is not transformable into one of the second kind. 

4. There is a one-to-one reciprocal correspondence between the points of a 
complex line and the lines of an elliptic congruence in a real space in which 
the points of a chain correspond to the lines of a ratlins. By m^tns of this 
correspondency make a study of the elliptic csongnienee and its groups 
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5, Let S3 be a tbi ^e-dimemional complex space. Any five noncoplanar 
Iff S4' determine a unique three-chain, which is a real Sg. This Sg is 
related to S3 in the inanner described in §| 6 and 70. Through any point P 
of Ss niit on S3, there is (§ 78) a unique line which contains a line of Sg 
(i.e. a chain ) as a subset. On this chain Cj there is a unique elliptic invo- 
lution having P as a double point. Let P be the other double point of this 
involution. P and P are the conjugate imaginary points with regard to the 
real space S3, and the transformation of Sg by which each point P not on 
Sg goes to P, and each fioint on $3 is left invariant, may be called a rejieo 
lion in the three-eliain Sg. Any transformation which is a product of an odd 
number of reflections in three-chains is an antiprojective coUineation, and 
any transformation which is a product of an even number of reflections 
in three-chains is a projective coUineation. Every coUineation is expressible 
in this form. 

110. The principle of transference. We have seen how the geometry 
of the inversion group in the plane, arising initially as an extension 
of the Euclidean group, is equivalent to the projective geometry of 
the complex line and also to that of a real quadric which may be 
specialized as a sphere. We have also seen the equivalence of the 
projective groups of all one-dim*^ ?ional forms in any properly pro- 
jective space. Since the regulus is a one-dimensional form, this gave 
a hold on the group of the general quadric. The latter group in a 
complex space has been seen to be isomorphic with the complex 
inversion group and also with the fundamental group of the 
function plane. 

At each step we have helped ourselves forward by transferring 
the results of one geometry to another, combining these with easily 
obtained theorems of the second geometry, and thus extending our 
knowledge of both. This is one of the characteristic methods ri 
modem geometry. It was perhaps first used with clear understanding 
by 0- Hesse, ^ and was formulated as a definite geometrical principle 
(Uebertragungspiinzip) by E. Klein in the article referred to in § 34. 

This principle of transference or of carrying over the results of one 
geometry to another may be stated as follows : Given a set of elements 
[^] arid a group G of permutations of these elements, and a set of 
theorems [T] which state relations deft invariant by G. Let [e'] be 
another set of elemmts, and G^ a group of permutations of 
If there is a om-do^me reciprocal correspondence between: [e] and [e'] 


♦Gesammelte Werke, p, 6S1. 
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m which G is simply umnorpkic vMh G\ the set of theorems [T] deter- 
mines hy a mere change of termimlogy a set of theorems [ T'^] which 
state rdatm’m among elements d which are left invariant hy G\ 

This principle Incomes effective when the method by which [^] 
and G are defined is such as to make it easy to derive theorems 
which are not so ea^y seen for [«'] and This has been abundantly 
illustrated in the pr^nt chapter, but the series of geometries equiv- 
alent to the projective geometry on a line could he much extended 
Some of the possible extensions are mentioned in the exercises below. 

From the example of the conic and the quadric surface {§ 107) it 
is clear that in order to carry results over from the theor}^ of a set 
\e\ and a group 6^ to a set [^] and a group & it is not necessary that 
the corr^pondence be one-to-one. The transference of theorems 
however, no longer a mere translation from one language, as it were, 
to another, but involves a study of tbe nature of the correspondence. 

DEFmiTiON. Given a set of elements [e] and a group G of permu- 
tations of [«], the set of theorems [T] which state relations among 
the elements of [e] which are left invariant hy G and are not left 
invariant hy any group of permutations contaming G is called a 
generalized geometry or a branch of mathematics,* 

This is, of course, a generalization of the definition of a geometry 
employed in §§ 34 and 39. At the time when the role of groups in 
geometry was outlined hy ETein, the only sets \e\ under consideration 
were continuous manifolds, ia complex spaces of n dimensions or 
loci defined by one or more analytic relations among the coordinates 
of points in such spacea The older writers restrict the term ^'geometry” 
by means of this restriction on the set [e]. But in view of the exist- 
ence of modular spaces and other sets of elements determining sets 
of theorems more nearly identical with ordinary geometry than some 
of those admitted by Klein's original definition, it s^ms desirable to 
state the definition in the form adopted ahova 

In case the set of theorems [T] is arranged deductively, as explained 
in the introduefeion to VoL I, it becomes a mathematical sciaace. The 
problem of the foundation of such a science is that of determining, if 
possible, a finite set of assumptions from which [T] may he deduced. 

* The generated ccmceptioii of a geometay is discussed veiy clearly in the article 
by G. Fauo in tlie En<ydldpMle der Math. Wiss- ni AB 46. A numher of special 
cases are ontlined in the latter hsdf of the aiiMe^ 
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EXERCISES 

1. If a projective collineation interchanges the two regnli on a qnadncj. 
homologous lines of the two reguli meet in points of a plane. 

*2. Let i?- be a regnlus, co a plane not tangent to R% and 0 the pole of m 
(m mav conveniently be regarded as the plane at inhnity of a Euclidean space). 
A projeetivity T of may be effected by a collineation F leaving all lines of 
the conjugate reguliis invariant. This collineation multiplied by the harmonic 
homology { Om} gives a collineation F' interchanging the two regnli. By Ex. 1, 
F"' determines a unique plane. Let P be the point polar to F^ with regard 
to i?-. The correspondence thus determined between the projectivities F of 
and the points of space not on R'^ is one to one and reciprocal. It is such 
that projectivities which are harmonic (§ 80, Yol. I) correspond to conjugate 
points with respect to and all the involutions correspond to points of m. 

* 3. The construction of Ex. 2 sets tip a correspondence between the pro- 
jectivities of a one-dimensional form and the points of a three-dimensional 
space which are not on a certain quadric. The same correspondence may be 
obtained by letting a projeetivity 

x' = 

OjjX + ttg 


correspond to the point (uq, o^, ag). The relations between the one-dimen- 
sional and three-dimensional projective geometries thus obtained have been 
studied by C. Stephanos, Mathematische Annalen, Yol. XXII (1883), p. 299. 

*4- Develop the theory of the twisted cubic curve in space along the fol- 
lowing lines: (1) Define it algebraically. (2) Give a geometric definition. 
(3) Prove that Definitions (1) and (2) are equivalent. (4) Derive the further 
theorems on the cubic as far as possible from the geometric definition. It will 
be found that the properties of this cubic can be obtained largely from those of 
conic sections and one-dimensional projectivities in view of an isomorphism of 
the groups in question. The theorems should be classified according to the 
principle laid down in § 83. 

* 5. A rational curve in a space of k dimensions is a locns given paramet- 


rically as follows : 


Xq — -^0 C 0 » ^1 — *^1 ’ * * » 


where (/),••*, (t) are rational functions of t. In case k = n and the locns 

is not contained in any space of less than n dimensions, the curve is a normal 
curve. Develop the theories of various rational curves along the lines outlined 
in Ex. 4. For reference cf. § 28 of the encyclopedia article by Fano referred 
to above and articles by several authors in recent volumes of the American 
Journal of Mathematics. 


* 6 . The linear dependence of conic sections may be defined by substituting 
point conic ” or « line conic,*’ as the case may be, for "circle ” in the definition 
given at the end of § 100. Develop the theory of linear families of conics of 
one, two, three, and four dimensions, using the principle of correspondence 
whenever possible and classifying theorems according to the principle laid 
down in § 83. Cf. Encyclop^die des Sc. Matb. lH 18. 
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MTim AWB EUCUBEAlf GEOMETRY OF THREE BIMEIiatOirS 

111. Affine geometry. Definition. Let tt* be an arbitrary but 
fixed plane of a projective sp.ce S. The set of points of S not on 
iTm is called a Eiidideari space and tt* is called the plam at mJinUy 
of tills space. The plane tt* and the points and lines on tt* axe said 
to be ideal qt at infinity i all other points, lines, and planes of S 
are said to be ordinary. When no other indication is given, a point, 
line, or plane is understood to be ordinary. Any projective co ll in ea- 
tion transforming a Euclidean space into itself is said to be afirne^ 
the group of all such coUineations is called the afiine group of 
three dimensions, and the corresponding geometry the afiine geometry 
of three dimensions. 

Definition. Two ordinary lines which have an ideal point in 
common are said to be parallel to each other. Two ordinary planes 
which have an ideal line in common, or an ordinary line and an 
ordinary plane which have an ideal point in common, are said to be 
paralld to each other. 

In prticular, a line or plane is said to he praUel to itself or to any 
plane or line which it is on. For ordinary points, lines, and planes we 
have as an obvious consequence of the assumptions and definitions of 
Chap. I, VoL I, the following theorem : 

Theorem 1. Through a given point there is one and only OTie line 
paralld to a given line. Through a given point there is one and only 
am plains paralld to a given plarye. If two lines, I and V, are not in 
the same plane there is one and only one plane through a given point 
paralld ^ I and IL If I and V are parallel, any plane through I is 
paraMd to IL 

Another obvious &oagb important theorem h the foEowing : 

Theorem 2. The transformations ejected in an ordinary plcme m 
hy the afiine group in space mnstilule the afiine group of €hC JEudideam 
plam consisting of the ordinary points of 7t. 
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In. consequence of this theorem we have the whole afBne plane 
geometry as a part of the affine geometry of three dimensions, and we 
shall take all the definitions and theorems of Chap. Ill for granted 
without further comment. 

This discussion is valid for any space satisfying Assumptions A, E. 
The affine geometry of an ordered space (A, E, S) has already been 
considered in § 31, and certain additional theorems are given in 
F.tr. 5-7 below. 

EZESCISES 

1. The joining the mid-points of the pairs of vertices of a tetrahedron 

meet in a point. 

2. Classify the qnadric surfaces from the point of view of real affine 
geometry. Develop the theory of diametral lines and planes. The real projec- 
MTe classification of the nondegenerate quadrics has been given in § 103. The 

classification is given in the Encyclop4die des Sc. Math. Ill 22, § 19. 

*3, Classify the linear congruences from the point of view of the real 
affine geometry. Cf. § 107, YoL 1. 

*4. Classify the linear complexes from the point of view of real affine 
geometry. Cf. § 108, Yol. 1. 

5. With respect to the coordinate system nsed in § 31 the points of the 

line joining A = a^, a^) and B = (Jj, are 

fa-i + Xi&i Og + cLz + 

\1 + X 1 + A. 1 + X/ 

B corresponding to X = oo and the point at i nfin ity to X = — 1. The segment 
A B consists of the points for which X > 0 and its two prolongations of those 
for which X < — 1 and — 1< X < 0 respectively. 

6. Two points D and 1/ are on the same side of the plane ABC if and 

^ S (ABCD) = S (ABCiyy. 

7. Using the notation of § 101 and dealing with an ordered Euclidean 
space, i Om} is an affine collineation which alters sense if 0 or g > is at infinity 
and {lif} is an affine collineation which does not alter sense if I or V is at 
infinity. In an ordered projective space {IV} is, and {Om} is not, a direct 
collineation. 

112. Vectors, equivalence of point triads, etc. Defikitiof. An 
elation having 7r« as its plane of fixed points is called a translation. 
If Z is an ordinary line on the center of the translation, the translation 
is said to be j>aralld to L 

The properties of the group of translations follow in large part 
:um the following evident theorem. 
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Theorem 3. The transformations effeded in an ordiuurg plans tt 
hp the iratisiaiiom ienriap ir invariani comtitute the group of trans- 
lations of the Euclukan plane composed of the ordinary points of w. 

As corollaries of this we have statements about translations in 
space which are verbally identical with Theorems Chap. III. 
Theorem 8, Chap. Ill, generalizes as follows : 

CoROLLAKY. If OX, OY, and OZ are three noncoplanar Urns and 
T aiig traiislatwn, there exists a unique triad of translations T^, 
parallel to OX, OY, OZ respectitelg and such that 

T = T T T . 

The theory of congruence under translations generalizes to space 
without change, and the contents of §§39 and 40 may be taken as 
appi}’ing to the affine geometry in three-space. In like manner the 
definition of a field of vectors and of addition of vectors is carried over 
to space if the words Euclidean plane ” be replaced by Euclidean 
space.” The theorems of § 42 then apply without change. 

We aiTive at this point on the basis of Assumptions A, E, H^. 
Adding Assumption P we take over the theory of the ratio of col- 
linear vectors from §§ 43^ 44. Some of the theorems to which it 
may be applied without essential modifications of the methods used 
in the planar case are given in the exercises below. 

The definition of equivalence of ordered point triads in § 48 is 
such that if a plane tt be carried by an affine collineatioi i to a 
plane any two equivalent point triads of tt are carried to two 
equivalent point triads of tt^ Moreover, the definition of measure 
of onlered point triads in § 49 is such that if two coplanar ordered 
point triads ABC, DBF are carried by an affine coUiner'-mn to 
IYF^F^ respectively, 

. m (ABC) m (A^B^C') 

^ ^ m (DFF) “ m (F'F^F') * 

This result in view of Theorem 39, Chap. Ill, depends on the corrc 
spending theorem about the ratios of collinear vectors. In (1) the unit 
of measure in any plane is regarded as entirely independent of the 
nnit of measure in every other plane, but nevertheless the ratio of tn© 
measures is an invariant of the affine group. Certain ratios of ratios 
of measures are invariants of the projective group (c£ Ms. 17 below). 
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The notton. of equivalence of ordered point triads may be extended 

as foEows: 

DjSFINITION'. Two ordered point triads ABC and A!B^C^ are equivw- 

lent if and only if ABC may be carried by a translation to an ordered 
triad A"B"C" which is equivalent in the sense of § 48, Chap. Ill, 
to A'B'Cf. 

The fundamental propositions with regard to equivalence, as devel- 
oped in § 48, remain valid under the extended definition. Thus if 
ABC^A^Bfi^ and A^B^C^^ A^BJI!^, ABC^A^Bf,] if ABC^A^Bf^, 


A^B^C^^ ABC, etc. 

This extension of the notion of equivalence carries with it a cor- 


responding restriction of the idea of measure, Le. measure is now 
defined as in § 49, with the added proviso that the unit triad in any 
plane shall be equivalent to the imit triad in any parallel plane. 

The method by which the theory of equivalence of ordered point 
triads was developed in Chap. Ill does not generalize directly to the 
case of ordered tetrads in three-dimensional space.* We shall there- 
fore give an algebraic definition of the measures of an ordered set of 
four points, leaving it to the reader to develop the corresponding 
synthetic theory (cf. E x. 13 below). 

Defixition. By the measn/re of an ordered tetrad of points Aj^, A^, 
Ag, relative to an ordered tetrad OFQB as unit is meant the 


number 

( 2 ) 


1 “u «a2 “l3 
1 “21 “22 «23 
1 «82 *8, 
1 “41, “42 «4* 


m (AjA^gA^, 


where (a„, ffi.-,) are nonhomogeneous coordinates of A,.(i =1, 2, 3, 4) 

in a coordinate system in which 0, P, Q, B are (0, 0, 0), (1, 0, 0), 
(0, 1, 0), (0, 0, 1) respectively. Two ordered tetrads are said to be 
equivalent it and only if they have the same measure. In real affine 
geometry the number -Wm {A^A^A^A^)\ is called the volume of the 
tetrahedron A^A^A^A^ relative to the unit tetrahedron OPQB and is 
denoted by v (A^A^A^AJ. 

The theory of the equivalence of point pairs, triads, tetrads, etc. 
is the most elementary part of vector analysis and the Grassmann 
Ausdehnungslehre. This subject in particular, and the affine geometry 


* Cf. M. Dehn, Mathematische Annalen, Vol. LV (1902), p. 466. 
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of tliree climensioBS in general, is worthy of a mncli more exteBsive 
treatment than it is receiving here. We have referred only to that 
part of the subject which is essential to the study of the Euclidean 
geometry of three dimensiona 

In the following exercises the coordinate system is imderetood to 
he that which is described in the defmition of measure of ordered 
tetrads above. The vectors OF^ OQ, OR are taken as units of measure 
for the respectively parallel systems of vectors. The ordered point 
triads OPQy OQR, OEP are taken as units of measure for the resj^c- 
lively parallel systems of ordered point triads. 

Definition. By the projection of a set of points [AT] on the ^r-axis 
is meant the set of points in which this axis is met by the planes 
through the points X and parallel to the plane x=0; and the 
projection on the p- and s-axes have analogous meanings. 

By the projection of a set of points [-Y] on the plane a? = 0 is 
meant the set of points in which this plane is met hy the lines on 
points X and parallel to the a:-axis; and the projections on the 
planes y = 0 and s = 0 have analogous meanings. 


EXERCISES 

1. Tbe measures of ordered tetrads of points are unaltered by trans- 
formations 

(3) tf = ^21^ F F F 

F = -f" ^82^ F ^88^ F ^80? 

subject to the conditiou A = 1, where 




"11 

" l 2 

"13 

^21 

^22 

^23 

^31 

^82 

^33 


This group is called the equiaffine group and also the special linear group 
The group for which A® = 1 leaves volumes invariant, 

2. Ratios of measures of ordered tetrads of points are left invariant by 
the affine group. 

3. In an ordered space two ordered sets of points ABCD and A'RC'jy 
are in the same sense or not according as m (ABCD) and m (A'B'C'D') have 
the same sign or not. 

4. The product of two line reflections {R} and {nm'} (cf. § 101) is a 
translation if I' and m' are at infinity and I and m are paralleL 

5. Determine the subgroups of the group of fran^Mons m 
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6. The projections of a jioint jiair PiP^ on the x-, y-, and i-axes 

•espeetively have the measures 


a = r„-J-j, 7 = =2 -=i. 

and those of the ordered }«jint triad OPJ>„ on the planes jr = 0, y = 0, 2 = 0 

respectively have the measures 



These numbers satisfy the relation 


•^ 21 ’ 


V — 


^i\ 

i -^2 m 


aX + + yv = 0. 

Any two points P'jPi of the line P 1 P 2 such that Tect PjPg = ^ect deter- 
mine the same six numbers a, /?, y, A, /x, f. These numbers are proportional to 
the Plxicker coordinates (cf. § 109, Vol. 1) of the line P iP^* 

7. Using the notations of Ex, 6, X = m (OPPj^P^), m(^0QPiP^'), 
F = in (ORP^P^). If y% X', p, v' are the numbers analogous to a, /3, y, 

X, /L, F determined by an ordered pair P8P4, 

m (P1P2PSP4) = oX' + I3p + yv' + Xa' + + vy'. 


8. The measures of the projections of an ordered point triad P ^P gPg on 
the planes x=^0, y-0,z = 0 respectively are 


yi 1 


^1 % 1 


Vi 1 

i^3 *^2 1 


1 

Wg — 

^2 Vi 1 



*^8 I ; 


•3-3 Vz 1 


The homogeneous coordinates of the plane P^PJP^ are (uq, u^, Ug, %), where 


ki Ih 
“0 = ke //2 

i -^3 //5 


= m (OP^PgPs). 


9 . If Pj, Pg, Pg, P4 are four noncoplanar points and Pg, PI are two 
points collinear with Pg and 7-^4, then Vect (P3P4) = Vect (Pz^i) if a-nd only 
if m (P.P^PzP^) = ^ 

10. If Pj, Pg, Pg, P4 are four noncoplanar points and the lines P1P2, PiPi^ 
P{p 2 have a point in common and 

Vect (P1P2) = Vect (P^Pi) + Vect (Pj'P'O, 
then m {PiPJPzPa) = (P'lPiP^Pi:) + (P'^P'^P^Pd^ 

^11. Study barycentric coordinates and the barycentric calculus for three- 
dimensional space. Cf. § 51, § 27, and references to Mobius in § 49. 

^12. Study the measure of n-points in space, generalizing the exercises 
in § 49. 

^13. Define two ordered tetrads ABCD and A'PUiy as equivalent pro- 
vided that (1) A =A^, P = P, C=C% and the line Diy is paraEel to the 
plane ABC, ox (2) if there are a finite number of ordered tetrads **•» ^ 
such that ABCJy is in relation (1) to i°. a. like relation to tg to ^4, • • - 
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aBd to A'B'C'iy. Develop a theory of equivalence as nearly as possible 
analogous to that of § 4S. Show that ttvo tetrads are equivalent in this sen^ 
if and only if they are equivalent according to the definition in the text. 

*14. An elation whose center is at infinity and ivhose plane of fixed points 
is ordinary is called a simple shear. The set of all products of simple aheara is 
the equiaffine group. Develop the theory of the eqniaffine group on this basis- 
Is it |K5ssibie to generalize § 52 to sj^ce ? 

15. If a plane meets the sides of a ample polygon 

A^AjAg - . . Ag in points Ej, . . respectively, 

^ 0-^0 _ 't 

16. If a quadric surface (§ 104, Yol, I) meets the lines A^A j, A^A^, . . 
respectively in the pairs of points B^Cq^ EjCj, . . B^C^j respectively, 

AqPq AqCq A^Ei AxCi AA 

A^Bq AjCj a 2^2 A2C1 AqE^j a^c^ 

*17. Six points of a plane no three of which are coUinear satisfy the 
following identity: 

m (123) m (456) - m (124) m (563) + m (125) m (634) - m (126) m (345) ~ 0. 

The ratio of any two terms in this sum is a projective invariant. These 
propositions are given by W. K. Clifford in the Proceedings of the London 
Mathematical Society, YoL II (1866), p. 3, as the foundation of the theory of 
two-dimensional projectivities. Develop the details of the theory ontlined by 
Clifford. Cf. also Mobius, Der baiycentrische Calcnl, § 221. 

113. The parabolic metric group. Orthogonal lines and planes. 

Defestitiok Let 2» be an arbitrary but fixed polar system in the 
plane at infinity tt*. Tliis polar system shall be called the absolute 
or orihogcmal polar system. The conic whose points lie on their polar 
lines with respect to is, if existent, called the circle at infinity. 
The group of all collineations leaving invariant is called the 
parabolic metric group and its transformations are called simitarity 
transformatwns. Two figures conjugate under this group are said to 
he similar. 

Definition. Two ordinary planes or two ordinary lines are orthog- 
onal or p^rpmidicular if and only if they meet 7r» in conjugate lines 
or points of the absolute polar ^stem 2*. An ordinary line and plane 
are ortJwgonM or p&rpendimdar if and only if they meet 7r« in a 
point and line which are polar with regard to 2«. A line perpendic 
ular to itself, ie. a line through a point of the cirole at infinity^ k 
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cmled a mmimal or imiropic line. A plane i^rpendicnlar to itself, 
ie. a plane meeting in a tangent to the circle at ininity, is called 
a minimal or isotropic plane. 

As the analcgne of Theorems 2 and 3 we have 

Theobem 4. The similarity transformatioTis which leave an ordi- 
nary mummimal plane tv invariant^ effect in tt the transformations 
of h parabolic metric group in the Euclidean plane consisting of the 
ordinary points of tt. 

Generalizing Theorem 1, Chap. IV, we have 

Theorem 5. At every point 0 of a Euclidean space the correspond- 
ent between the lines and their perpendicular planes is a polar system, 
the projection of All the lines through 0 perpendimdar to a given 
line are on the plane perpendicular to the given line at 0; and all the 
planes through 0 perpendicular to a given plane are on the line through 

0 perpendicular to this plane. If existent, the isotropic lines through a 
point 0 constitute a cone of liius, and the isotropic planes through 0 the 
cone of planes tangent to this cone of lines. 

Corollary 1. Two perpendicular nonminimal planes meet in a 
mnminimal line, and two perpendicular nonminimal lines are par- 
oMd to a nonminimal plane. 

Corollary 2. If a plane 1 is perpendicular to a plane 2, and 2 
is parallel to a plane 3, then 1 is perpendicular to Z, If a plans 1 is 
perpendicular to a line 2 , and 2 is parallel to a line or plane 3 , then 

1 w perpendicular to 3, If a line 1 is perpendicular to a plane 2, 
aThd 2 is parallel to a line or plans 3, then 1 is perpendicular to 3. 
If a line 1 is perpendicular to a line 2, and 2 is parallel to a line 
3, them 1 is perpendicular to 3. 

Theorem 6. Two nonparallel lines not both parallel to the same 
minimal plane are met by one and only one line perpendicular to 
them both; this line is not minimal. 

Proof. Let and be the points in which the given lines 
meet tt*. By hypothesis and the line is not tangent 

to the circle at infinity. Let be the pole of the Hne A^B^ with 
respect to The required common intersecting perpendicular is the 
line through meeting the two given lines ; this line is obviously 
unique and not minimal. 
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EXERCISE 

Tke planes perpendicalar to the edges of a tetrahedron at the mid-pointe 
of the pairs of vertices meet in a folnt O. The line perpendicular to anj face 
of the tetrahedron at the center of the circle through the three vertices in 
this face passes through O. 

114. Orthogonal plane reflections. Definition. A homology of 
period two whose center, P, is a point at infinity polar in the absolute 
pwlar system to the line at infinity of its plane of fixed points, tt, is 
called an orthogonal reflettion in a plane or an orthogonal plane 
rejieeiion or a symmetry icith respect to a plane, and may be denoted 
by {irF}* The plane of fixed points is called the plane of symmetry 
of any two figures which correspond in the homology. 

Since the center and the line at infinity of the plane of fixed points 
of an orthogonal reflection in a plane are pole and polar with respect 
to we have 

Theorem 7. An orthogonal rejieeiion in a plane is a transforma- 
tion of the paraiolic metrie group. 

By a direct generalization of Theorems 3 and 4, Chap. lY, we obtain 
the following : 

Theorem 8. {!) If ir and p are two parallel nonminimal planes, 
the product {pP} • {wP} is a translation parallel to any line per- 
pendicular to IT and p, (2) If T is a translation parallel to a 'tion- 
minimal line I, ir any plane perpendicular to I, and p the plans 
perpendicular to I passing through the mid-point of the point pair 
in which nr and T {nr) meet I, then 

T={/>i?}-{7rP}; 

and if (T is the plane perpendicular to I passing through the mid-point 
of the pair in which nr and T“^(7r) meet I, 

T == {nrF} • {aS}, 

(3) A translation parallel to a minimal line I is a product of four 
orthogonal plane reflections. 

Theorem 9. A produst of orthogonal plane reflec- 
tions is expressAle in the form — A(T or T^AiA^_i * . - A[, 

where A[, A^, * • orthogonal plane reflectiom whose planes of 

* In the rest of tMs chapter this notation will he nsed in the sense here defined 
and not in the *nriore g«a«ral sense of § 101. 
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JiMd points all contain an arhitrary point 0, and T and are 
tramldtiofU. In mm O is left invariant hy A^A^_i • • • Ap T and T 

reduce to the identity. 

Proof. Let A[ (i = 1,2,... n) denote the orthogonal plane reflection 
whose plane of fixed points is the plane through O parallel to the 
plane of fixed points of A,. Then by Theorem 8, A^AJ = T^ T^- being 
a tmiislation. Hence A^ = T and 


( 5 ) A^A^_i . . . Aj — « * • T^Aj. 

By the generalization to space of Theorem 11, Cor. 2, Chap. Ill, if 2 
is any affine coUineation and T a translation, T2 = 2T^, where is a 
translation. By repeated application of this proposition, (5) reduces to 


A,A,_, . . . A, = a:a:,, . . . a(t = t^a:a:„, . . . a^, 

where T and T' are translations. 

In case 0 is a fixed point for the product A,,A,,_i * • • shice 
it is also left invariant by each of the reflections A^ it is left invariant 
by T and T^ Hence in this case T and T' reduce to the identity. 


Theoeem 10. A^, Ag, Ag are three orthoyorial plane reflections 

whose planes of fixed points meet in a line I, ordinary or ideal, the 
product AgAjjA^ is an orthogonal plane reflection vjhose plane of fixed 
points contains 1. 

Pi'oof. One of the chief results obtained in Chap. VIII, VoL I, can 
be put in the following form : If T^, T,^, are harmonic homologies 
living a conic invariant and such that their centers are collinear, 
T^T^T^ is a harmonic homology leaving the conic invariant. For by 
Theorem 19 of that chapter, and its corollary, the product is 
expressible in the form T^T, where T is a harmonic homology whose 
center and axis are polar with respect to the conic, the axis being 
concurrent with those of T^, T^, and ; and from T^T^ = T^T follows 


TXT = 

3 2 1 


:T,T,T = 


Now if A^, Ag, Ag are orthogonal plane reflections whose planes of 
fixed points meet in an ordinary line I their centers are collinear. 
Hence they effect in 7 r« three harmonic homologies whose centers 
are the poles of their axes with respect to the absolute polar 
system and whose centers are collinear. Hence A^A^A^ effects a 
harmonic homology in the plane at infinity and its axis, passes 


^ Cf . the fine print in 1 108. 
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tliroiigli the point at infinity of L SiiiCfc; / and are both lines of 
fixed points of AgA^A^, all points of the plane w containing I and fii» 
are invariant. Hence A^A^A^ effects a homology Imving the pole of 
?/i* with respect to as center. Since this homolc^y is of j^riod 
two in ir« it must be an orthogonal plane reflection. 

In case the planes of fixed points of A^, A^ are parallel we have 
by Theorem. 8 (1) that A^A^ is a translation parallel to a line perpen- 
dicular to these planes, ie. parallel to a nonminimal line. Hence by 
Theorem 8 (2) there exists an orthogonal plane reflection, A^, such that 

a,a=aa 

or AAA = A . 

CoEOLLARY. If {X^Z^} are two orthogonal plane refec- 

tions, and X[ is any ordinary nonminhnal plane in the same pencil 
with and X^, there exists a plane X^ and points L[ and Z^ svxk that 

{x,zj.{x,zj = {^zj.{xizi}. 


Proof By the theorem, if ZJ is the point at infinity of a line per- 
pendicular to >4, there exists an orthc^onal plane reflection {XjZj} 
such that ^ 

and hence {X^J • {\^i} = {^ 2 ^ 2 } * 


115. Displacements and symmetries. Congruence. We may now 
generalize directly from § 57, Chap. lY : 

Definition. A product of an even number of orthogonal plane 
reflections is called a displacement or rigid motion, A product of an 
odd number of orthogonal plane reflections is called a symmetry. 
Theorem 11. The set of all displacements and symmetries is a 
self-conjugate subgroup of the parabolic metric group and contains 
the set of all displacements as a self-conjugate subgroup. 

Definition. Two figures such that one can be transformed into 
the other by a displacement are said to be congruent. Two figures 
such that one can be transformed into the other by a symmetry are 
said to be symmetric. 

Theorem 12. If a figure is congruent to a figure F^, and F^ to 
a figure F^ €hm F^ is congruent to F^. If F^is symmetric with F^, and 
F^ uMhF^^ thm F^ is cohngrumt to F^, If F^ is congrumt to F^ and F^ 
symmetric wUh F^ thm F^ is symTnstTic wilk 
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Theoeem 13. Afiv duplacemiut kticiny an ordinary point 0 inva- 
riu/ii k a product of two orthogonal plane reflections whose planes of 

JiMd points contain 0. 

Froof Consider a product of four orthogonal plane reflections, 
whose planes of fixed points pass through 0. 

Let I be the line of intersection of and X^, m that of X^ and X^, 
and let X be a plane containing I and m, where in case Z = m, X is 
chosen so as not to be minimal. If X is nonminimal, by the corollary 
of Theorem 10 there exist orthogonal plane reflections {pM}, {vlf} 

such that ^ 

and J • {\L^ = {v^} • {Xi}. 

Hence V = {I'xV} • {Xi} • {Xi} ■ {fiM} = {vl^} ■ {Atitf}. 

In case X is minimal^ transforms X to the other minimal 

plane through I (Le. the other plane containing I and a tangent to the 
circle at infimty), and {X^E^} transforms this plane back to X. In like 
manner the product {X^L^} • X invariant. Hence X is 

left invariant by T, On the other hand the line I is obviously not 
left invariant by F, and therefore F does not leave all points at infin- 
ity invariant. Hence F leaves at most two tangents to the circle at 
infinity invariant, and thus leaves at most two minimal planes through 
O invariant Let X^ be any plane of the bundle containing X^ and X^ 
v/hich doe -• not meet X^ in a line of an invariant minimal plane of F. 
By the corollary of Theorem 10 there exists a plane Xg and points 
and Eg such that 

{XgEg} . {X,EJ = {X'E^} . {X'E^}, 

and hence such that 

F = {\EJ . {XJE^} . {X^'} . {X,E J. 

Now let I be the line of intersection of X^ and X', m that of Xj \> 
and X' the plane containing I and m. If X' were minimal it would, as 
argued above for X, be invariant under F, whereas X' was so chosen 
that I cannot be in such a plane. Hence the argument in the pre- 
vious paragraph can be applied to the last expression obtained for F. 

* This case obviously does not arise in the real Euclidean geometry (§ 116), so 
that this paragraph may be omitted if one is inter^ted only in that case. It is 
needed, however, in complex geometry. 
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ThiiSj in any case, a product of four orthogonal plane reiections 
whose planes of fixed points pass through O reduces to a product 
of two sueli reflections. By Theorem 9 any displacement leaving 0 
invariant is a product of an even number, say 2 of orthc^onal 
reflections in planes through 0. This may be reduced to a product 
of two orthogonal reflections in planes through 0 by b — 1 applica- 
tions of the result proved above. 

CoROLLABY. An OTtkogonol plane reflection is not a displacement 

Proof. Let 0 be a point of the plane of fixed points of an orthog- 
onal plane reflection A. If A were a displacement it would, by the 
theorem, be a product of two orthogonal plane reflections containing 
0 and hence could only have a single line of fixed points. 

Defixitiox. a displacement which is a product of two orthogonal 
plane reflections whose planes of fixed points have an ordinary line I 
in common is called a rotation about I, and I is called the axis of 
the rotation. If the axis is a minimal line the rotation is said to be 
isotropic or minimal. 

Theorem 14. The prodvxt of two orthogonal reflections in perpen- 
dicular planes is a rotation of period two. It transforms every point 
P not on its axis to a point P' sitch that the axis is perpendicular to 
the line PP^ at the mid-point of the pair PPL It leaves invariant 
the points of its axis and the points in which any plane perpen- 
dicular to its axis meets the plane at infinity. Its axis cannot be a 
minimal line, » 

Proof, Consider any plane tt perpendicular to the planes of fixed 
points of the two orthogonal plane reflections and A^. By the 
first corollary of Theorem 5 the axis of is nonminimal and 
hence tt is nonminimal In tt the transformations effected by A^ 
and Ag are orthogonal line reflections in the sense of Chap. IV, and 
their product is a point reflection (Theorem 5, Chap. IV) in the 
plane. From this the theorem follows in an oh^nous way. 

Defestitiok. The product of two orthogonal reflections in perpen- 
dicular planes is called an involutoric rotation or an orthogonal line 
reflection or a half turn. If Z is its axis and V the polar vrith respect 
to of the point at infinity of Z, it may be denoted by 

* In tlie rest of this chapter this notation will be used in the sense here defined 
and not in the more general sense of § 101. 
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Ti!EORE3f 15. Definition. The product of the orthogoiial plane 
rejkdiviu in three perpeadiadar plunts is a tramformation carrgiTig 
tneh pniiii F to n paint F‘ sntk that the paint 0 of intersection of the 
ditte phum is the mkkpouit if the pair FF\ A transformation of 
this Hurt is cf tiled a pint reflection or symmetry with respect to the 
point d ns center It is mi a displacement The points F and are 
said to he symmetric with respect to 0, 

Proof In the plane at influity the three orthogonal plane reflec- 
tions effect the three hariiionie hiaiinlugies whose centers and axes 
are the vertices and res|>ectiv(ily opposite sides of a triangle. The 
product therefore leaves aii at influity invariant. It also leaves 

0 invariant and is evidently of period two on the line of intersection 
of any two of the planes of fixed points of the orthogonal plane reflec- 
tions. Hence it is a homology of period two with O as center and 7r«> 
as plane of fixed points. It is not a displacement, since by Theorem 13 
a displacement leaving 0 invariant would have a line of fixed points 
pissing through 0. 

Theorem 16. The transformations effected in a nonminimal plane 
TT hy the displacements leaving tt invariant constitute the group of 
displacements and symmetries of the parabolic metric group whose 
absolute involutiors is that determined by on the line at infinity of tt. 

Proof I^t r be any displacement leaving tt invariant, 0 an 
arbitrary point of tt, and T the translation carrying 0 to F (0. Then 
T"' r (0) = 0 and hence, by Theorem 13, F is a rotation. Moreover, 
T“^ r leaves tt invariant. 

It is obvious from the definition of a rotation that it can leave tt 
invariant only in case its axis is perpendicular to tt or in case it is of 
period two and its axis is a line of tt. If F falls xmder the first 
of these cases, it effects a rotation in tt according to the definition of 
rotation in Chap, IV, and thus F effects a displacement in tt. If F 
falls under the second of these cases it effects, and therefore F also 
effects, a symmetry in tt according to the definition in Chap. IV. 

COEOLLABY 1. The transformations effected in a nonminimal plane 
TT by the displacements and symmetries leaving tt invariant constitute 
the group of displacements arid symmetrves of the parabolic metric 
'jroup whose absolute involution is that determined by on the line 
ut infinity of tt. 



§§ 115 , 116 ] 


ErCLIDEAX GEUMETlir 


301 


COEOLLASY 2. If 0 is an arbitrary any displacement F is 

expressible in the forms 

r = TP and r = rr, 

where T, are translations and P, P^ rotations leaving 0 mtariant 

Proof As in tlie proof of the theorem above, let T te the translation 
carrying 0 to F (0). Then T“^ F (0) = 0 and hence, by Theorem 13, 
T^^F is a rotation, P. Hence F = TP. If is the translation carry- 
ing 0 to r“^(0), it follows in like manner that rT^(O) is a rotation 

and hence that F= PT^~h 

Corollary 3. The transforniations effected on a nonmmimal line 
p by the displacements leavmg p invariant constitute the group com- 
posed of ail parabolic transformations and involutioyis leaving the 
point at infinity ofp invaHant. 

EXERCISES 

1. Two point pairs are congruent if they are symmetric. 

2. The set of all point reflections and translations forms a group which, 
unlike the analogous group in the plane (§ 45), is not a subgroup of the group 
of displacements. The product of two point reflections is a translation, and 
any translation is expressible as a product of two point reflections, one of 
which is arbitrary. 

3. Study the theory of congruence in a minimal plane. 

4. A rotation leaves no point invariant which is not on its axis. It leaves 
invariant all planes perpendicular to its axis and no others unless it is of 
period two, when it is an orthogonal line reflection. 

116. Euclidean geometry of three dimensions. The last theorem 
may be regarded as the fundamental theorem of the parabolic 
metric geometry in space, for by means of it all the results of 
the two-dimensional parabolic metric geometry become immediately 
applicable. 

Suppose now that we consider a three-space satisfying Assumptions 
A, E, H, C, R (or A, E, K), i.e. a real projective space. Suppose also 
that be taken to be an elliptic polar system,^ ie. the polar system 
of an imaginaiy ellipse (§ 79). Then in any plane the parabolic metric 
geometry reduces tb the Euclidean geometry and the displacements 
which leave this plane invariant are Euclidean displacements. 

♦ The existence and properties of an elliptic polar system may be detennmed 
without recourse to imaginari^ (in fact, on the basis A, E, F, S), as in § 80, 
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A set of assumptions for the Euclidean geometry of three dimen- 
sions is Composed td i*~X\ I, given in 29 and 66. W e have seen in 
§ 29 that I~IX are satistied by a Euclidean space of three dimensions. 
Assumption XI is a consequence of Theorem 12, and Assumpticms X, 
XIFXVI of Theorems 11 and 16. Hence in a real three-space, if 
S* is ffii diipik pvlur system the parabolic metric geometry is the 
Euelkkiiti geometry. 

The general remarks in § 66 are applicable to the three-dimensioiial 
case as well as tu the two-dimensional one. 

It was statt*(l in § 60 that the congruence assumptions are no longer strictly 
mde|»en<leiit when a full continuity assumption is added, because by intro- 
ducing ideal elements and an arbitrary 2* (as in the present chapter) a 
relation cif congruence may be defined for which the statements in X'“X'VT 
are theorems which can easily be proved. This view is not accepted by 
certain weil-knowm mathematicians, wEg hold that the arbitrariness in the 
definition of the absolute involution somehow conceals a new assumption.* 
It may, therefore, be well to restate the matter here.f 

Assumptions I“IX, XVII are categorical for the Euclidean space,* i.e. 
if two sets of objects [P] and [Q] satisfy the conditions laid down for 
points in the assumptions, there is a one-to-one reciprocal correspondence 
betw*een [P] and [Q] such that the subsets called lines of [P] correspond 
to the subsets called lines of [Q]- Thus the internal structure of a 
Euclidean space is fully determined by Assumptions I-IX, XYII. The 
group leaving invariant the relations described in these assumptions is the 
affine group, and all the theorems of the affine geometry are consequences 
of these assumptions. The latter may therefore be characterized as the 
assumptions of affine geometry. 

Among the theorems of the affine geometry is one which states that 
there is an infinity of subgroups, each one conjugate to all the rest and 
such that the set of theorems belonging to it constitutes the Euclidean 
geometry. Each of these groups is capable of being called the Euclidean 
group, and there is no theorem about one of them which is not true about 
all of them. The set of theorems stating relations invariant under any one 
of these groups is the Euclidean geometry. This set of theorems is the 
same whichever Euclidean group be selected, i.e. the Euclidean geometry is a 
unique body of theorems. 

Each Euclidean group has a self-conjugate subgroup of displacements 
./hich defines a relation called congruence having the properties stated in 

* Cf . the remarks on a paper by the writer in the article by Enriques, Encyclo- 
p^die des Sc. Math. Ill 1, § 12. 

t This discussion should be read in connection with the remarks on foundations 
of geometry in the introduction to Vol. I and in § 13 of this volume ; also in con- 
n-^ction with the remarks on the geometry corresponding to a group, §§ 34, 39, 110. 
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Assumptions X-XTL i^foreover, any relation whieii satisfies these assump- 
tions is associated with a group of displacements w’hich is self-conjugate under 
a Euclidean group. 

Thus Assumptions X-XYI characterize the relation of congruence as com- 
pletely as i^ssible, i.e. any relation satisfying these assumptions must be that 
determined bv one of the infinitely many groups of displacements. The set of 
theorems about congruence is unique and is the Euclidean geometry. 

The relation l«tween the affine geometry and the Euclidean geometry is 
analogous to that between the Euclidean geometry and the geometry belong- 
ing to any non-self-conjugate subgroup of a Euclidean group. Consider, for 
example, -the subgroup obtained by leaving a particular point 0 inTariaiit. 
A relation which is left invariant by this group may be defined as follows : 

A |■K)int P is nearer than a jKsint Q if and only if Bist (OP) 
< Bist (OQ). P and Q are equally near if Bist {OP) = Bist {OQ). 

There is an element of arbitrary choice in this definition, just as there is 
in the choice of an absolute involution to define the notion of congruence. 
Moreover, the geometry of nearness is just as truly a geometry as is the 
Euclidean geometry.* It would be easy to put down a set of assumptions 
(Xyiri“*V) in terms of near regarded as an undefined relation, which would 
state the abstract properties of this relation, just as X~XVI state the abstract 
properties of congruence. 

Another non-self-conjugate subgroup of the Euclidean group which gives 
rise to an interesting geometry is the group leaving invariant a line and a 
plane on this line. In terms of this group the notions of forward and hach 
ward and up and down can be defined, and the geometry corresponding to this 
group is a set of propositions embodying the abstract theory of this set of 
relations. 

It is a theorem of Euclidean geometry that the Euclidean group has 
subgroups with the properties involved in these geometries, just as it is 
a theorem of affine geometry that the affine group has Euclidean subgroups 
and a theorem of projective geometry that the projective group has affine 
subgroups. 

Assumptions I-IX, XYIT have a different rble from X-XVI or XVIEt-iY, 
in that they determine the set of objects (points and lines, etc.) which are 
presupposed by all the other assumptions. The choice of these assumptions 
is logically arbitrary. The choice of such sets of " assumptions ” as X-XVI 
is not arbitrary; it must correspond to a properly chosen group of permu- 
tations of the objects determined by I-IX, XVII. When independence proofs 
are given for Assumptions X-XVI, it is done by giving new interpretalions 
to the term « congruence,” not to « point” or <*line.” 

# It is even possible to give a psychological significance to this geometry. The 
normal individual has a certain place, say home, in terms of nearness to which 
other places are thought of ; here O is the central point of home. In astronomy 
stars are regarded as near or the contrary, according to their distance from the 
sun ; here 0 is the center of the sun. 
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The point of view of the writer is that if X-XTI or XVIII-iV are to be 
regarded as independent assniiiptioiis, their mdependence is of a lower grade 
than that of FIX, XVil. They constitute a definition by postulates of a 
relation (congrueiice or nearness) among objects (points, lines, etc.) already 
fully determined. Their significance is that they characterize that subset of 
the theorems deducible from FIX, XVII which corresponds to any Euclidean 
group and wMch therefore is the Euclidean geometry. 


EXERCISES 

* 1. Develop the geometry corresponding to some non-self-conjngate sub- 
group of the Euclidean group. Determine a set of mutually independent 
assumptions characterizing this geometry. 

2. The identity is the only transformation of the Euclidean group which 
leaves fixed two points A and B and two rays (cf. definition in § 16) A U and 
AD orthogonal to each other and to the line AB. 

3. If a and b are any two rays having a common origin, 0, and on different 
lines, there is a unique orthogonal line reflection and a unique orthogonal 
plane reflection transforming a into b. 

4. If A, B, C, D are any fonr points no three of which are collinear, there 
exists a unique rotation leaving the line AB invariant and taransforming C 
into a point of the plane ABD on the same side of AE with D, 

5. Any transformation of the Euclidean group which leaves a line point- 
wise invariant and preserves sense is a rotation. 

6. Any transformation of the Euclidean group which leaves a line point- 
wise invariant and alters sense is an orthogonal reflection in a plane 
containing this line. 

7. There is one and only one displacement which transforms three mutually 
orthogonal rays OA, OB, OC into three mutually orthogonal rays 0'A% O'B ' , 
0^0% provided that S (OAEC) = 5'(0'A'jT(7). 

*117. Generalization to n dimensions. The discussion of the Euclid- 
ean and affine geometries in §§ 111-116 is so arranged that it will 
generalize at once to any number of dimensions. It is recommended 
to the reader to carry out this generalization in detail, at least in the 
four-dimensional case. 

The elementary theorems of alignment for four dimensions are 
given in § 12, VoL I. The definition of a Euclidean four-space is 
given in § 28, VoL IL The generalization of § 111 is obvious on 
comparing these two sections. A four-dimensional translation may 
be defined as a projective coUineation leaving invariant all points of 
the three-space at infinity and also all lines through one of these 
points. The generalization of § 112 then follows at once. 
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A three-dimensional polar system may be defined as tbe polar 
system of a propr or improi^r regulns (Chap. XI, ¥ol. I ; c£ also 
§§ 100-108, VoL II), or it may be studied ab iniim by generalking 
Chap. X, VoL 1. The notion of perpendicular lines, planes, and three- 
spaces then follows at once and also the theorems generalizing those 
of § 113. An orthogonal reflection in an is next defined as a projec- 
tive collin^tion of period two, leaving invariant a point P at infinity 
and each point of a three-space whose plane at infinity is polar to F 
in the absolute polar system. All the theorems of §§ 114, 115 up to 
Theorem 13 then generalize at once. Theorems 13-15 must be modi- 
fied, in view of the fact that there are more than one type of four- 
dimensional displacements leaving a point invariant. Theorem 16 
holds unchanged. 

Finally, it can be proved as in § 116 that in case of a real space 
and an elliptic polar system the parabolic metric geometry satisfies 
a set of axioms for Euclidean geometry of four dimensions. This 
set differs from the one used above, in that YIII is replaced by 

VIII^. If A, B, C, I> are four noncoplanar points, there exists a 
point E not in the same Sg with A, B, C, D, and such that every point 
is in the same with A, B, C, 2>, E, 

The introduction of nonhomogeneous coordinates in a space of 
n dim ensions may be made by direct generalizations of § 69, VoL L 
The formulas for the affine group, the group of translations, the 
Euclidean group, and the group of displacements are then eashy seen 
to be identical with those given in the sections below, except that the 
summations from 0 or 1 to 3 must in each case be replaced by 
summations from 0 or 1 to n. 

118. Equations of the affine and Euclidean groups. With respect 
to a nonhomogeneous coordinate system in which is the singular 
plane, the affine group is evidently the set of all projectivities of 
the form 

a/ = + + a,,, 

( 6 ) + + 

^ = a.,x + 0 .^+ 


where 


As 


a 


12 

IS 

a 


22 

23 

a 


32 

88 
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and tlie variables and coefficients are elements of the geometric 

number system. 

In the system of homc^eneous plane coordinates in which the plane 
at infinity is represented by [1, 0, 0, 0], this group takes the form 

~ ^01^1 “h “h ^og^s> 


«' = 

-f 

Mj = 

^21^1 ^2a;^S> 


d" ^82^2 “b ^88^8* 


In an orderdL space the affine group has a sul^roup consisting of 
all transformations for which A is positive. This group has been 
considered in § 31. It also has obvious subgroups consisting of all 
transformations for which A^= 1 and for which A = 1. 

The equations of a translation parallel to the ir-axis are evidently 
a, = = and similar expressions represent a transla- 

tion parallel to any other axis. Hence by the corollary of Theorem 3 
the equations of the group of translations are 

rr'= x + a, 

(8) y'=y + l, 

i^=z + c. 

If the coordinates are so chosen that the planes ^ = 0, y = 0, 
i = 0 are mutually orthogonal, the equations of the circle at infinity 
in terms of the corresponding homogeneous coordinates are 

0 , = 0 . 

These are reducible by the transformation 

(9) ®o = ^o» = = 

to 

(10) x^ + xl + xl = 0, a^ = 0. 

In the real geometry a, h, c are positive if the polar system is elliptic (§ 85), 
and the transformation (9) carries real points to real points. The formnlas 
(9) are the only ones in the present section in which irrational expressions 
appear. Hence the rest of the discussion holds for any space satisfying 
Assumptions A, E, P, In any such space it is easily seen that (10) repre- 
sents a conic whose polar system may be taken as but it does not follow, 
as in the real case, that any improper conic can be reduced to this form. 
The situation here is entirely analogous to that obtaining in § 62. 
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In the three-dimensional homogeneous plane coordinates^ tt* and 
the planes tangent to the circle at iniinity (10) satisfy the equation 

(11) Uj -f- “f" = 0. 

Any plane 

(12) + uy -f le/ = 0 

is the transform under a coUineation of the form (6) of the plane 

(13) («,+ ^^0^1+ V,) * 

+ J y + 2 = 0. 

Hence (11) is the transform of 

(14) (flf. + a^o + ai’a) + (“ii + “Is + “Is) "“I + (“li + + «m) K 

+ 2 («u«=i+ “i2“ss+ “is«ss) “A+ 2 («„“si+ “A+ “is“ss) «1«S 

+ 2 (a,, fit,, + fit^^fit,, + fitjjfit,,) = 0. 

In order that (11) and (14) shall represent the same locus, we must have 

(15) dll “h ^12 d" ^18 ~ ^21 4” ^22 ”4” ~ ^81 4~ ^32 4" ^8S» 

«lAi+ ^12^22 4- ^8«23= «lAi+ ^12^2+ ^IS^SS 

= «S1«S1+“A+“A=0- 

These conditions are equivalent to the equation (cf. § 95, Chap. X, 

/a„ ai,\ a,A //) 0 0\ 

(16) I ^21 %2 ^28 ) * ( ^12 ®22 ^»2 / ” { ^ ^ ^ 

\dgi d^ ^2&' '^18 ^28 ^83' ^ Rf 

where p = a^ + 

If the matrix = A be interpreted as the matrix of a planar 

coUineation, as in § 95, YoL I, this states that the product of the 
coUineation by the coUineation represented by the transposed matrix 
is the identity. Hence the product of the two matrices in the reverse 
order is a matrix representing the identity. This means that 

dll + d^i + d^i = d^ + d^ -f- ^32 = + d^y 

and “A+ Va 2 = «ii“i3+ "si®** 

= "i2"is+"A+ "**"**= 0- 

Since the determinants of a matrix and of its transposed matrix are 
equal, we have 

A"* = p® = « + dl, + = « -j- < +• O*. 
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Definitiox. a matrix such that its product by a given matrix A 
is the identical matrix (§ 95, Vol. I) is called the inverse of A and is 
denoted by A square matrix whose transposed matrix is equal 
to its inverse is called orthogonal. A linear transformation, 

x' = 

(17) y = a^je + + a^z, 

whose matrix is orthcgonal, is said to be orthogonal. 

The results at which we have arrived may now be expressed in 

part as follows ; 

Theorem 17. The transfomiations of the paraholie metric grou]^ 
can he writtm in the form 

3J = p {a^^x + + k^, 

(18) = + + + 

/ = p {a^x + a^ + <i^ + \), 

where the matrix (^11^22^33) ^ orthogonal. 

From the form of these equations we obtain the following 

corollaries : 

Corollary 1. Any transformation (18) of the Euclidean group is 
the product of an orthogonal transformation, a translation, and a 
homology of the form 

od = px, 

( 19 ) ^=py> 

d ^pz. 

Corollary 2. A homology (19) is commutative with any collinecu^ 
tion leaving the origin invariant. 

Since an orthogonal matrix is any matrix satisfying (16) with 
^ = 1, we have 

Corollary 3, The product of two orthogonal transformations is 
orthogonal. The determinant of an orthogonal transformation is 
+ 1 or — 1 . 
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In view of the formula for the inverse of a matrix (§ 95, VoL I), 
we have 

CoROLLAxy 4. A matrix orthogonal if and only if 

(20) A,, = Aa,,, (i = 1, 2, 3 ; / - 1, 2, 3) 
where A u the determinant of the matrix and A^j the cofactor of 

The matrix of an orthogonal transformation of priod two is its 
own mYeim and hence its own transposed. Hence 

CoROiliABY 5. An orthogonal transformation is of period two if 
and only if = Uj.. 

The double points of any orthogonal transformation (17) must 
satisfy the equations 

{a,^-l)x+a^ + a^ = Q, 

(21) a„a: + (a^-l)y + a^a=0, 

+ (“«, - 1) 2 = 0- 

Tlie determinant of tte coefficients of these equations is 

^1 = ^— (^11 + 4- -d^) + (ttjj +a^+ a^) — 1. 

But since the transformation is orthogonal, ^,.j = Aa^. Hence the 
determinant of (21) reduces to 

Dj = (1 - A) +a^+a„- 1). 

Another determinant which is of importance in the theory of 
orthogonal transformations is that of the equations 

(a^-hl)x+a^ + a^^=0, 

(22) «2i^ + (a^ + l)y + a^=0. 

V + + (a^ + 1) 2 = 0. 

Any point satisfying these equations is transformed into its symmet- 
ric point with respect to the origin. The orthogonal transformation 
therefore transforms the line joining these points into itself and 
effects an involution with the origin as center on this line. The 
determinant of the equations (22) is 

Djj = A 4- (A^^ 4" A^ + A^) + (a^ + + 1, 

which reduces to 

-^2 (^U + ^22+ 
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Let as now consider an orthctgonal transformation (17) wMch we 
shall denote by E. If A = - 1 for E, D, = 0, and hence there is at 
least one jjoiiit which is carried by S into its symmetric point with 
respect to the origin. The plane through the origin perpendicular to 
the line Joining these pjints is left invariant by E, On the other 
hand, =#= 0 unless 

(23) ®11+«22+ 

and hence S leaves no other point than the origin invariant unless 
(23) is satisfied. Suppose now that (23) is satisfied. A cofactor of an 
element of the main diagonal of is 

where L By (20) this reduces to 

— (^ij+ ^33) + 1, 

which vanishes. Tlie cofactor of an element a^ii #=/) of D^is 

and by (20) this vanishes when A = — 1. Thus we have that if 
A = — 1 and (23) is satisfied, S has a plane of fixed points. Since it 
transforms one point into its symmetric point with respect to the ori- 
gin, it must be an orthogonal plane reflection. Thus we have proved 
Theokem 18. An orthogonal transformation for which A = — 1 
always has an invariant plane. It either leaves no point except the 
origin invariant or it is an orthogonal plane reflection. The latter 
ease occurs if and only if a^^ A- a,^ + a, ^ = 1. 

By comparison with Corollary 5 above we have 
COEOLLABY. An orthogonal transformation for which A=“-l is an 
orthogonal plane reflection if and only if a ^a^^, ^ 23 “ ^ 82 ^ ^ 13 “ ^si* 

Let us now consider an orthogonal transformation S for which 
A= 1. In this case i>j== 0, and hence there is always a line of fixed 
points passing through the origin. Let be an orthogonal, plane 
reflection containing a line of fixed points of E. Then is an 

orthogonal transformation for which A = — 1 and for which there are 
other fixed points than the origin. By the last theorem, therefore, 
it is an orthogonal plane reflection A^. From SA^==A 2 follows 
S = AgAj. We therefore have 

Theokem 19. An orthogonal transformation for which A = 1 is a 
rotation. 



|§ 118 , 119 ] 


OETHOGOXAL TEAXSFUfiMATION 


311 


COKOIXABY 1. Am orthogonal transformation for which A = — 1 ts 
a symmetry. 

Any transformation (18) for which p = 1 is a product of an orthog- 
onal transformation and a translation. It is therefore either a dis- 
placement or a symmetry- By Theorem 16, Cor. 1, a homology (19) 
for which 1 is not a displacement or a symmetry. Hence we have 
COEOLLAEY 2. The subgroup of (18) for which p = l and A = 1 
is the group of displacements, 

CoBOLLARY 3. The subgroup of (18) for which p = 1 and A®= 1 is 
the group of displacements and symmetries. 

The coordinate system which has been employed above is such 
that the planes a’ = 0, y = 0 , 2 = 0 are mutually orthogonal. Moreover, 
the displacement 

leaves (0, 0, 0) invariant and transforms (1, 0, 0) to (0, 1, 0) and 
(0, 1, 0) to (0, 0, 1). Hence the pairs (0, 0, 0) (1, 0, 0), (0, 0, 0) 
(0, 1, 0), and (0, 0, 0) (0, 0, 1) are congruent. Coordinates satisfying 
these conditions are said to be rectangular. 

EXERCISES 

1. The group of displacements and symmetries leaves the quadratic form 

wf + w| 4- 

absolutely invariant. 

2. Two point pairs (a, &, c){a'A%c') and are congruent 

if and only if (a — a'y^ + (b — b'f + (c — ~ oPf + (y ~ ff + (2 — 

3 . T^o planes ^ + „„ = 0, 

vp: 4- v^y 4- rgS 4- = 0 
are orthogonal if and only if 4- 4- = 0. 

4. Three planes ^ ^ ^ 2, 3) 

tiie coefficients being such that 4- u^l 4- wj =1, (i = 1, 2, S) 

are mutually perpendicular if and only if the matrix is orthogonaL 

5- The three ordered triads of numbers (an, «i 3 )> i = 2, 3, are direction 

cosines of mutually perpendicular vectors if and only if the matrix («ii% 2 ^) 
is orthogonal. 

119. Distance, area, voltune, angular measure. The definition 
(§ 67) of distance between two points extends without modification 
to the three-dimensiouM case. The distance between a point 0 
and a plane tt is the distance betw^n O and the point T in which 
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TT is met by the line through O perpendicular to w. The distance 
between two lines is Dist where and are the points 

in which the common interaecting perpendicular line meets and 

respectively. 

If the notion of equivalence of ordered point triads (§ 112) be 
extended by regarding two ordered triads as equivalent whenever 
they are congruent, it is obvious that any triad is equivalent to triads 
in any plane whatever and not merely, as in § 112, to triads in a 
system of parallel planes. Moreover, if ABC are noncollinear points 
such that AB is congruent to AC, the ordered triad ABC ]s congruent 
and therefore equivalent to the ordered triad ACB. Hence 
ABC^ BCA = CAB^ACB «= CBA^BAC, 

Le. according to the extended definition, any ordered triad is equivalent 
to any permutation of itself. 

Since m{ABC) = — m{ACB), the definition of measure (§ 49) can- 
not be extended to correspond to the new conception of equivalence. 
On the other hand, the notion of area (§ 68) of a triangle is directly 
applicable. The situation here is entirely analogous to that described 
in § 67 with regard to the measure of a vector and the distance 
between two points. The formal definition may be made as follows : 

Definition. Let OBQ be a triangle (called the unit triangle) which 
is such that the lines OP and OQ are orthogonal and the point pairs 
OP and OQ are congruent to the imit of distance. Then if A’B'C is 
a triangle copknar with OPQ and congruent to ABC, the positive 
number ^\m(A'B^C')l = a{ABC), 

MThorem {A’B'C') is the measure (§ 49) of the ordered triad rela- 

tive to the ordered triad OPQ, is called the area of the triangle ABC. 

The definition of the measure of an ordered tetrad and of the vol- 
ume of a tetrahedron may be taken from § 112, with the proviso that 
the unit tetrad OPQR is such that the lines OP, OQ, OB are mutually 
orthogonal and the pomt pairs OP, OQ, OB congruent to the unit of 
distance. 

The definition of the measure of angle may be taken over literally 
from § 69. Since, however, any symmetry in a plane can be effected 
by a three-dimensional displacement, the indetermination in the meas- 
ure of an angle is such that any angle whose measure is jS also has 
the measure hr + ^, where A is a positive or negative int^er. The 
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measure of an angle may therefore be subjected to the condition 
0 :s ^ < tt or — 7r/2 <0^ ■7r/2. 

Definition. The angular 7n€asure of a pair of intersecting lines ab 
is the smallest value between 0 and 2 tt, inclusive^ of the measures 
of the four angles formed by a ray of a and a ray of h. 

It is denote by m{ah). If a and h do not intereect, m{ah} denotes 
m (a%)^ where a! is a line ha\ing a point in common with h and parallel 
to a. Tlie angular measure of two planes tt, is the angular measure 
of two lines Z, r |:«rpendicular to tt and respectively. 

The following statements are easily proved and will be left to the 
reader as exercises (cf. § 72) : In the case w'here a and h do not inter- 
sect, the \ alue of m (ah) is independent of the choice of a^. Although in 
Euclidean plane geometry 0 = m (ab) < tt, in the three-dimensional case 

0 ^ m(ab)<~ 

If and are any two lines parallel to a and b respectively, and 
and are the minimal lines through the intersection of and 
m{ab) is the smaller of the two numbers 

^ 1 = - 1 log V,) a’l'i ^ 2 = - 1 log Vi)> 

that determination of the logarithm in each case being chosen for 

which 0 ^ < TT and 0 ^ tt. 

1 2 

The numbers which we have been defining in this section are some 
of the simplest absolute invariants of the group of displacements. The 
algebraic formulas for these invariants and some others are stated in 
the exercises below. In every case the radical sign indicates a positim 
root. By the angle between two vectors OA and OB is meant the 
measure of A A OB, 

The orthogonal projection of a set of points [P] on a plane tt is the 
set of points in which the lines perpendicular to tt through the points P 
meet tt. The orthogonal projection of a set of points [P] on a line I is 
the set of points in which the planes perpendicular to I through the 
points P meet Z. 

The exercises refer to four distinct noncoplanar points ij = 

y^i> ^ 2 )> = Vz, y^> ^ 4 )> of which are 

collinear with the origin. The coordinate system is rectangular, and 
0, P, Q, B denote the points (0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1) 
respectively, as in § 112. 
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EXERCISES 


1. Dist (I\P,) ~ N (i'l - Jr„f + (^j - + (=1 - 2»)^- 

2. Tlie cosines of the angles between a vector OP^ and the x-, y-, and z-axes 

respectively are 


yi 


-f i/{ + zi + 1/^ + z{ Varf + 

These are referred to as the direction cosines of the vector OPi< 
Dist the direction cosines of the vector PiP^ are 

yz — Ui 

j — , 

r r T 

S. The equation of a plane perpendicular to the line OP^ is 

+ yiy + == 

4. The distance from the point P^ to the plane ux + + yz = S is 

-h fiyi -f — Sj 


Hr = 


j 

5. If Qi is the orthogonal projection of Pg on the line C i then 
^1^2 + yiys -h -1-2 
Vl* + + 2/ 

is Dist(OQi) in case and P^ are on the same sine of 0, aid — Dist(0QD 
in case Qj and P^ are not on the same side of 

*^1^3 + Viy^ + ^“^1 * 4 PiOP^. 

8. m (PjPgPgP^) = Dist (PiPg) ' (-^8^4) * ^ * sill- where r is the dis* 

tance between the lines P1P3 and and $ the angle between the vectors 

and PgPi- 

7. If B denotes the measure of 2iP^0P^, and /, m, n the direction cosines of 
a vector OK perpendicular to the plane OP^P^ and such that S(0P^PJK) 
^S(0PQR\ 

= Dist (OPJ* Dist (OPg). sin 
= Dist (OP3,) • Dist (OP^) ' sin ^ * m, 

= Dist (OPj) • Dist (OPg) • sin 6 • n.* 

8. With respect to the coordinate system employed in § 118, the angle 

between two lines which meet w«, in (0, o^, Og, Og) and (0, /?g) is 

^ » 1 °1 A + “sA + °3^S + '^'^(^1 + «>A +°S^3y ~ W +°l + 0 (^1 + Pi E St) 

2 a,^i+a3^,+a^3-V(aj^j+a,j8, + a3y83)*-K+a|+a|)(/3f+/8|+,S|) 

9. If four planes a, y, S meet on a line, 

B (aB, yS) = ^ EPIM, 

sin (oS) sin (y^8) 

where (ay) denotes the angular measure of the ordered pair of planes ay. 

* Of. Ex. 6, §112. 


yi H 
3/3 ^2 

% ^ 
Vi 

y2 
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120. The sphere and other quadrics. Defixitiox. A sphere is the 
set of all points [F] such that the point pairs OP, where 0 is a fixed 
point, are all congruent to a fixed point pair OiJ- In case the line OiJ 
is rninimai, the sphere is said to be degenerate ; otherwise it is mTide- 
generate. The point O is caUed the center of the sphere. 

By comparison with, the definition in § 60 it is clear that any sec- 
tion of a iioiidegenerate sphere by a nomninimal plane is a circle. In 
case the circle at infinity exists, two perpendicular sections Cj and 
of a sphere S by nonmintmal planes constitute with the circle at 
infinity three conic sections intersecting one another in pairs of dis- 
tinct points. By § 105, YoL I, there is one and but one quadric surface 
containing them. A nonminimal plane w through the center of the 
sphere meets this quadric in a conic section which contains at least 
two points of the circles and and two points of the circle at 
infi-nity. This conic is therefore a circle containing the points of the 
sphere S which are in tt. Hence the sphere S is identical with the 
set of all ordinary points of the quadric surface containing <7^ , and 
the circle at infinity. Since 0 is the center of each circle in which S 
is met by a nonminimal plane through 0, 0 is the pole of the plane 
at infinity with regard to the quadric. Since a circle in a non- 
mioimal plane contains the ordinary points of a nondegenerate conic, 
it follows that the quadric surface is nondegenerate, i.e. is a quadric 
which contains two proper or improper regulL 

In case the circle at infinity does not exist, improper elements may 
be adjoined as explained in § 85, VoL I, so that the circle at infinity 
exists in the resulting improper space. The argument in the para- 
graph above thus applies to any space whatever which satisfies 
A^umptions A, E, P, H^. Thus we have 

Theorem 20. A rwndege7urate sphere consists of the ordmary points 
of a nondegenerate guadric surface such that all pairs of points in 
the plans at infinity conjugate with regard to are conjugate with 
regard to the absolute polar system. The center of the sphere is the pole 
of the plane at infinity rdatwe to this guadric. 

Comparing the definition above with Theorem 7, Chap. IV, we have 

Corollary. A degenerate sphere with a point 0 as cmter consists 
of all ordinary points on the cone of minimal lines through 0, exc^t 
0 Uself 
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Had a degenerate circle in the plane been defined in the same way that 
a degenerate sphere is defined al»ore, it would have been found to consist of 
points on only one minimal line through O, since in the plane the group of 
displacements leaves each minimal line invariant. 

The Euclidean classification of q^uadric surfaces may now be made 
in a manner entirely analogous to the Euclidean classification of conic 
sections in Chap. V. After completing the projective classification 
(§ 103) and the affine classification (§ 111, Ex. 2) and obtaining the 
properties of diameters and diametral planes, the principal remaining 
problem is that of determining the axes, an axis being defined as a 
line through the center of the quadric perpendicular to its conjugate 
planes. 

A line I and a plane tt meet tlie plane at infinity in a point X® and a 
line respectively. If I and tt are perpendicular, and are polar 
with resj^ct to If I and tt are conjugate with regard to a quadric 
X® and j?® are polar with respect to the conic (real, imaginary, or 
d^enerate) in which meets tt®. Hence the problem of finding the 
axes is reduced to that of finding the points which have the same 
polar lines with respect to two conics. This problem has been treated 
in § 101, Vol. I, for the case where both conics are nondegenerate. 
In general the two conics have one and but one common self-polar 
triangle. Hence, in general, a quadric surface has three axes which are 
mutually orthogonal. The determination of the other cases which may 
arise is a problem (Ex. 5, below) requiring a comparatively simple 
application of methods and theorems which we have already explained. 

The classification of point quadrics includes that of cones and 
conic sections, the properties of cones and conics in three-dimensional 
Euclidean geometry being by no means dual to each other. In con- 
nection with this it is of interest to prove the following theorem, which 
embodies perhaps the oldest definition of a conia 

Theorem 21. Any Twndegenerate real conic is perspective with a 
circle. 

Proof, Let he a given conic and a circle in a different plane 
having a common tangent and point of contact with C\ By Theorem 1 1, 
Chap. VTII, VoL I, and are sections of the same cone. 

Corollary. Any cone of lines is a projection of a circle from a 
point 
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EXERCISES 

1. The equation of a sphere of center (a, h, c) in rectangular coordinates is 

(x - af + (y - bf + (x - c)» = t- 

2. The set of points on the lines of intersection of homologous planes in 
the corresponding pencils, 

+ V— Ixg = X{x^ + Xj), 

Xq — Xi = A(X2 — V— IXg), 

is a ^here. 

3. A right circular cone is a projection of a circle from a point from which 
the extremities of any diameter are projected by a pair of perpendicular lines. 
Any conic may be regarded as tbe plane section of a right circular cone. 

*4. Develop the theory of stereographic projection of a sphere on a plane 
(cf. § 100). 

♦5. Classify the quadric surfaces from the point of view of Euclidean 
geometry. Having made the classification geometrically, find normal forms 
for the equations of the quadrics of the different classes and the criteria to 
determine to which class a given quadric belongs. This is analogous to the 
work in Chap. Y. 

*6. Classify the linear complexes from the point of view of Euclidean 
geometry. 

*7. Starting with a definition of an inversion with respect to a sphere analo- 
gous to that of an inversion with respect to a circle (§ 71), develop the theory 
of the inversion group of three-dimensions. This should be done both in the 
real and complex cases and the real and complex inversion spaces studied. 

121. Resoltition of a displacement into orthogonal line reflections. 
The properties of the group of displacements are closely bound up 
with the theorem that any displacement is a product of two orthogonal 
line reflections. In proving this theorem we shall place no restriction 
on the absolute polar system except that it be nondegenerate, and 
shall base our reasoning on Assumptions A, E, only. We are 
therefore obliged to consider transformations which do not exist in 
the Euclidean geometry, namely those with minimal lines as axes. 

Definition. The line at infinity polar in to the center of a trans- 
lation is called the axis of the translation. If the axis is tangent to 
the circle at infinity, the translation is said to be isotropic or miniirud. 

Theoeem 22. A product of two orthogonal line reflections whose 
axes I and m are parallel is a translation whose axis is the line at 
infinity of any plane perpendicular to the plane of I and m and par» 
alM to I Conversely ^ let T he any translation arid I any nonminimal 
line Tneetinff its axis ; then if m is the line containing the midrpowds 
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af ecery pair of points, L and T {L), for which L is on I, and if V is 
the pole in 2, of the point at infinity of I, 

T = {mV}-{lV). 

Proof. If the axes I and m of two orthogonal line reflections {W} 
and {min'] are parallel, they meet w, in a point P^. Each of the 
orthogonal line reflections effects in w. a harmonic homologj- whose 
axis I is the polar of ij, in 2„. Hence the product leaves all points 
at infinity invariant. In the plane of I and m the product {mV} • {IV} 
effects a planar translation parallel to any line perpendicular to 1. 
Therefore the product {mV} - {//'} is a translation in space parallel 
to this line. Its axis, therefore, is the line at infinity of any plane 
perpendicular to the plane of I and m and parallel to 1. 

The converse follows directly in the same manner as the analogous 
statement in Theorem 4, Chap. IV. 

Theorem 23. A.ny displacement is a product of two orthogonal 
line reflections. 

Proof. In case the displacement, which we shall denote by A, is a 
translation the theorem reduces to Theorem 22. In any other case A 
is a product of a rotation and a translation (Theorem 16, Cor. 2),i.e. 
A= • {P^cr} ■ T, 

where T is a translation which may be the identity. Thus A effects 
in the plane at infinity a product of two harmonic homologies whose 
centers and axes are P^, p„ and JS„, r„ respectively, where p^ is the 
line at infinity of or and r„ that of p. 

Let ^ be an arbitrary ordinary point and A(^). Let I be the 
line of intersection of the planes joining Q to p„, and Q' to »•„. These 
planes cannot be parallel, because and do not coincide ; and I 
cannot contain P or because P is not on and is not on r„. 

Let 0 be an ordinary point of I such that neither of the lines OQ 
and OQ' contains jg or (If the lines OQ and 0©' coincide, they 
coincide with 1.) Let P be the mid-point ot OQ, B the mid-point of 
OQ', and let p and r be the lines PP and respectively. Then 
p and r are such that there exist orthogonal line reflections {y|p»} 
and {rr„} such that ^ ^ 

{pp^}{0)=Q. 

Op«} • {rr„} • (O') = Q. 


Hence 
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Moreover, • {rr^} effects the inverse of the transformation 

effected in the plane at infinity by A. Hence • {rr«} • A leaves 

invariant all points at infinity as well as Q, and hence 

{pp^} • {rr*} • A=l, 

or A = {rr*} • 



It is now very easy to enumerate the possible types of displace^ 
ments. A displacement A being expressed in the form {ZZ^} • {mm'}, 
the following cases can arise 

L The lines Z and m intersect in an ordinary point O. A is a rota- 
tion which is the product of the orthogonal reflections in the planes 
perpendicular to Z and m respectively at 0. Two subcases must be 
distinguished : 

{a) The plane containing Z and m is not minimal A is a rotation 
about the common intersecting perpendicular of I and m. 

(b) The plane containing I and m is minimal A is an isotropic 
rotation about the line joining 0 to the point in which the plane of 

It is to 1)6 remembered tbat neither I nor m can be minimal. 
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I and M touches the circle at infinity. It evidently effects a parabolic 
transformation in the pencil of planes meeting its axis and also effects 
an elation in the fixed plane on the axis. 

IL The lines I and m are parallel. If we denote their common 
point at infinity by JS, and its polar hne with respect to by p*. 
Theorem 22 states that A is a translation whose axis is the line polar 
in to the point in which the plane of I and m meets The latter 
point is the center of the translation. Two cases arise : 

{a) The axis of the translation is not tangent to the circle at infinity. 

(J) The axis of the translation is tangent to the circle at infinity, 
and the translation is isotropic. 

TIL The lines I and m do not intersect- Again two cases arise : 

{a) The lines I and m have a common intersecting perpendicular 
line a (Theorem 6) which is not minimal. Let p be the line parallel 
to m and passing through the point of intersection of I with a. Then 

A = {/F} • {pp^} • {pp^} • {mm'}. 

Thus A is the product of a rotation {IV} • {pp^} about a by a translation 
{pp^} • {mrnl} parallel to a, 

(b) The lines I and m have no common intersecting perpendicular. 
In this case they are (Theorem 6) both parallel to the same minimal 
plane a. Let be the line at infinity of a, and its point of con- 
tact with the circle at infinity. Then I and m pass through points of 
distinct from each other and from and V and m' pass through 
Therefore A effects a transformation of Type III (§ 40, Vol. I) in the 
plane at infinity, with as its fixed point and a® as its fixed line. 
It also effects a parabolic transformation in the pencil of planes with a® 
as axis. Thus its only fixed point is A®, its only fixed line and its 
only fixed plane tt®. 

Definition. A displacement of Type Ilia, ie. a product of a non- 
isotropic rotation by a translation parallel to its axis, is called a twist or 
screw motion. The axis of the rotation is called the aods of the twist. 

Theoeem 24. A displacement which interchanges two distinct ordi- 
nary points is an orthogonal line reflection. 

Proof. Denote the given points by A and B. The given displace- 
ment A cannot be a translation, because a translation carrying a 
point A to a point B would carry B to a point O such that B is the 
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mid-point of the pair Xor can A be a twist or a transformation of 
Type Illb, because either of these types effects the same transforma- 
tion as a translation on a certain system of parallel planes, and hence 
no ix^int can be transformed involutorically. And A cannot be an 
isotropic rotation, because in this case it wmold effect a parabolic trans- 
formation in the planes on its axis and an elation in the one fixed 
plane on the axis. Hence A is a nonisotropic rotation. By reference 
to § 115 it follows that A must be an orthogonal line reflection. 

Theorem 25. If A^, A^ are three orthogonal line reflections 
whose axes are parallel or have a common intersecting perpendietilar 
I, the product AgA^A^^ is an orthogonal line reflection whose axis is 
parallel to the other three axes in the first case and is an inter- 
secting perpendicular of I in the second case. 

Proof. In case the three axes are parallel, by Theorem 22, A^A^^ is 
a translation which is also expressible as the product of Ag by another 
orthogonal line reflection A^, so that 

and hence A^A^A^ = A^. 

In case the three axes have a common intersecting perpendicular I, 
the orthogonal line reflections effect involutions on I having the point 
at infinity of f as a common double point. Hence (§ 108, Theorem 42) 
the product AgA^A^ effects an involution on I whose double points are 
the point at infinity and an ordinary point P. Hence, by Theorem 24, 
AgAgAj is an orthogonal line reflection A^. Since P is left invariant 
by A^, it is on the axis of A^ ; and this axis is perpendiciilar to I because 
A^ leaves I invariant. 

EXERCISE 

The product of an isotropic rotation by a translation parallel to its axis is 
an isotropic rotation abont an axis in the same minimal plane. 

122. Rotation, translation, twist. Let us now require the absolute 
polar system to be eUiptic, as in the real Euclidean geometry. In thin 
case there are no minimal lines, and hence the possible types of dis- 
placement are reduced to la, Ila, Ilia. Thus we have 

Theorem 26. In case the absolwte polar system is elliptic any dis- 
placeifmnt is a rotation or a translation or a twist 
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With this assumption about the absolute polar system we have 
a particularly simple method for the combination of displacements 
which depends on Theorem 25. Suppose that we wish to combine 
two displacements {^ 4 ^ 4 } ‘ Wd}- a be a common 

intersecting perpendicular of and and b of and and let m be 
a common intersecting perpendicular of a, and b. Then the product A 
of the two displacements satisfies the following conditions : 

={Z4Z1} • m ■ • ihQ ■ 

By the theorem just proved there exist two orthogonal line reflections 
{pp'}, { 22 '} such that 

(24) {hK) ■ {kQ ■ 
and 

(25) {mm,'} ■ {Z^Z'} • = {jpp'}. 

Hence A = { 22 '} ■ ■{>/}• 

Another way of phrasing this argument is as follows : 

By (24), {kl[} ■ {hQ = { 22 '} • 

and, by (25), {Z,Z'} - {ZjZO = {vim'} • {pp'}. 

Hence A = { 22 '} • {mm'} ■ {mm'} ■ {pp'} = { 22 '} ■ {pp'}- 

The analogy of this process with that of the composition of vectors is very 
striking. A vector is denoted by two points. A displacement is denoted by 
. Aj where A,, and A^ are the orthogonal line reflections of which it is the 
product. In order to add two vectors AB and CD we choose an arbitrary 
point 0 and determine points P and Q such that 
AB = PC and CD = OQ. 

Then we have AB + CD = PO Ht- OQ = PQ. 

In the case of two displacements A^A^ and A^Ag we find an orthogonal line 
reflection A (which is not arbitrary but is determined according to Theorem 25), 
for which there are two others, A 5 and A^, such that 
A. 2 A.|^ ~ AAlj and A.^A.g — — A-^A.. 

Hence A^AgA^A^ — A^ A AA g — A^Ag. 

Similar remarks can be made with regard to any group of transformations 
which are products of pairs of involutoric transformations. See § 108 and, 
particularly, the series of articles by H. Wiener which are there referred to. 

The resolution of a general displacement into a product of two 
rotations of period two is a special solution of the problem to express 
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a given displacement A as a product PA where P and A are rotations, 
A being of j^riod two. The general solution of this problem may be 
found very simply in terms of the special one as follows : 

Let F be any point of space, and let a be any line through P 

such that A=:{bb’}-{aa'}. 

Let p be the line through P perpendicular to a and intersecting 
and let rr be the plane through P perpendicular to j>. Then any line I 
on P and tt may be taken as the axis of A. This is obvious if / == 

If / =5^ a, the product {aa^} • {IV} is a rotation about p, because I and a 
are perpendicular to j? at P. Hence 

A • {IV} == {hV} . {aa^} * {W} = P 

is a rotation about an axis through the point of intersection of i and p. 
Hence 

(26) A=PA 

where A={fZ'}. 

Moreover, if I be any line through P and not in tt, {aa^} • {IV} is 
a rotation about a line ^ perpendicular to a and I and hence distinct 
from p. Since q is perpendicular to a and not identical with it 
does not meet 6. Hence the displacement 

is not a rotation. Hence the pencil of lines on P and tt is the set of 
aU lines on P which are axes of the rotations A of period two such 
that A = PA where P is a rotation. 

This argument applies to any ordinary point P. There is no diffi- 
culty in seeing that any point at infinity is also the center of a flat 
pencil of lines any one of which may be chosen as the axis of A in (26), 
From this it follows by Theorem 24, Chap. XI, VoL I, that the set of 
all lines which are axes of A’s satisfying (26) form a linear complex 
The argument for the case when P is at infinity is left as an exercise foT 
the reader (Ex 7). By another application of Theorem 24, Chap. XI 
VoL I, it is easy to prove that the axes of the rotations P which 
satisfy (26) are the lines of another linear complex This is also 
left as an exercise (Ex. 8). Other instances of the resolution of a 
general displacement into displacements of special types are given 
in Exs. 9-11. These exercises aH connect closely with those given 
in the next section 
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Defixitiox. a twist r such, that is a translation is called a 

half tmisL 

An orthogonal line reflection is a special case of a half twist, and 
any half twist is a product of two orthogonal line reflections whose 
axes are perpendicular. 

EXERCISES 

1. If the three common intersecting perpendiculars of the pairs of oppo- 
site edges of a simple hexagon are also the lines joining the mid-points 
of the pairs of vertices on opposite edges, they have a common intersecting 
perpendicular. 

2. If the product of three orthogonal line reflections is another line reflec- 
tion, the three axes are parallel or are all met by a common perpendicular. 

3. For any three congruent figures F^, F^, F^ there exists a figure F and 

three lines such that 

(See the note by G. Darboux on p. 351 of Legons de Cin^matique, Paris, 1897, 
by G. Koenigs, where the theorem is credited in part to Stdphanos.) 

4. The axes of two harmonic orthogonal line reflections meet and are 
|»er}>endicular. 

5. For any pair of orthogonal line reflections there is a third which is 
harmonic to both. 

6. Under what conditions are two displacements commutative ? 

7. For any displacement A there exists a linear complex C of lines snch 
that every ordinary line of C is an axis of a rotation A of period two such that 

A=:PA 

where P is a rotation. Ko line not in C is an axis of such a A. 

8 . If A is a displacement which is not of period two, the axes of the 
rotations P determined in Ex. 7 form a linear complex which has in 
common with C all the lines perpendicTilar to the axis of A. 

9. Any displacement A can be put iu the form 

A=:AP 

where A and P are rotations and A is of period two. The axes of the A's 
satisfying this condition constitute the ordinary lines of the complex C (Ex. 7) 
and those of the P’s the ordinary lines of C 3 l(Ex. 8). 

10. Any displacement A can be put in the form 

(27) A = P,.Pj 

where P^ and Pg are rotations or translations. If A is not a rotation or trans- 
lation, the axis of P^ or of Pg can be chosen arbitrarily. The axes of the Pj’s 
which satisfy (27) are carried into the axes of the corresponding Pj’s by a 
•orrelation P. 
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11. Any displacement A can be put in tbe form 

(28) A = PH 

where P is a rotation or translation and H a half twist. The axis either of 
P or of H can be chosen arbitrarily. For any P and H satisfying (28) there 
exists a rotation or translation P' and a half twist W such that 

A = HF and A = HT. 

12. Erery symmetry is expressible as a product in either order of an 
orthogonal reflection in a plane tt and a rotation about a line I perpendicular 
to 

13. The mid-points of pairs of x)oints which correspond under a symmetry 
are the points of the plane or (Ex. 12) or else coincide with the point fir. The 
planes perpendicular to the lines joining these pairs at their mid-points pass 
through the point Itt. 

14. Every symmetry transformation is expressible as a product in either 
order of an orthogonal plane reflection and an orthogonal line reflection. 

15. Determine the types of symmetry transformations which are distinct 
under the Euclidean group. 

123. Properties of displacements. Tbe main properties of displace- 
ments whdch we have found may be stated as follows for tbe real 
Euclidean geometry: 

Any displacement A bas a unique 
axis a which is a line at infinity only 
in case A is a translation. The displace- 
ment is a product of two orthogonal 
line reflections, i.e. 

The lines and meet a in two points 
and and are perpendicular to it. 

Let the measure of the angle between 
and 6 and the distance between 
A^ and A^ he d. Then A is the result- 
ant of a translation T parallel to a which carries every point X 
to a point X' such that 

List (XX') = 2 

and a rotation P with a as axis which carries each plane tt on to 
a |fene tt' such that the angular measure of tt and w' is 2 8, 

Definition. The numbers 2 8 and 2 d respectively are called the 
angle of rotation and distance of translation respectively of A. 
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The rotation P such, that A = TP= PT is 

p=yi;}-{/Ap 

where is the line through parallel to l^. Let and B„ be two 
points of and respectively, so chosen that the measure of 21B^A^B^ 
is 5 (and not v — 6}* Let one of the two sense-classes (§ 31) in the 
Euclidean space be designated as positive. 

If 0 #= 5 sfc there are two points B^, B’^ on a such that 
Dist ( AjR,) = Dist {A^Bi) = tan &. 

These points are on opposite sides of the plane A^B^B^ and hence 
^ S{A^B,B,B^). Let J?, be that one of these points for 
which ^'(AiRiRA) is positive. If 5 = 0,let It is easily seen 

that this determination of is the same for any choice of B^^ and B^ 
subject to the conditions imposed above. Hence any displacement A 

for which 5 ^ determines uniquely a line a and two vectors Aj^A^ 

and A^B^, which are parallel to a if a is ordinary. If a is ideal, A 
is a translation and A^B^ zero. 

Conversely, an ordinary line a and two vectors parallel to a deter- 
mine a unique displacement A. For let be any point of a, and l^ 
any line through A^ and perpendicular to a. Then the first vector 
determines a unique point A^ and the second a unique point B^. 
There are two lines through A^^ perpendicular to a and such that 
m, (ij^ = m (fjj) = 0 where tan 6 = Dist B^^B^. Let B^ be an arbitrary 
point of l^, and B^, points of respectively, such that 0 is the 
measure of 4.B^AjB^ and A-B^^A^B^. Then let B^ be that one of B^ 
and B^ such that S {AfBfB^B^ is positive, and let l^ be the line through 
A^ parallel to AfB^. The displacement determined is 

a={z/'}-{za'}- 

Hence any dis;placement A which is not a half twist determines and 
is determined ly a line a and two rectors and A^B^, From this 
it is plain that if it be desired to specify a displacement by means of 
parameters or coordinates, it is necessary to give a set of numbers 
w'hich will determine the line a (e.g. the Pliicker coordinates of 

* The ineasure of any pair of lines in threenimiensional Euclidean geometry 

satisfies the condition 0 ^ ^ ^ . Cf. § 116. 

2 
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the line) and two additional numbers which w’ill specify the vectors 
and This question is considered from various points of 

view in the following sections. 

For a treatment of the general problem of parameter representations 
of displacements and, indeed, of the whole theory of displacements, see 
the articles by E. Study, Mathematische Aoinalen, VoL XXXIX (1891), 
p. 441, and Sitzungsberichte der Berliner Mathematischen Gesellschaft, 
YoL XII (1913), p. 36. The exercises in this section and the last one 
are largely drawn from the first of these articles and from the articles 
by Wiener, referred to above. 


EXERCISES 

1. Let i be the axis of a twist, a any ray perpendicular to and intersecting 
and h the ray into which a is displaced. Let c be the ray with origin at the 
mid-point of the segment joining the origin of a and h and bisecting the angle 
between the rays through this point parallel to a and h respectively. (Two rays 
are parallel if they are on parallel lines and on the same side of the line joining 
their origins.) The given twist is the product of the line reflection whose axis 
contains a by the line reflection whose axis contains c, 

2. The product of three rotations whose axes have a point in common and 
whose angles of rotation are respectively double the angles between the ordered 
pairs of planes determined by the pairs of axes in a definite order, is the identity. 

3. The rotations P and V' described in Ex. 11, § 122, have the same angle 
of rotation, and the half twists H and H' described in the same exercise have the 
same distance of translation. 

4. There exists an orthogonal line reflection interchanging two congruent 
ordered pairs of points and if and only ii A is congruent to A^Bj. 

5. There is a unique orthogonal line reflection carrying a given sense-class 
on a line Z to a given sense-class on a line 1'. The axes of the two orthogonal 
line reflections carrying a line Z to a line V are perpendicular to each other and 
to the common intersecting perpendicular of Z and T at the mid-point of the 
pair of points in which the latter meets Z and I'. 

6. If an ordered triad of noncollinear points A^Bf)^ is congruent to 
an ordered triad A^B^C^, the axis of the displacement carrying 4^, 

to 4 2, B^,C^ respectively meets orthogonally the axis of the orthogonal line 
reflection which carries A^ and to two points 4i and B{ of the line A^B^ 
such that S S (42B2). 

7. If three noncollinear points A^, A^, 4 3 are displaced into Ag, 4g, 4^ 
respectively, the axis of the displacement is the common intersecting per- 
pendicular of the line joining Ag to the mid-point of 4^4 3 and the line 
joining 4^ to the mid-point of A^A^. 

8 . Show how to construct the axis of the displacement carrying an ordered 

point triad to a congruent ord^ed triad A^B^C^. 
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9. If a line / be displaced to a line 1% the mid-points of pairs of congruent 
points are the points of a line I or are identical ; the planes perpendicular to 
the lines joining the pairs of congruent points at their mid-points meet on a 
line I or are parallel or coincide. Under what circumstances do the different 
cases arise? 

10- If a plane a be displaced to a plane a\ the mid-points of the pairs of 
congruent |K>ints are the points of a plane a or the points of a line or coincide ; 
the planes perpendicular to the lines joining the pairs of congruent points 
at their mid-points pass through a point A or all meet on a line or coincide. 
Under what circumstances do the different cases arise ? 

11. Let A be a displacement, P a variable point of space, P' = A(P), P the 
mid-point of the pair PP', and tt the plane through P perpendicular to the 
line PP' if P P'. Then if A is not a half twist, the transformations Tj snch 
that (P) = P and such that Tg (P) = P' are affine collineations and 

T2Ti = A = TiT2. 

If A is not a rotation, the transformation T such that F (P) = tt is a projective 
correlation such that T (tt) = P' ; i-e. such that 

r*=:A. 

If A is not a rotation or a half twist, the transformation N such that N (P) = tt 
is a projective correlation, and in fact is the nuU-sjstem of the complex C 
referred to in Ex. 7, § 122. These transformations also satisfy the equations 
Ti = Nr, Tg = rN, NA = AN. 

12. Using the notations of Ex. 11, if a is any plane, A (a) = a, and Tg (a) = a, 
then a bisects the pair of planes a and a', and (a) = a. 

13. In the correlation N the lines / and 1 defined by Ex. 9 correspond. 
The plane a and the point A defined in Ex. 10 also correspond in N. 

14. The linear complex C(Ex. 7, § 122) contains every line I which coin- 
cides with the line I determined by the same line I (Ex. 9). Hence it is the 
set of those lines I which are perpendicular to the lines joining corresponding 
points of Z and r, and it is also the set of lines I which intersect the lines join- 
ing corresponding points of Z and Z'. 

15. The affine coUineation (Ex. 11) carries the axis of P (Ex. 11, § 122) 
to that of 

16- The correlation T (Ex. 11) carries the axis of (Ex. 10, § 122) to that 
ofP,. 

17. The transformations T-^, Tg, P, p-^ all carry C (Ex. 7, § 122) into 
(Ex. 8, § 122). 

124. Correspondence between the rotations and the points of space. 

K we confine attention to the rotations leaving a point 0 invariant,* 

* By the reasoning in § 90 it is clear that this amounts to considering the effect 
of all ffisplacements on the field of vectors. 
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the considerations of the last section simplify considerably. The 
points and may be taken as coincident with 0, and the point 
B. shall be denoted bv Ji. Then everv noninvolutoric rotation P 

corresponds to a definite point Ji on its axis. An involutoric rotation 
(orthogonal line reflection) may be taken to correspond to the point 
at infinity of its axis. Hence the rotations leaving 0 invariant cor- 
respond in a one-to-one and reciprocal way to the points of the real 
projective space consisting of the given Euclidean space and its 
points at infinity. 

Let OX, 0 F, OF be axes of a rectangular coordinate system with 0 
as center such that /S(OXrZ) is the positive sense-class. Whenever 
H is distinct from the origin, denote the measures of ABOY^ 

ABOZ by €Cy 7 respectively. Then the coordinates of B are 

X = tan Q cos a, 
y = tan(? coS/ff, 
z = tBJDiO cos 7. 


Let (cTq, be the homogeneous coordinates of B, so chosen 

that if JS is ordinary, rr fY a 

X=2i, F=-^; 

(Tq 

and if B is at infinity, = 0. In either case we may take 

a^—cosd, a^=: sin0 cosa, sin 0 cos j3, = sin ^ cos 7 . 


According to Theorem 23 any rotation (a^, cc^) is expressible 
as a product of two involutoric rotations ( 0 , \) and ( 0 , fi^). 

According to the convention just introduced, the X’s and fi's may 
be regarded as direction cosines. Hence, by Exs. 5 and 7, § 119, 


(29) = + + ^ 1 = 





, a = 


M2 Ms 

’ 2 

Ms Ml 

’ 3 

Ml M2 


Two fundamental problems now arise : (1) to express the coordi- 
nates of the point representing the resultant of two rotations in 
terms of the codrdinates of the points representing the rotations, and 
( 2 ) to write the equations of a rotation in terms of the parameters 

The formulas (29) are a special case of the formulas which furnish 
the solution of the first of these problems. The formulas for the 
general case may be found by an application of the method for 
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compounding rotations described in § 122. Let the two rotations 
correspond to J = (%, a,, a^) and E = /S,, /9,) respectively. 

Let /ij, be direction cosines of a line perpendicular to OA and 

OR Then the rotation («„, a^, a,) is expressible by means of 

the formulas (29) and /S^, /3^> /3,) by the foUowing: 


(30) + + ^1 = 







According to the principle explained in § 122, the point (y^, y^, y^, y^) 
which represents the product of (a^, a^, aj followed by i8^, is 



X X, 


K \ 


\ \ 

(31) 7o=Vi+V3+Vs> ^1 = 

2 S 

2 S 

> 

8 1 
1^8 

. 73= 

1 2 

1 2 


The result of eliminating the X’s, ft’s, and v’s from these equations is 
7o= 

2 7x = + «0*Sl+ 

^ ^ 7,== + ao/S,+ 

7,= 

This is most easily verified by substituting (29), (30), and (31) in (32). 
The rotation ( 7 ^, 7 ^, 7 ^, 73 ) which is the product of (o:^, a^, a^) and 

^s) given by (32); for if not, there would 

be some case in which (32) would not be satisfied by the values of 
etc. given by (29), (30), and (31). 

The formulas (32), which are due to 0. Eodrigues, Journal de 
Mathematiques, VoL V (1840), p. 380, are the same as those for 
the multiplication of quaternions. Ci § 127. 

The problem (2) of expressing the coeifficients of the equations (17) 
of a rotation in terms of the coordinates of the corresponding point 
(o:^, ojg, €c^) may be solved very easily by the formulas and theorems 
of §118, in the case of rotations of period two. The involutoric 
rotation corresponding to ( 0 , X^, X^) is, in fact, 

a/= (2 Xf — 1)0? 4- 2 Wy + 2 Wz, 

(33) 2 X,X 3 ^ + (2 X| -- 1) ^ + 2 \X^z, 

2 X 1 X 3 O? -h 2 + (2 X* ~ l)z. 


This is easily verified, because ( 1 ) the matrix is orthogonal and its 
determinant is + 1 , ( 2 ) the transformation leaves the point (Xj^, X^, XJ 
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invariant, (3) the matrix is symmetric and hence corresponds to a 
transformation of period two. 

To obtain the equations of the transformation corresponding to 
a^) it would be sufficient to take the product of (33) and 
the corresponding transformation in terms of and compare 

with equations (29). The algebraic computations involved would, 
however, be more complicated than in the following method, which 
is based on a simple observation with regard to collineations whose 
equations are of the form 

(34) + a^, 
a^z=^a^-a^ + a^z. 

If P = (^, z) and P = {x, y, z), then the vector OP is perpendicular 
to the vector PP, because 

(35) ^(iK — ^) + y(y — y) + i(2J“-i)= 0. 

The transformation (34) also has the obvious property of leaving 
invariant all points on the line joining the origin to (a:^, 
Conversely, if a coUineation 

px = 4- 

(3 6) py = + aj, 

pz=a^^ + aj + aj;, 

has the property that whenever P = (^, y, z) is distinct from P = (^c, y, 2 ), 
OP is perpendicular to PP, the relation (35) requires that = — 

whenever i=h j and that p= If, moreover, (36) leaves 

all points of the line joining the origin to cc^, invariant, it must 

be either of the form (34) or of the form 

(34') + a^- 

a^z = -a^ + + a^. 

It is also to be observed that the determinant of Transformations 
(34) and (34') is where 

(37) A = < + al + al + 

This determinant can vanish for real <r's only if 0, 
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Now cousider aa orthogonal transformation (17) representing a 
rotation P wliich is not of period two. Let F be an arbitrary point, 
p' = P(P), and P the mid-point of P and P'. The relation between P 
and P is given by the equations* 


2x = (a,j+ l)a! -F + a^, 

(38) = + 

2 i = + a^y + {a^+l}z. 

The line PP is perpendicular to OP and (38) must have the same 
invariant points as P. Hence if P is the rotation corr^ponding to 
{a^, a^, a„ a^), the equations of the transformation from P to P must 
be of the form (34) or (34'). 

Forming the determinants analogous to (19) in § 31, we see that 
S{OPPR), where B = (a;„, a^, a^, a^, is positive if P is given by (34) 
and negative if P is given by (34'). Hence (38) must be the inverse 
of (34). Solv'ing the equations (34) we have 


(39) 


x—^x+ j y+ ^ z, 

_ gp + 

^ A A ^ A 

_ a^a:, -f- < + <_ 


Since (38) and (39) must be the same transformation, we have 


■8+«0«2 


11 J * ’ “'is ^ ^ 

^4U) Uji— ^ 2 • *22-^ J J ’ 




a = 2 - 

“81 ^ J 


k, . a 


A 


These are the formulas, due to Euler, for expressing the coefficients of 
an orthogonal transformation in terms of the homogeneous parameters 


• The transformation from P to P is that denoted by in Ex. 11, § 123. 



§§ 124 , 125 ] 


ROTATIONS 


333 


The formulas for the a’s iu terms of the a^*s may be obtamed by 
taking linear combinations of Equations (40) : 

,4< 

A 

rr H - 


1-4- a 4- a A-a = 

* 11 * « S8 


a ~ a = 4-^ j 
21 12 ^ 


From this it follows that 

(41) cc : a : (Z : cc = l-h CL 4- cl 4~ cl : a — a : a — a za — a . 

' / 0 12 3 11 ‘ 22 * S8 SS 28 * “^18 21 12 

125. Algebra of matrices. The algebra of the last section may 
be put in a most compact form by means of matrix notation. This 
requires one or two new definitions. The sum of two matrices is 
defined by means of the following equation: 


(42) 


^2 




K K K , 

?** * - 






®28 + ^SS 


CL9^ 


'^Sl “h ^S1 ^82 “h ^82 ^83 "h 
This operation obviously satisfies the associative and commutative 
laws, namely A + {B -h C) = {A + B) + C, 

A + B = B + A, 

where A, B, C stand for matrices. 

Multiplication of matrices has been defined in § 95, VoL I, Le. 
(43) ^ (%)-(6e)=(%). 

where = hr Tinder this definition it is clear that 
A{B+C)=AB + AC 
and {B -4- C)A = BA + CA, 

Also it has already been proved that 

{AB)C^A{BCy 

It is now easy to see that, imder these definitions, matrices have 
most of the properties of a noncommutative number system in the 
sense of Chap. VI, YoL I, the matrices 


0 0 O' 
0 0 0 
0 0 0 , 


and 


10 0 
0 10 
0 0 1 


taking the roles of 0 and 1 respectively. The matrices of the form 

(x 0 0\ 
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form by themselves a number system which is isomorphic with the 
number system of the geometry. Such a matrix may be called a 
scalar and be denoted by x. 

Now let us denote the orthogonal matrix of the equations of a 
rotation (17) by M, and let the skew symmetric matrix 


1 

0 

5 





0=0 


— a.. 

0 



«0 


0=0 

[ 



0 , 

\ 

^0 

0=0 

/ 


be denoted by S. Then the matrix of the transformation (34) is 1 + 
and the matrix of the transformation (38) is 4(14- 7^). The comparing 
of coefficients of (38) and of (39) amounts to writing 

l + i2 = 2(l + N)-h 

This equation may be transformed as follows : 

^=2(l-fN)~^-l, 

= 2(1 + 5)-^- (l + N)(l + N)-^ 


The last equation, however, states a relation which is obvious 
from the point of view of matrices. For if S be any skew symmetric 
matrix, the transposed of ^ is — S. Since the product of the trans- 
posed matrices of the two given matrices is the transposed of the 
product, the transposed of 

is + 

which is also its inverse. Hence, whenever 


B is orthogonal. 

This equation may be solved as follows : 


1 + = (1 + / ST ) (1 + + (1 - 5 ^) ( 1 + 
= 2(H-;S')-S 

2 (1 + i?)-" - (1 + i2) (1 + B)-^ = S, 
(1-B)(1+B)-^=S, 
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wMcli gives the formula for a skew syrometric matrix in terms of 
an orthogonal matrix. 

The oj^ration of taking the inverse of a matrix is defined (cl § 95, 
Vol. I) in case the determinant of the matrix is distinct from zero. 
In the operations above, this is a restriction on the matrix 1 + -K and, 
by comparison with Equations (22), is seen to mean that no point 
must be transformed by the rotation corresponding to B into ihs 
symmetric point with respect to the origin. 

The generalization from three-rowed to ?i-rowed matrices is obvious, 
and we thus have the skew symmetric and orthogonal matrices of 
n rows connected by the relations 

(44) ■p, = ^i^S){l + Sr\ 

(45) + 

The equations between the corresponding elements in the matrices 
which enter in the first of these two matrix equations are the formu- 
las given by Cayley (Collected Works, Cambridge, 1889, Vol. I, p. 332), 
expressing the coefficients of an orthogonal transformation as 

rational functions of — parameters. 

126. Rotations of an imaginary sphere. The group of rotations 
leaving a point invariant may be regarded as a subgroup of the 
collineations of a sphere having this point as center. Let us consider 
the imaginary sphere 

(46) < -h 4- = 0 

and apply some of the results obtained in § 102. If a coUineation 

Xq = ^00^0 “b ^01^1 d" ^02^2 d" 

, . = ^10^0 + d- ^12^2 + 

(47) , 

x^ = O^qXq -j- ^21^1 d” ^22^2 d" 

=z C^Xq -f- -f- ^82^2 d" ^33^8> 

carries each line of one regains on the sphere into itself, any point 
(a^o, Xp ajg, x^ satisfying the condition (46) must be carried into a 
point {xl^ x(, x^, xl) satisfying the condition 

(48) + ^4" = 0, 

which states that it is on the sphere, and the condition 

(49) d” d* ^2^2 d" = 0, 
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which states that it is on the plane tangent at (x^, x„ x^, x^). Substi- 
tuting (47) in (48) we have, as in § 118, 

iss-O ts=0 i«0 t=<5 

Co.%- + CiiCy 4- = 0 if 

Substituting (47) in (49) we have 

^00 ^ ^11 ^ ^2St^ ^ 88 “ 

The matrix of the equations (47) must therefore be of the form 




«2 




-“a 

«2 

-“s 


«o 

— a 

1 


-«2 

«x 

«0- 


^x 


/3,' 



^a 

-^2 



^0 

A 


^2 

-A 



On multiplying together two matrices of one of these forms^ the 
product is seen to be of the same form ; whereas if two matrices of 
different forms are multiplied together, the product does not satisfy 
the condition c.j = — Cj^, Hence the matrices of the form (50) 

must represent the projective coUineations leaving all lines of one 
regulus on (46) invariant, and those of the form (51) must represent 
the projective coUineations leaving aU lines of the other regulus 
invariant. Hence, by § 102, any direct projective coUineation leaving 
the sphere invariant is represented by a product of a matrix of type 
(50) by one of type (51). 

A rotation is a direct coUineation leaving invariant both the sphere 
and the plane at infinity = 0. A coUineation (47) leaves = 0 
invariant if and only if == = 0. But on multiplying (50) 

and (61) it is clear that this can happen only if 

0 ^ 3 ==— p/Sg, p being any number except zero. Hence the 
matrix representing a rotation is AA, where 
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The matrix of the product AA is 

®0+®l' + ®2+“3 0 0 0 ' 

0 fio' + af - —al 2 (a^a^ — a^a,) 2 (a^a^ + 

0 2 (ai^j + a„a,) «l + - al 2 (a^ag - a^a^) 

0 2(aiag-a„a:.,) 2 {pc.^a^+ a^a^) al+al-al-al^ 


which agrees with (40) of § 124. 

Hence the para^neters (ar„, a^, a^. <^3) the Euler formulas may be 
regarded as the elements of a matrix of the form (50) which represents 
the projectivity effected on one of the reguli of (46) hy the rotation. 

If two rotations effect projectivities A and B respectively on a 
r^ulus, the product of the rotations effects the projectivity BA on 
the regulus (§ 102). Hence the product of two rotations whose 
parameters an? (a^, a^, a^) and /Sj, (3,) respectively has the 

parameters (7^, 7^, 7^, 7^), where 


/ % 7i 72 73 

-7^ % 7,-7, 

-72-73 7o 7, 
\-7» 72 -7i 7o 


-A ^0 -^3 ^2 

-^2 ^2 ^0 -^1 

-;Sg /3, ;3„ 


’ % 


«2 

«s' 


% 



-«^2 




1 . 

-OTg 

0=1 



This yields the same formulas as (32) in § 124. 


EXERCISE 

A parameter representation for the sphere (46) is 
a?! = 

where = — 1. The two reguli on the sphere are the sets of lines for which 
X^/Aq and ftiZ/i-o respectively are constant. The transformation whose matrix 
is (50) is given by the projectivity 

Xi = (oq + ^tti) Xq + (ttg - iag) Xi, 

M = - (<^ + ia2)Xo + (tto - mi)Xi. 

127. Quaternions. The definitions of sum and product of matrices 
m § 125 for three-rowed matrices clearly apply to matrices of any 
number of rows. With this understanding the sum of two matrices 
of the form (50) is obviously a matrix of the same form. The same 
has been seen in the last section to be true of the products of two 
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such matrices. Hence the set of all such matrices is carried into 
itself by the operations of addition and multiplication of matrices 
defined in § 125. 

Let us introduce the notation 

1 0 0 0 , 0 1 0 0 \ 

0 1 0 0 | 0 0 01 

0 0 10’ 0 0 0 -1 ’ 

0 0 0 l' \ 0 0 1 0/ 


1 0 

0 

1 



0 

0 

1\ 

0 

0 

0 

1 

7 . / 0 

0 

-1 

01 

-1 

0 

0 

0 ’ 

0 

1 

0 

0 

' 0 

-1 

0 

0/ 

\-l 

0 

0 

0/ 



Then any matrix of the sort we are considering is expressible in 
the form 

a^l + a^i + aj + ocjc. 

The matrices k satisfy the following multiplication table: 

(52) 

It has been seen in § 125 that matrices satisfy the associative and 
commutative laws of addition, the associative laws of multiplication, 
and the distributive laws. They obviously do not, in the present case, 
satisfy the commutative law of multiplication. Addition is performed 
by the rule 

(fi 3) (a;^! + a^i + + ajc) -f (/S^l + 4- 

= K +i®o) ^ + (^1 + 2- + -h {cc^ + /Sg) k, 

and multiplication by the rule 

(54) {a^ 1+ oc^i + aj + ajc) . (/S^l + 4- ^,k) 

= 7ol+7i^ + 72y + 7s*> 

where 

Vo = A - 

Vi = - ^A 

Va = <^A - <^A + 

Vs = <^A + O^A - <^2^1 + 



( 55 ) 
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From (53) it is clear that the operation of subtraction can be per- 
formed oil any two matrices of this form. From (55) it is clear 
that -h exists whenever the determinant 

\^o -^1 -A 

IA ( 3 .^ ;3j 

is different from zero. This condition is satisfied whenever 
0^, are- real. 

Hence when are real, the matrices of the form (50) 

constitute a noncommutative number system in the sense of Chap. VI, 
Yol. I. This number system is, in fact, the Hamiltonian system of 
quaternions. Compare the references at the end of the next section, 
particularly p. 178 of the article in the Encyclopadie and the article 
by Dickson in the Bulletin of the American Mathematical Society. 


EXERCISE 


A system of quaternions may be defined as a set of objects [^] such that 
(1) for every ordered pair of vectors a, b there is a q, which we shall denote 
by ; (2) for every q there is at least one pair of vectors ; (3) two pairs of 

vectors 0.4, OB and OA', OB' correspond to the same q if and only if the 
ordered triads 0.4 J5 and OA'B' are coplanar and directly similar in their 
common plane; (4) the q^s are subject to operations of addition and multi- 
plication defined by the equations 


(;) -^ (?)-(” ^)• 


(»•*«) 

(5 0 ?£ c) 


Prove that a system of q’s satisfies the fundamental theorems of a number 
system with the exception of the commutative law of multiplication. See 
Gr. Koenigs, Legons de Cin^matique (Paris, 1897), p. 464. 


128. Quaternions and the one-dimensional projective group. On 
comparing (32) and (55) it is clear that there is a correspondence 
between quaternions, taken homogeneously, and the rotations leaving 
a point invariant in which if two quaternions q^, q^ correspond to the 
rotations P^, P^ respectively, the product q^q^ corresponds to P^P^. The 
group of rotations is isomorphic with the group of projective trans- 
formations of the circle at infinity and hence with the projective group 
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of any complex one-dimensional form. There must, therefore, be a 
relation between quaternions and the one-dimensional projectivities, 

S 

The simplest way to obtain a number system corresponding to 
these transformations is to apply the operations of addition and 
multiplication as defined above to two-rowed matrices, Le. 

Wi Ws ^2/ Wi + '/s ^1+^2/ 

\7i Sj/ \7„ \) WlS + ^l'y2 '>'i^2+V2/ 


If we write 


we have 


ir 


1 ?) = ««! + ^2 + 'y«3+8«4- 


The units e , e , e^, e satisfy the multiplication table 




«2 





«2 

0 

0 

«2 

0 

0 


«2 




0 

0 


0 

0 

«s 

«4 


Although these matrices satisfy the associative and distributive 
laws of addition and multiplication and the commutative law of 
addition, it is clear that they do not constitute a number system, 
because it is possible to have = 0 when and I ^ Q, Kever- 

theless, if we write 

l=ej + 6^, «=vCl(e^-e^), y = e^-e,, *=V^(ej+e,), 
any matrix ^ is expressible linearly in 1, i, j, k • and 

= — 1, ij :=:-~ji:=:hy jk = — Icj ^ 

Hence the system of two-rowed matrices 

i^f)- 

where a, 0, y, S are complex numbers, is equivalent to the set of 
elements 
(56) 


al -f- hi + cjA' die, 
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where 1, f, j, k satisfy the multiplication table (52) of quaternions. 
The elements (56) are quaternions, properly so call«i, only when 
a, h, Cj d are reaL When a, 5, c, d are ordinary complex numbers, the 
elements (56) do not form a number system in the sense of Chap. VI, 
VoL I, because there can be elements Xy y both different from 0 such 
that xy = 0. 

It is interesting to note that 1, /, k are the matrices 


(j ?)■ (-; J)- ( 


0 

V=1 



which represent the identity, and three mutually harmonic involutions 
a/ z= — £c, a/ = — i, a/ = 

X X 

If the projectivities are represented on a conic, these three involutions 
fiave the vertices of a self-polar triangle as centers. 

The matrix represented by 


a^l 4- a^i -h aj + ajc 

a^d its determinant is 


+ + + 


The geometric significance of this remark is obvious on comparison 
with the exercise in § 126. 

The relation between quaternions and the one-dimensional projec- 
tive group was discovered by B. Peirce (cl Chap. VI by A. Cayley in 
Tait's Quaternions, 3d edition, Cambridge, 1890). It is an instance of a 
general relation, noted by H. Poincare, between any linear associative 
algebra and a con*esponding linear group. On this subject see E. Study, 
Mathematical Papers torn the Chicago Congress (New York, 1896), 
p. 376, and Encyclopadie der Math. Wiss., I A 4, § 12; lie-Sheffers, 
Kontinuierliche Gruppen (Leipzig, 1893), Chap. XXI ; and L, E. Dick- 
son, Bulletin of the American Mathematical Society, VoL XXII 
(1915), p. 53. On the general subject of linear associative algebra see 
L. E. Dickson, Linear Algebras, Cambridge Tracts in Mathematics, 
No. 16, 1914; and the article by E. Study and E. Cartan in the 
Encyclopadie des Sciences Mathematiques, 15. 
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* 129. RepresentatioE of rotations and one-dimensional projectiviti^ 
hj points. Tiie parameter representation of the rotations about a 
point wMcb we based in § 124 on a Euclidean construction has now 
b^n seen to be connected in the closest way with the theory of the 
one-dimensional projective group. It is therefore of interest to set up 
the correspondence between the points of space and the rotations 
about a point in a form which puts in evidence also the correspond- 
ence between the points of space and the one-dimensional projec- 
tivities. This has been studied in detail in the memoir by Stephanos 
referred to in Ex. 3, §110. It will be merely outlined here, because 
the proofs are aU simple applications of theorems which should by 
this time be familiar to the reader. The construction given below 
has the advantage over the one given in § 123 of being valid in a 
general projective space. 

Let be an arbitrary sphere. (In order to connect with our pre- 
vious work /S^may be taken as the imaginary sphere 
=s 0). Let and be the two reguli on S^, 0 the center of 
and Cl the circle at infinity. 

An arbitrary rotation P leaving O invariant determines and is fully 
determined by a projectivity T of <92, and hence is fully determined 
by its effect on three points j^, of <92. If are the lines 

of jKi on ij, respectively, and the lines of E^ on the 

points P (ij), P (^), P {F^) respectively, the planes 
meet in a point E. Let E correspoTid to P and to P (cf. Ex. 2, § 110). 

The following propositions are now easily established by reference 
to theorems on one-dimensional forms : 

The point ^ is on the axis of P and is independent of the choice 
of ij, J?. 

If the line OE meets in two points B ^ 

cross ratio of P. 

The involutions correspond to points of the plane at infinity. 

Pairs of inverse projectivities correspond to pairs of points having 
O as mid-point. 

Harmonic projectivities (§ 80, VoL I) of <72 correspond to points 
which are conjugate with respect to 8^, 

The projectivities of <72 harmonic to a given projectivity corre- 
spond to the points of a plane. Such a set of projectivities may be 
called a bundle of projectivities. 
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Tiie projectivities common to two bundles correspond to the points 
of a line and may be called a pencil of projectivities. 

A pencil of involutions according to this definition is the same as 
a pencil of involutions according to the definition in § 78, Y oL I. 

The product of the projectivities corresponding to points and 
not collinear with O, corresponds to a point R^ obtained by the fol- 
lowing construction : Let be the lines of Rl through the points 
in which OR^ meets ^ 8 ^ and let 7n\ be the lines of Rl through 
the points in which OR^ meets The line through R^ meeting 
w] and intersects the line through R^ meeting V and in the 
point ifg. If V and coincide, the line meeting them is understood 
to be tangent to and a similar convention is adopted in case 
and coincide. 


If R^ be regarded as fixed and R^ as variable, R^ is connected with 


R^ by the relation 


R,=KiR,'), 


where A is a projective coUineation leaving the lines l\ pointwise 
invariant. In case V = V\ A is a coUineation of the type in which all 
points and planes on V are invariant and each plane on V is trans- 
formed by an elation whose center is the point of contact of this 
plane vsdth 

If ifg be regarded as fixed and R^ as variable, the transformation 

defined by the relation a /'-r> n 

R^^A^RJ 


is a coUineation interchanging the reguli R^ and R^y and carrying 
each line I of Rl into the line m of if | in the plane RJ,, and each 
line m of R^ into the line ? of iff in the plane Om. 

The propositions above are derivable from Assumptions A, E, F. 
In a real space we have 

The rotations represented by points of a line all carry a certain 
ray with 0 as origin to a certain other ray with 0 as origin. Con- 
versely, aU rotations carrying a given ray with O as origin to a 
second ray with 0 as origin are represented by points of a line. 

The necessary and sufidcient condition that two rotations P^, P^ be 
harmonic is that there exists a ray r such that V^{r) is opposite to P 2 (r). 

The representation of rotations by points given in § 124 is identical 
with the one given in this section, in case is imaginary. In case 
is reaL the real points of space represent imaginary rotations. 
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liS^ is Si ruled quadric and Ct a real conic, the construction above 
gives a representation of the real projectivities of a one-dimensional 
form by the points of space not on S^. The sets of points [i>] and 
[0] representing the direct and opposite projectivities respectively 
are such that any two points of the same set can be joined by a 
segment consisting of points of this set, whereas any segment joining 
a jD to an O contains a point of The sets [i>] and [0] are called 
the two sides of 

EXERCISES 

1, Study the configuration formed by the points representing the rotations 
which carry into itself (a) a regular tetrahedron ; (5) a cube ; (c) a regular 
icosahedron. (Cf. Stephanos, loc. cit., p. 348.) 

2. A real quadric (ruled or not) determines two sets of points, its sides, 
such that two points of the same side can be joined by a segment consisting 
entirely of points of this side and such that any segment joining two points 
of different sides contains one point of the quadric. If the quadric is not 
ruled, one and only one of its sides contains all points of a plane. This side 
is called the outside or exterior, and the other the inside or interior. 


130. Parameter representation of displacements. Simple algebraic 
considerations will enable us to extend the parameter representation 
of rotations considered in the sections above so as to cover the case 
of displacements in general. We will suppose the general displace- 
ment given in the form 




(57) 


< = Vo + Vi + V + v.> 
4 = Vo + Vi + Vo + Vs- 

4 = Vo+ Vl+ V 2 + “ss^s- 


where the matrix orthogonal According to § 126, ^ 

^10 “ ^8o~ matrix of (57) is expressible in the form AA^ 

A and A being defined at the bottom of page 336. 

Now observe that if 

/ 2 / 3 . 0 0 0 \ 

2/9, 0 0 o’ 

2y8, 0 0 01 


(58) 


V2/9. 0 0 0/ 


and 0 is anj four-rowed matrix, is a matrix in which all 

elements except those of the hrst column axe zero. From this it 
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lollows that A iA — B) will be of the form (57). In fact, if we require 
also that 


(59) 


we have 


«o^o + *1^1 + (‘A = 0, 


“o 


ar. 

«3, 


a — 

) ‘J 

2^0 

-«x 

-®2 

-«^3 

-“x 

«0 

-< 


.1 

"x- 


a 

u 

-«3 

«2 

-“2 

«3 

«u 


1 

a — 

2 

2B, 

«3 

“0 

-'^x 

-«3 

— a„ 

«X 

A 



2^3 

— a„ 

«X 

^3^ 


+ ci'A 


0 


2 (a ^13^ - a A, + < + af- «> 

y2iaA^-aA-o:A,+ « A) - + W 

\:2{aAo+ aA- 

0 0 \ 

<^0 + «2 — 2 (a^a^ — a^a^) 

2 (a^a^ + a^a^) < + ' 


Hence the coefficients of (57) are given in terms of two sets of homo- 
geneous parameters a^, a^, by the equations (40), 

together with 1 and 

%= «Az)^’ 

(60) “20=2(aA-‘^3A-®oJ®2+«A)^» 

*30= 2 {aA^+ aAi- «Az- 

provided that the a's and are connected by the relation (59). 
Conversely, the a's and yS's are determined by the coefficients of (57) 
according to the equations (41) and the following: 

(61) (a^,- aj + aj- 

- «lo(l+ «n+ %Z+ “ 33 )- * 13 )+ «^3o(«13- “3x): 

%(«21- “J- «2o(l + «U+«23+«33)-«3o(«32-«J = 

- «Xo(“l*- "‘Sl) +^ 2 o(“ 32 - "^23) - « 3 o(l+ «XX+ “22+ ^3)' 

The last equations are obtained by solving (59) and (60) simultaneously 
for the jS’s and substituting the values of the a's given by (41). 

It remains to find the formulas for the parameters (a;J^, 
ySg, ySi', I3q, fi'J) of a displacement A'' which is such that A" = A' • A, 
where A has the parameters (a^, a^, a^; y8^, and A' the 

parameters «< ai, 
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We have seen that the matrix of A is of the form A{A — jB), where 
A and J are of the form given at the bottom of page 336 and B is 
given by (58). lu like manner A' can be expressed in the analogous 
form A'{A' — B') and A" in the form A"(A"—B"). Since the ^’s do 
not enter into any coefficients of (57) except a^, it is clear 

that a" a[', n", a'J are given by the formulas (32), or, in other words, 
that A’' = A'A. By definition, 

A" { 2 " -B”) = A' (A' -B')A(A- B) 

= A' A' A A - A'A'AB - A'B'AA + A’B'AB. 


In view of (59), the elements of the first row of AB are aU zero. 
Hence all the elements of B'AB are zeros. Hence 

A'B'AB= 0. 


Since A and A' are the matrices of transformations of two conjugate 
reguli, each transformation leaving all the lines of the other regulus 
invariant, they are commutative. Hence 

A"(I" - B") = A'AA'A- A'aI'B - A'AA-^B'aI. 


But 


A-^ = A* 


1 

"b "b 


1 0 3 2 1 , 

-«3 «« 

^^3 «2 -«1 V 

and J^AA — B' ■ + a^). 

Hence 

(62) A’'(A" + B") =A'A (A' A- A'B - A*B'). 

Since A" = A' A and A" = A' A, it follows that 


where 


A* = 


(63) B"=A'B+A*B’. 

Hence 

</?o- ai A- ^o^'o- ai/3i- — 

(64) ^ 

— *2^0 4" ®8^i+ "b ®o^2"b ®i^*> 

~ ®2 A + * 1 A + ®o A + *8 A d “aA ~ A + ®o A- 
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Ee writing (32) in our present notation, we also have 


(65) 


^rX-r 

- a'a, + 

< = «^X-r a^X+ «X- 


The formulas (64) and (65) can be put into a very convenient form 
by means of the notation of biquaternions.^ Let us define a bi- 
qnaternion as any element of a number system whose elements are 
expressions of the form 

(66) s = 4- -h aj -f + e (yS^ + j3J -f 


where the a's and /3’s are numbers of the geometric number system, 
i,j\ h are subject to the multiplication table (52), and e is subject to 
the rules 


= 0, 


ex = xe^ 


where x is any other element, and where the elements (66) are added 
and multiplied according to the usual rules for addition and multipli- 
cation of polynomials. 

If the product of s and s', where 

5' = {cc[ 4- a[i 4- 4- a'^) 4- e (/3' 4- 4- ^1^3 + 

be denoted by 

5 " = s' . 5 = « 4- a^li 4- <y 4- <^) 4- e (/S'' 4- 4- /3"/4- /S''>5r), 

the a'', - • yS'' are given by the formulas (64) and (65). 

For a more complete study of the parameter representation of dis- 
placements, see E. Study, Geometric der Dynamen (particularly II, 
§ 21), Leip2dg, 1903. 

EXERCISES 


1. The parameters of a twist may be taken so that a^, are the 

direction cosines of the axis of the twist ; = cot 0, where 2 ^ is the angle 

of rotation ; and = d, where 2 c? is the distance of translation. 

2. Find the equations of Tj^, Tg, T, N, etc. as defined in the exercises 
of § 123. 

^3. Find a parameter representation for the displacements in a plane which 
is analogous to the one studied above (cf. Study, Leipziger Berichte, Vol. XLI 
(1889), p. 222). 

* W. K. Clifford, Preliminary Sketch of Biquaternions, Mathematical Papers 
(London, 1882), p. 181. The system of biquatemions here used is one of the three 
systems of hypercomplex numbers known by this name. See § 146^ below. 
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GEHERAL EXERCISES 

Ckmijy each theorem in this list of exercises according to the type of projective 
space in which it may he valid and according to the geomtiry to which it belongs, 

1 . A homology whose plane of fixed points is ideal is called a dilation or 
expansion. Any transformation of the Euclidean group is either a displace- 
ment or a dilation or the product of a rotation by a dilation. 

2. Any transformation of the Euclidean group leayes at least one line 
invariant. 

* 3. Any transformation of the Euclidean group is either a displacement or 
a dilation or the product of a displacement by a dilation whose center is on a 
fixed line of the displacement. 

4. Let / be a line which is invariant under a transformation F of the 
Euclidean group, and let k be the characteristic cross ratio (§73,Vol. I) of 
the projectivity effected by F on Z. F is a displacement or symmetry if and 
only if I* = zh 1- 

5. Any transformation of the Euclidean group which alters sense can 
be expressed as a product APA, where A is a dilation or the identity, 
P an orthogonal plane reflection, A an orthogonal line reflection or the 
identity. 

6. If two triangles in different planes are perspective, and the plane of one 
be rotated about the axis of perspectivity, the center of perspectivity will de- 
scribe a circle in a plane perpendicular to the axis of perspectivity (Cremona, 
Projective Geometry, Chap. XI). 

7. The planes tangent to the circle at infinity constitute a degenerate plane 
quadric. With any real nondegenerate quadric this determines a range of 
quadrics, le. a family of quadrics of the form 

/(ui, wg, %) + X(«i + w| 4- w|) = 0, 

where /(u^, u^j uj) is the equation in plane coordinates of the given quadric. 
This is called a confocal system of quadrics. Besides the circle at infinity this 
range contains three other degenerate quadrics, an imaginary ellipse, a real 
ellipse, and a hyperbola. There is one quadric of the range tangent to any 
plane of space. There are three quadrics of the range through any point of 
space, and their tangent planes at this point are mutually orthogonal. 

8. Let [Z] and [ot] be two bundles of lines related by a projective trans- 
formation F. There is one and, in general, only one set of three mutually 
perpendicular Hues Z^, Z^, Zg transformed by F to three mutually perpendicular 
lines Wj, m^. There are two real pencils of lines in [Z] which are transformed 
by F into congruent pencils of [m]. What special cases arise ? Cf. Encyclop6die 
des Sc. Math., Ill, 8, § 9. 

9. Let F be a collineation of space. The planes F( 7 r«,) and F^^( 7 r«) are 
called the xmnisMng planes of F. Through each point of space there is a pair 
of lines each of which is transformed by F into a congruent line (i e. pairs of 
points go into congruent pairs). These lines are all parallel to 
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10. A collineatioii F wMch does not leave the plane at infinity invariant 
determines two systems of confocal quadrics such that the one system is 
carried by F into the other. Cf. § 84 and the references given there. 

11. Let T be a direct-similarity transformation of a piane^ Aj a variable 

point of this plane, = T (-4^), and A^b, point such that the variable triangle 
A^A 2 A g is directly similar to a fixed triangle Then the transformations 

from A 2 ^ to A^ and from Ag to Ag are direct-similarity transformations. Both 
of these transformations have the same finite fixed elements as T.^ 

12. Let T be an affine transformation, a variable point, A 2 =:T(Ai), 
and Aq a point snch that the ratio A^A^/A^Ag is constant. The transformation 
P from A 2 ^ to A 0 is directly s imil ar and has the same fixed elements as T. If 
T is a similarity transformation, so is P. 

13. If Tj and are affine transformations, A^ a variable point, A ^ (A^), 

Ag = Tg (Aq), and A, a point such that A^^AqA^Aj is a parallelogram, the trans- 
formation from A 0 to A 8 is affine. 

* On this and the following exercises cf . Encydopadie der Math. Wiss. Ill AB 9 
pp. 914-^16. ’ 



CHAPTER Vm 

NON-EXTCLIDEAN GEOMETRIES 

131. Hyperbolic metric geometry in the plane. According to the 
point of view explained in § 34 there must be a geometry corre- 
sponding to the projective group of a conic section. The case of a 
real conic in a real plane is one of extreme interest because of its 
close analogy with the Euclidean geometry, as will be seen at once. 

Definition. An arbitrary but fixed conic of a plane nr is called 
the absolute conic or the absolute. The interior of this conic is called 
the hyjpeTbol'it 'plaTie. Points interior to the conic are called ondAnany 
joints or hyjpeTbolic jpoiTits, and those on the conic or exterior to it are 
called ideal poirvts. A line consisting entirely of ideal points is called 
an ideal line, and the set of ordinary points on any other line is called 
an ordinary line or a hyperbolic line. The group of all projective 
coUineations leaving the absolute conic invariant is called the hyper- 
bolic {metric) group of the plane, and the corresponding geometry is 
called the hyperbolic plane geometry. 

Let us at first assume only that the plane w is ordered {A, E, S, F). 
On this basis we have as a consequence the theorems in §§ 74, 75 
on the interior of a conic, that the points of an ordinary line satisfy 
the definition in § 23 of a linear convex region. This determines the 
meaning of the terms “ segment,” “ ray,” “ between,” “ precede,” etc. 
as applied to collinear ordinary points and sets of points in the hypei^ 
bohc plane. The ordinal properties of the hyperbolic plane may be 
summarized as follows: 

Theorem 1. The hyperbolic plane satisfies Assumptions I— VI given 
for the Euclidean plane in § B9. 

Proof. Assumptions I, II, III, V are direct consequences of the 
proposition that the points of an ordinary line constitute a linear 
convex region. Assumption VT, that the interior of a conic con- 
tains at least three noncollinear points, is an obvious consequence 
of §§ 74, 75. 
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The hypothesis of Assumption IV is that three points A, R, 0 are 
noncolliiiear and that two other points D and M satisfy the order 
relations \BCI>\ and {CEA}, The conclusion is that there exists a 
point F on the line DE and between A and R. To prove this it is 
necessary to show (1) that the point of intersection F of the projective 
lines DE and AB is interior 
to the absolute conic and (2) 
that F is between A and B, 

Let i be a line exterior to 
the conic, and let its points 
of intersection with the lines 
AB, BC, CA respectively be 
F^, i>„, E^, By hj’pothesis 
and §75, the pair i>D„ is 
not separated by BC and the pair EE„ is separated by AC. Hence, 
by § 26, the pair FF^ is separated by AB. Since F^ is exterior to 
the conic, F is interior (§75) and between A and B. 

Theokem 2. The hyperholic ^lane does not satisfy Assumjption IX, 
§ S9. On the contrary, if a is any line and A any ^oint not on a 
there are infinitely many lines on A and coplanar with a which do 
not meet a. 

Proof By § 75 the projective line containing a also contains an 
infinity of points exterior to the absolute. Any line of the hyperbolic 
plane contained in the projective line joining A to one of these 
points fails to meet a. 

Definition. If a projective line containing a line a of a hyperbolic 
plane meets the absolute conic in two points C^, and A is any 
ordinary point not on a, the ordinary lines contained in the projective 
lines AB^ and A(7« are said to be ^parallel to a. The segments AB^ 
and AC^, consisting entirely of points interior to the absolute, consti- 
tute, together with A, two rays which are also said to be parallel to a. 

If the projective plane tt he supposed real, the points and C^ 
exist for every Hue a, and hence we have 

Theokem 3. In the real hyperholic plane there are two and only 
two lines which pass through any point A and which are paralld to 
a line a not on A There are two and only two rays with A as end 
parallel to a. 



Fig. 77 
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This theorem of course does not require full use of continuity 
assumptions. It would also be valid if we assumed merely that any 
line through an interior point of a conic meets the conic (ef. § 76). 

Definition. The points on the absolute are sometimes aUl&i. points 
at infinity or infinite points’, and the points exterior to the absolute, 
vlira-drifinite points. 

132. Oithogoiial lines, displacements, and congrtience. 

Definition. Two lines (or two points) are said to be OTthogonol or 
perpendicular to each other if they are conjugate with respect to the 

absoluta 

Of two perpendicular points one is, of course, always nltra-infiiiite, 
but no analc^ous statement holds for perpendicular lines. From the 
corresponding theorems on conics we deduce at once 

Theoeem 4. TJis pdiTS of psTpendiculctT lines on (in ovdinciTy point 
iiTe 'pdits of a diT^t involution, ThTOugh ctn ovdinavy point thsTe is 
one and hwt one line perpe'ndicular to ct given ordinary line. 

Definition. A transformation of tt which effects an involution 
on the absolute conic whose axis contains ordinary points is called 
an orthogonal line refection. A transformation of tt which effects an 
involution on the absolute conic whose center is an ordinary point is 
called a point reflection. A product of two orthogonal line reflections 
is called a displacmnent A product of an odd number of orthogonal 
line reflections is called a symmetry. Two figures such that one can 
be carried to the other by a displacement are said to be congruent, and 
two figures such that one can be carried to the other by a symmetry 
are said to be symmetric. 

An orthogonal line reflection is a harmonic homology whose center 
and axis are pole and polar with respect to the absolute conic. Since 
the axis contains an interior point, the center is exterior and the 
involution effected on the absolute alters sense (§ 74). Conversely, 
it follows from § 74 that an involution on the absolute conic which 
alters sense is effected by a harmonic homology whose center is 
exterior to the absolute conic, — i.e. by an orthogonal line reflection. 

Since any direct projectivity is a product of two opposite involu- 
tions (§ 74), the displacements as defined above are identical with 
the projective collineations which transform the absolute conic into it- 
seK with preservation of sense. In narticular, a point reflection is a 
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displacement- On the other hand, the symmetries are the projective 
collineations which carry the absolute into itself and interchange 
the two sense-classes on the absolute. 

From these remarks it is evident that the theory of displacements 
can be obtained from the theorems on projecti\ities of a conic in 
Chap. YIII, YoL I, and in Chap. Y, YoL II. Some of the theorems 
may also be obtained very easily as projective generalizations of 
simple Euclidean theorems. 

In pro\ing these theorems we shall suppose that we are dealing 
with the real projective plane and not merely with an ordered plane 
as in Theorem I. It would be sufficient, however, to assume merely 
that every opposite involution is hyperbolic (ie. that every line through 
an interior point of a conic meets it), for this proposition is the only 
consequence of the continuity of the real plane which we use in our 
arguments. 

Let us first prove that Assumption X (§ 66) of the Euclidean 
geometry holds for the hyperbolic geometry. It is to be shown 
that if A, B are two distinct points, then on any ray c with an 
end C there is a xmique point D such that AB is congruent to CD. 
The points A and C are the centers of elliptic involutions on the 
absolute. It is shown in § 7 6 that one such involution can be trans- 
formed into any other by either a direct or an opposite involution. 
Hence there is a displacement A carrying A to (7. 

The absolute conic may be regarded as a circle in a Euclidean 
plane whose line at infinity is the pole of C with regard to the 
absolute. In this case C is the center of the Euclidean circle, and 
the hyperbolic displacements are the Euclidean rotations leaving C 
invariant. The required theorem now follows from the Euclidean 
proposition that there is one and only one rotation carrying B to 
a point D of a ray having C as end. The point 2> is interior to 
because B is. 

Assumption XI, § 66, holds good in the hyperbolic geometry because 
the displacements form a group. Assumption XII may be proved for 
the hyperbolic geometry by the argument used in § 66 for the EucKd- 
ean case. The same is true of Assumption XIII if we understand by 
the mid-point of a pair AB the ordinary point which is harmonically 
separated by the pair AB from a pcdnt. conjugate to it with respect 
to the absoluta 
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Defixitiojt. a circle is the set [P] of all points such that the point 
pairs OP where O is a fixed point are all congruent to a fixed point 
pair OPjj. 

If the absolute be identified, as in the proof of Assumption X above, 
with a Euclidean circle and O with its center, it is obvious that 
the circles of the hyperbolic plane haxung 0 as center are identical 
with the Euclidean circles interior to and concentric with G\ Hence 
we obtain from the properties of a pencd of concentric Euclidean 
circles (§ 71) 

Theorem 5. Definitiox. A circle in the kyperlolic plane is a conic 
entirely interior to the absolute. It touches the absolute in two conjugate 
imaginary points A, B, and the tangents at these points pass through 
the center of the circle. The polar of the center passes through A and B 
and is called the axis of the circle. All its real points are exterior to 
the ah solute conic. 

Itwdl be proved in § 134 (Theorem 7, Cor. 1) that two circles can 
have at most two real points in common. Once this is established, 
the proof of Assumption XIV in § 66 applies without change to the 
hyperbolic geometry. 

Assum ption XV is proved in § 134 as Cor. 2 of Theorem 7. 

Assumption XVI may be proved as follows: Let A, B, C be 
three points in the order {AP<7},and let Po and Qa be the points 
in which the line AB meets the absolute conic, the notation being 
assigned so that we have {Bo,ABCQ^}. Let B^, B^, • • • be points 

in the order {HABBfB^B^ • • •} such that AB is congruent to each 
of the pairs BB^, Choose a scale (Chap. VI, Vol. I) in 

which RAQ^ correspond to 0, 1, oo respectively, and let b be the 
coordinate of P. By the hypothesis about the order relations, b>l. 
The displacement carrying AB to PP^ is a projectivity of the hne 
AB which leaves P, and respectively invariant and transforms 
A to P. Hence it has the equation 

sd = bx 

with respect to the scale P, A, Q„. The coordinates of P^, P,, 
Pj, • • • are therefore b^, b’, b*, • • • respectively. The coordinate of 
C is, by the hypothesis that {ABC}, some positive number c 
greater than b. There are at most a finite number of values of 
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2, • • •) between h and c. Hence there are at most a finite 
number of the points . between B and C. This is what is 

stated in Assumption XYL 

IrYe have now seen, taking for granted two results wdiich will 
be proved in § 134, that all the assumptions (cl §§29 and 66) 
of Eucdidean plane geometr}- except the assumption about paral- 
lel lines are satisfied in the real hyperbolic plane, and that the 
parallel-line assumption is not satisfied. 

EXERCISES 

1. If corresponding angles of two triangles are congruent, the correspond- 
ing sides are congruent. 

2. The absence of a theory of similar triangles in hyperbolic geometry is 
due to what fact about the group of the geometry ? 

3. The perpendiculars at the mid-points of the sides of a triangle meet in 
a point (which may be ideal). 

* 4. Classify the conic sections from the point of view of hyperbolic geometry. 

133. Types of hyperbolic displacements. According to § 77,yol. I, 
any displacement has a center and an axis which it leaves invariant. 
If the center is interior, the axis meets the absolute in two conjugate 
imaginary points, and the displacement effects an elliptic transfor- 
mation on the absolute. If the center is exterior, the axis meets the 
absolute in two real points, and the displacement effects a hyper- 
bolic transformation on the absolute. If the center is on the absolute, 
the axis is tangent, and the displacement effects a parabolic trans- 
formation on the absolute. 

In the first case, the points into which a displacement and its 
powers carry a point distinct from its center are, by definition, on a 
circle which is transformed into itself by the given rotation. 

In the second case, since the displacement is a product of two 
orthogonal line reflections whose axes pass through the center, it is 
obvious that the displacement leaves invariant any conic which 
touches the absolute in the two points in which it is met by the axis 
of the displacement. Such a conic is obtained from the absolute by 
a homology whose center and axis are the center and axis of the 
displacement in question. From this it follows in an obvious way 
that is entirely interior or entirely exterior to the absolute. We 
are interested in the case in which is interior. 
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Let the points of contact of with the absolute be F and Q 
i’esj^ctively. Since the center of the displacement 0 and the line FQ 
are polar with respect to C^^F and Q are the ends of two segments 
cr, T of points of which are (in the hyperbolic plane) on opposite 
sides of the line FQ, Any line through O and a point of the hyper- 
bolic plane is perpendicular toP^ and meets cr^FQ, and r in three 
points S, if, T respectively. If S\ M\ arejhe points analogously 
determined by another line through 0, let if be the mid-point of 
the pair MM\ Then the displacement which is the product of the 
orthogonal line reflection with OM as qq 

axis by that with OJf^ as axis carries * 

S, if, T to S\ if respectively. 

This result may be expressed by 
saying that a is the locus of a point 
S\ on a given side of FQ, such that 
if if is the foot of the perpendicular ^ 
from to FQ, is congruent to 
SM. For this reason o- and r are / 
called equidistantial curves oi FQ, / 

A point A can be carried into a 
point B by a displacement leaving 
a given line I, not on A, invariant, 
if and only if the two points are on 

the same equidistantial curve of 1. The equidistantial curves have 
some of the properties of parallel lines in the Euclidean geometry. 

A displacement which effects a parabolic transformation on the 
absolute is a product of two orthogonal line reflections whose axes 
intersect in the center 0 of the displacement. Hence the displace- 
ment leaves invariant any conic which has contact of the third order 
(see § 47, Vol. I) with the absolute at 0, And by the same reasoning 
as employed in the second case, a point F can be transformed into a 
point F^ by a displacement which is parabohc on the absolute with 
a fixed point at 0 if and only if F and F’ are on a conic having contact 
of the third order with the absolute at 0, 

DEFiifiTiON. A conic interior to the absolute and having contact 
of the third order with it is called a horocycU, 

The circles, equidistantial curves, and horocycles are all path curves 
of one-parameter groups of rotations. 
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134. Interpretation of hyperbolic geometry in the inversion plane. 

Aitiiougli the theory of conics touching a fixed conic in pairs of 
points has not been taken up explicitly in this book, we have in 
the inversion geometry a body of theorems from which the part of 
it needed for our present purpose can be obtained by the principle 
of transference. 

It has been seen in § 94, Theorem 16, that any transformation of 
the inversion group which carries a circle into itself effects a 
projective transformation of this circle into itself. Moreover, there 
is one and only one direct circular transformation which effects a 
given projectivity on X^. Hence the group of direct circular trans- 
formations leaving a circle of the inversion plane invariant is simply 
isomorphic with the hyperbolic metric group, and the geometry of this 
subgroup of the inversion group is the hyperbolic geometry. 

Tiie circles orthc^onal to X^ have the property that there is one 
and only one such circle through each pair of distinct points interior 
to X\ Since they also are transformed into themselves by the group 
which is here in question, it is to be expected that they correspond 
to the lines of the hyperbolic plane. This may be proved as follows : 

Let the inversion plane be represented by a sphere 5^ in a Euclid- 
ean three-space. Let X^ be the circle in which is met by a plane tt 
through its center, and let us regard the points of tt interior to X^ 
as a h 3 rperboEc plane. The circles of orthogonal to X^ are those 
in which is met by planes perpendicular to tt. Hence if we let 
each point P of on one side of X^ correspond to the point P' of tt 
such that the line PP' is perpendicular to tt, a correspondence T is 
established between the hyperbolic plane and the points on one side 
of a circle X^ in the inversion plane in such a way that the lines 
of the h}q)erholic plane correspond to the circles orthogonal to X^. 
Moreover, since the direct circidar transformations of the inversion 
plane are effected by three-dimensional collineations /leaving in- 
variant, the direct circular transformations leaving X^ invariant cor- 
respond under T to displacements and symmetries of the hyperhoEc 
plane. Thus we have 

Theokem 6. There is a one-to^Tie reciprocal correspondence T &c- 
tween the points of a hyperbolic plane as defined in §131 and the 
points on one side of a circle in an i/nversion plane (or inside a 
circle of the Euclidean pland) in which sets of eoRinear points of the 
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ht/perholic plane correspond to sets of points on circles orthogonal to 
mid in which dkplacements and symmetries of the hyperholic plane 
correspond to direct circular transformations leaving K'^ invariant 

Theorem 7. In the correspondence V the circles of the hyperholic 
plane correspond to circles of the inversion plane which are entirely 
on one side of 

Proof iMi be any circle entirely on one side of and let 0 
and (f be the two points which are inverse with respect to both 
RT® and C\ ie. the limiting points of the pencil of circles containing 
(P and (§§ 71, 96). In the Euclidean plane obtained by omitting 
(y from the inversion plane, 0 is the center of both and and 
hence the direct circular transformations leaving and invariant 
are the rotations about 0 and the orthogonal line reflections whose 
axes are on <9. These correspond under V to the displacements and 
symmetries of the hyperbolic plane which leave 0 invariant. Hence 
the points of correspond to a circle of the hyperbolic plane. 

Since any circle of the hyperbolic plane may be displaced into one 
whose center corresponds imder F to 0, the argument just made 
shows that every circle of the hyperbolic plane may be obtained as 
the correspondent under F of a circle of the inversion plane which is 
interior to K\ 

This theorem enables us to carry over a large body of theorems on 
circles from the Euclidean geometry to the hyperbolic. For example, 
we have at once the following corollaries : 

Corollary 1. Two circles in the hyperbolic plane can have at most 
two real points in common. 

Corollary 2. If the line joining the centers of two circles in the 
hyperholic plane meets them in pairs of points which separate each 
other^ the circles meet in two points^ one on each side of the line. 

The first of these corollaries, on comparison with Theorem 5, yields 
the following projective theorem: Two conics interior to a real conic 
and touching it in pairs of conjugate imaginary points can have 
at most two real points in common^ and always have two conjugate 
imaginary points in common. 

Theorem 8. In the correspondence F equidistantial curves of the 
hyperbolic plane correspond to those portiom of circles intersecting 
not orthogonally^ which are on one side of E^, Two equidistantial 
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curres which are parts of oue eouie in the hyperbolic plane are parts 
of circles inverse to each other with respect to 

Proof. A circle Kl of which intersects X' in two points P, Q 
without being perpendicular to it is a section of 5"^ by a plane not 
perpendicular to ir. The correspondence V transforms this circle into 
a conic section in tt which is the projection of Xf from the point 
at infinity of a line perpendicular to w. The tangents to X^ at P and 
Q are transformed into tangents to X“. Hence touches X^ at P 
and Q. 

The portions of Xf on the two sides of X^ on correspond to the 
two segments of having P and Q as ends ; but only one of these 
portions of Xf is on the side of X^ which is in correspondence with 
the hyperbolic plane by means of F. The segment of which is 
not in correspondence with this portion of Xf is evidently in corre- 
spondence with a portion of the circle into which XJ is transformed 
by the three-dimensional orthogonal reflection with w as plane of 
fixed points. 

This proves that the part of any circle X^ of the inversion plane 
which is on one side of corresponds under F to an equidistantial 
curve X^, and that that part of the circle inverse to Xf with respect to 
X^ which is on the same side of X^ corresponds to the equidistantial 
curve wliich is part of the same conic with X^. That any equi- 
distantial curve is in correspondence with a portion of some circle of 
the inversion plane is easily proved by an argument like that used in 
the last theorem. 

Corollary 1. In the correspondence F a circle touching PP coirre- 
spends to a horocycle of the hyperbolic plane. 

Since each equidistantial curve corresponds to a portion of a circle 
of the inversion plane, it follows that two equidistantial curves can 
have at most two real points in common. It must be noted that two 
conics containing each an equidistantial curve can have four real 
points in common, since each conic accounts for two equidistantial 
curves. 

In like manner two horocycles can have at most two real points 
in common, and, still more generally. 

Corollary 2. Tioo loci each of which is a circle, horocycle, or equir 
distantial cwroe can 1mm at most two points in common.. 
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EXERCISES 

1. Show that r may be extended so that the nltra-infinite lines of the hyper- 
lx>lic plane correspond to imaginary circles of the inTersion plane which are 
orthogonal to iT®. 

2. Study the theory of pencils of circles, equidistantial curves, and horo- 
cycles in the hyperbolic plane by means of the correspondence F. (A list of the 
theorems will be found in an article by E. Rieordi, G-iomale di Matematiche, 
VoL XVIIl (1880), p. 255, and in Chap. Xl of Non-Enclidean Geometry by 
J. L. CooEdge, Oxford, 1909.) 

3. Develop the theory of conics touching a fixed conic in pairs of points. 

135. Significance and history of non-Euclidean geometry. In 

proving the two corollaries of Theorem 7 we have completed the 
proof (§ 132) that the congruence assumptions of § 66 are satisfied 
in the hyperbolic plane. Combining this result with Theorems 1 
and 2, we have 

Theorem 9. In the real hyperlolic plane geometry^ AssumptioTis 
/-FJ, Vli, X-XVI of ike assumptions for Euclidean plane geometry 
m §§ 29 and 66 are true, and Assumption IX is false. 

Corollary. Assumption XVII of § 29 is true in the hyperbolic 
plane geometry. 

The existence of the hyperbolic geometry therefore furnishes a proof 
of the independence* of Assumption IX as an assumption of Euclidean 
geometry. This assumption is equivalent to, though not identical in 
form with, Euclid’s parallel postulate.! And it is the interest in the 
parallel postulate which has been the chief historical reason for the 
development of the hyperbolic geometry. 

The question whether the postulate of Euclid was independent or 
not was raised very early. In fact, the arrangement of propositions in 
Euclid’s Elements shows that he had worked on the question himself. 
The effort to prove the postulate as a theorem continued for centuries, 
and in the course of time a considerable number of theorems were 
shown to be independent of this assumption. Eventually the question 
arose, what sort of theorems could be proved by taking the contrary of 
Euclid’s assumption as a new assumption. 

♦Cf. § 2, Vol. I, and § 13, VoL II. 

tCf. Vol. I, p. 202, of Heath, The Thirteen Books of Euclid’s Elements, 
Cambridge, 1908. 
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TMs question seems to have been taken up systematically for the 
first time by G. Saccheri,^ who obtained a large body of theorems 
on ^ this basis, but seems to have been restrained from drawing, or at 
least publishing, more radical conclusions by the weight of religious 
disapproval. The credit for having propounded the body of theorems 
based on a contradiction of the parallel postulate as a self-consistent 
mathematical science, ie. as a non-Euclidean geometry, belongs to 
J. Bolyai t (1832) and X. I. Lobachevskit (1829), although many of 
the ideas involved seem to have been already in the possession of 
C. F. Gauss.§ It was not, however, until it had been shown by 
Beltrami I that the hyperbolic plane geometry could be regarded as 
the geometry of a pseudospherical surface in Euclidean space, that an 
independence proof (el Introduction, Yol. I) for the parallel assump- 
tion could be said to have been given. The work of Beltrami depends 
on the investigation by EiemannlT of the differential geometry ideas 
at the basis of geometry (1854). Eiemann seems to deserve the 
credit for the discovery of the elliptic geometry (§§ 141-143 below), 
though it is not clear that he distinguished between the two types 
of elliptic geometry.** 

The proof of the existence of a non-Euclidean geometry was made 
capable of a simpler form by the discovery of A. Cayley tt (1859) that 
a metric geometry can he bxiilt up, using a conic as absolute. The 
relation of Cayley’s work to other branches of geometry and the pre- 
vious studies of non-Euclidean geometry was made plain by F. Klein tt 
in connection with his elucidation of the rdle of groups in geometry. 
The representation of the hyperbolic plane by means of the interior 

♦ Euclides ab omni naevo Tindicatus, Milan, 1733. German translation in “ Die 
Theorie der ParalleUinien Ton EuMid bis anf Gauss, by E. Engel and P. Staeckel, 
Leipzig, 1896, 

t English translation by G. B. Halsted, under the title The Science Absolute 
of Space,’’ 4th ed., Austin, Texas, 1896. 

J German translation by Engel, under the title “ Zwei geometrische Abhand- 
lungen,” Leipzig, 1898. Cf , also a translation by Halsted of another work entitled 
‘‘The Theory of Parallels,” Austin, Texas, 1892. 

§ Werke, Vol. VIII, pp. 167-268. 

II Saggio di interpretazione della geometria non-euclidea, Giornale di Matema- 
tiche, Vol. VI (1868), p. 284. 

IF English translation by W. K. Clifford, in Nature, Vol. VIII (1873), and in 
Clifford’s “Mathematical Papers” (London, 1882), p. 65. 

** Cf . P. Klein, Autographierte Vorlesungen liber nicht-euMidische Geometrie, 
Vol. I (Gottingen, 1892), p. 287. 

tt Collected Works, Vol. H (Cambridge, 1889), p. 683. 

tt Mathematische Annalen, Vol. IV (1871), p. 673. 
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of a circle (§ 134), and the representation of the elliptic plane given 
in Ex. 12, § 141, are due to E. De Paolis* * * § and H. Poineare.t 

For the history of nou-Euclidean geometry and an exposition of 
parts of it, the reader is referred to E. Bonola, Xon-Euclidean 
Geometry, English translation by H. S. Carslaw, Chicago, 1912. 
Other texts in English are J. L Coolidge, Xon-Euclidean Geometrj*, 
Oxford, 1909; Manning, Xon-Euclidean Geometry, Boston, 1901; 
D. M. Y. Sommerx'ille, The Elements of Xon-Euclidean Geometry, 
Loudon, 1914; H. S. Carslavv, The Elements of Xon-Euclidean 
Plane Geometry and Trigonometry, London, 1916. Besides these xve 
may mention D. M.Y'. SommerviUe’s Bibliography of Xon-Euclidean 
Geometry, London, 1911. 

There are numerous other geometries closely related to the non- 
Euclidean. geometries touched on in this chapter. Of particular 
interest are the geometries associated with Hermitian forms in- 
vestigated by G. Fubini (Atti del Eeale Istituto Veneto, VoL LXIII 
(1904), p. 501) and E. Study, t and the geometry of the Physical 
Theory of Eelativity.§ 

136. Angular measure. The measure of angles may be defined 
precisely as in the Euclidean geometry, and we carry over the defi- 
nitions and theorems of § 69 without modification. If we represent 
the absolute and an arbitrary point 0 by a EucEdean circle and 
its center, the Euclidean rotations about 0 are identical with the 
hyperbolic rotations about 0, and hence the two angular measures as 
determined by the method of § 69 are identical. By § 72, if a and h 
are two lines intersecting in 0, and 0 is the measure of the smaEest 
angle 4 JlOB for which A is a point of a, and B a point of 6, 

(1) 0 = - 1 log E (aJ, 

where and \ are the mininial lines through 0, Since \ and \ are 
the tangents to through 0, it follows that (1) may be taken as 
the formula for the measure of any ordered pair of lines a, h m the 

* Atti della E. Accademia dei Lincei, Ser. 3, VoL 11 (1877“1878), p. 31. 

t Acta Mathematica, VoL I (1882), p, 8, and Bulletin de la Socidt^ mathdmatique 
de France, VoL XV (1887), p. 203. 

t Mathematische Annalen, VoL LX (1905), p. 321. 

§ Cf. F. Klein, JahresberichtderDeutschenMatlxematiker-Vereinigunff. VoL XIX 
J1910), p. 281, and tlie article by Wilson and Lewis referred to in § 48 abova 
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liT|,>erboiic plane if and i are understood to be the tangents to the 
absolute through the point of interseciion of a and 5. 

If the IiTperbolic plane is represented as in § 134 by the interior 
of a circle C", the angular measure of any two hyperbolic lines is 
identical with the Euclidean measure of the angle (§ 93) between the 
two circles orthogonal to C- which represent them. This has just 
been seen for the case where the two circles are lines through the 
center of C\ In the general case a point A of intersection of the two 
circles orthogonal to may be transformed to the center of by a 
direct circular transformation iY The transformation A as a direct 
circular transformation leaves Euclidean angular measure invariant 
(§ 93), and as a displacement of the hyperbolic plane leaves hyper- 
bolic angular measure invariant. Since the two measures are identical 
at the center of they must also he identical at A 

As an application of this result we may prove the following 
remarkable theorem: 

Theoeem 10. The sum of the angles of a triangle is less than tt. 

Proof Let the triangle be ABC, and let the absolute and the 
point A be represented by a Euclidean circle and its center. Then 
the hyperbolic lines AB and AC are represented by Euclidean lines 
through the center of C^, and the hyperbolic 
line BC is represented by a circle through 
B and C orthogonal to C^ (fig. 79). 

The hyperbolic measures of the angles at A, 

B, and C respectively are equal to the Euclidean 
measures of ABAC and two angles formed by 
AB and AC with the tangents to at B and C 
respectively. The sum of these three angles is 
easily seen to he less than that- of the angles of the Euclidean 
(rectilineal) triangle ABC. Hence it is less than tt. 

The theorem that the sum of the angles of a triangle is tt may 
he substituted for Assumption IX as an assumption of EucMean 
geometry;* the proposition just proved can be taken as the corre- 
sponding assumption of hyperbolic geometry; and the proposition 
that the sum of the angles of a triangle is greater than tt can be 
taken as an assumption for elliptic geometry. 

* On the history of this theorem of, Bonola, loc. cit., Chap. II. This reference 
wili also be found useful in connection with the exercises. 
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EXERCISES 

♦1. Prove from AssumptioBS I-VI, X-XVI that if the sum of the angles 
of one triangle is greater than, equal to, or less than w, the corresponding 
statement also holds for all other triangles. 

*2. Prove from Assumptions I~VI, X-XTI that the sum of the angles of 
a triangle is less than or equal to w. 

137. Distance. Since the conic section is a self-dual figure, it is to 
be expected that the formula for the measure of point-pairs is analo- 
gous to fl). As a matter of fact, we shall only modify the factor 
— i/2, If A and B are two ordinary points, let A*, be the poiots 
io which the line AB meets the absolute, the notation being assigned 
so that the points are in the order {Aa:,ABB^}. Then 
is positive (§ 24), and hence log B {AB, Aa^B:.) has a real value. We 
define the distance between A and B by means of the equation 

(2) Dist {AB) = 7 log B {AB, AaoB^,), 

where y is an arbitrary constant and the real determination of the 
logarithm is taken. 

It is seen at once that 

Dist {AB) = Dist {BA), 

because B {AB, A^ B^) = B {BA, R* A^ ), 

and that i£ A, B, 0 are collinear points in the order {ABC}, 

Dist {AB) + Dist {BC) = Dist {A C), 
because B {AB, A* B^) • ^{BC, A^B^o) = B {AC, Aoa Ba/), 

Moreover, it is evident from the properties of the collineations 
transforming a conic into itself that a necessary and sufficient con- 
dition for the congruence of two point-pairs AB, CD is 

^{AB,A^B^)±=^{CD, C^D^), 

where B^ are chosen as above and C^, are chosen analogously. 
Hence a necessary and sufficient condition for the congruence of AB 
and CD is Dist(^^)= Di8t(C'D). 

Hence the distance function defined above is fully analogous to that 
used in Euclidean geometry (§ 67). The constant y may be determined 
by choosing a fixed point-pair OP as the unit of distance. We then have 

l = logB(OP, 


( 3 ) 



§1137,138: DISTAJS'CE AND ANGLE 865 

138. Algebraic formulas for distance and angle. Let us consider 
the symmetric bilinear form 
f (AT, AT ) = 

+ apjXjSCo + ^ 11 ^ 1^1 + 

+ «02*s«0 + 

and the eovariant form 
I'lu, v!) = 

+ Xi“i“o + 

+ ^02«2«o + + ^«tU,^Ky 


where the ^,/s are defined as in § 85. With respect to homogeneous 
coordinates, /(X, X) = 0 is the equation of a point conic, and X(m, m)= 0 
of the line conic composed of the tangents to /(X, X) = 0. Let us 
take this conic as the absolute and derive the formulas for the 
measure of distance and of angle. 

Let Y = {y^, y^, y^ and Z = {z^, z^, z^) be two distinct points. The 
points of the line joining them are 

XY+ftZ={Xy^+fiz^, Xy^+fiz^, Xy^-i- /xz^), 

and the points in which this line meets /(X, X)= 0 are determined 
by the values of X/n satisfying the equation 
0 ==/(\X+ f^Z, XY-\- fiZ) = xy{Y, Y) + 2 Xm/( Y, Z) + y^f{Z, Z). 
These values are 

\ -/(F, ^) + V/^(r, Z) -f{Y, Y)f(Z, Z') 

/(Y, T) 

\ -f(Y, Z)-^r(Y, Z)-f(Y, Y)fiZ, Z) 

^ /(^. y) 

Let us denote tlie two points of the absolute corresponding to (X^, 
and by and respectively. Then 

Dist = 7 log B (YZ, 

Since (X, /a) is (1, 0) for Y and (0, 1) for Z, we have (§ 65, YoL I) 


Hence 

( 4 ) 


B(YZ,IJ^} = ^. 

'^'1^2 


/(y. ^)+v/-(F, y)f(z, Z) 

f(Y, Z) - V/“(F, Z) -f{Y, Y)f{Z, Z) 

_ (f(Y, Z) + Vr(Y Z)-f(Y, Y)f(Z, Z)Y 

^ ^ /(F, Y)f(Z, Z) 
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By precisely the same reasoning applied to the dual case vre have 
for the measure of a pair of lines u = u^, ti^), v = (v^, v^, v^). 


(5) 


m(u -) - 

2 r)— v) — F{u, u)F{v, v) 

2 ® F{u,u)F{v,v) 


Denoting Dist(F, Z) by d, we obtain 


( 6 ) 

and hence 

(7) 

and 

( 8 ) 


f(Y, Z)+yr(T, Z)-f(Y, Y)fiZ, Z) 
V/(r, Y)f{Z, Z) 



£_ 

e^y-\-e 


2 


sinh 




2? 


A — ^ 

27 


2 




/^(y. 

/(F, r)/(F, F) 


/^(F, F)-/(r, Y)f{Z, Z) 
f(Y, Y)f{Z, Z) 


In like manner, ii 0 = 

= m (w^), 

(9) 

J6 _ ^i'^y v)+^F^{u, v)^F(u, u)F{v, v) 


'VF{u, u)F{v, v) 

(10) 

cos5 = -^ 

F^{u, V) 

F{u, u)F{v, v) 

(11) 

sin0 = i-' 

jF^(u, v)-F{u, v)F{v, v) 

y F{u,u)F{v,v) 



^F{u, %)F{'Dj v) — F^{u, v) 


N 

F(u, u)F{v, v) 


For a further discussion of these formulas see Qebsch-Iindemann, 
Vorlesungen iiber Geometrie, VoL II, Part III, Leipzig, 1891. 

*139. Differential of arc. The homogeneous coordinates of all 
points not on the absolute, 


(12) /(X,X)=0, 

may be subjected to the relation 


(13) /{X,Z)=G, 

where G is a constant. Since f{X, X) is quadratic, this determines 
two sets of coordinates (a:^, x^, x^ for each point of the hyperbolic 
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plane instead of an infinity of sets as in unrestricted homogeneons 
coordinates.^ 

Some definite determination of the values of each of the homogeneous 
coordinates is manifestly necessary in order to apply the processes of differen- 
tial calculus to formulas in homogeneous coordinates. The particular relation 
/(A', A^) = C has the advantege, among others, of not being singular for any 
point not on the absolute. 


Suppose now that x^) describes a locus determined by the 

condition that are functions of a parameter L Then, in the 

familiar notation,t 


d,t A£ = 0 Ajf 

2 7 sinh ^ Dist (X, X+ AX) 

= L "I 

A< = 0 



by (8). Since /{Fd- F', Z) =f(^, Z) +/(F', F), this reduces to 


\dt) i.«=o i^t)^ 

(f(X,X) 4-/(X,AX))^-/(X,X)(/(X,X) +2/(XAr)+/(AX. AX ') 
/(X,X) (/(X, X) + 2/(X, AX) +/(AX, AX)) 

/{X, X) {/(X, X) + 2/(X, AX) +/(AX, AX)) 


= 47^ 


f\X, X) 


* If {Xq, oj^, Xg) are interpreted as rectangular coordinates in a Euclidean space 
of three dimensions, /(A, X) = 0 is the equation of a quadric surface, and we have 
a correspondence in which each point of the hyperbolic plane corresponds to a pair 
of points of the quadric surface. By properly choosing /(X, X), this correspond- 
ence can he reduced to that given in § 134 between the hyperbolic plane and the 
surface of a sphere. 

f We are applying theorems of calcqlus here on the same basis that we haye 
employed algebraic theorems in other parts of the work. 
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in which represents [■ 
formula is 

(14) 


In differential notation this 

\dt dt dt) 


m x)f(dx, dx) 


By duality we have a corresponding formula for the differential of 
angle, 

(15) du)^F{u, u)F{du, du) 

These formulas are independent of ihe particular determination of 
our coordinates by means of the relation (13). If we differentiate (13) 
we obtain /(X, rfX)=0, 

so that for this particular determination of coordinates 


(16) 


— 47 ^ 


f{dX, dX) 

m^) ■ 


47 ^ 


f(dx, dX) 


Let us now choose the homogeneous coordinate system so that 

and choose <7 = — 4 7 ^ so that, for points not on the absolute, 

(17) xl -f — 4 = — 4 7I 


If 7 is real and not zero, we are dealing with hyperbolic geometry, and 


(18) 


If we substitute 


d^=f{dX, dX) 


= dx^ + dx^ 
2 x^ 




^ ^ 4. rfdx'^, 
2 x„ 

V =- 


1 + ^, *'1 + ^0 


in the value for ds^ given in (18), we obtain 


(19) 




dv?+ di^ 



Eegardiog u and v as parameters of a surface in a Euclidean space, 
(19) gives the linear element of the surface (cf. Eisenhart, Differential 
Geometry, § 30). This is a surface for which, in the usual notation of 
differential geometry, X = G and X = 0. The curvature of this surface 
is constant and equal to — 1/4 7 ^ (cf. Clebsch-Lindemann, loc, cit., 
Vol. II, p. 525). From this it follows that the hyperbolic plane 



§§ im, 140 ] 


HYPERF><iLIO GEOMETRY 


369 


geometry io the neigh burliuud of any point is equivalent to the 
geometry on a portion of a surface of constant negative curvature. 

If we substitute u = and v = in (18), we obtain 

4 s (4 7 ^— 2 uvdudv + {4: 7 ^— u^)d^ 

(4 fy2__ ^ 2^2 

This is the form of linear element used by Beltrami in the paper 
cited above. This form is such that geodesics are given by linear 
equations in u and r. Hence geodesics of the surface correspond to 
lines of the hyperbolic plane. 

It is to be noted that the curvature of a surface, while often defined 
in terms of a Euclidean space in which the surface is supposed to be 
situated, is a function of E, F, and G and therefore an internal property 
of the surface, ie. a property stated in terms of curves {% = c and 
= c) in the surface and entirely independent of its being situated 
in a space. 

Another remark which may save misunderstanding by a beginner 
is that the geometries corresponding to real values of 7 are identical. 
The choice of 7 amounts to a determination of the unit of length, as 
was shown in § 137. 

EXERCISES 

1. Express the differential of angle in terms of x^) and their deriTa- 

tives (cf. Clebsch-Lindemann, loc. cit., VoL II, p. 477). 

*2. Develop the theory of areas in the hyperbolic plane. For a treatment 
by differential geometry cf. Clebsch-Lindemann, loc. cit., p. 489. For a develop- 
ment by elementary geometry of a theory of areas of polygons which is equally 
available in hyperbolic, parabolic, and elliptic geometry, see A. Finzel, Matbe- 
matische Annalen, Vol. LXXII (1912), p. 262. 

140. Hyperbolic geometry of three dimensions. A hyjperholic space 
of three dimensions is the interior (cf. Ex. 2 , § 129) of a nonruled 
quadric surface, called the absolute quadric, and the hyperbolic geom- 
etry of three dim ensions is the set of theorems stating properties of 
this space which are not disturbed by the projective coHineations leav- 
ing the quadric invariant. The definitions of the terms " displacement,” 
congruent,” " perpendicular,” etc. are obtained by direct generaliza- 
tion of the definition in § 132 and the corresponding definitions in the 
chapters on EuoHdean geometry. They will be taken for granted in 
what follows, without being formally written down. 
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The fimdameiital theorems on congruence may be obtained from 
the obserrations (1) that any displacement of space lea\ing a plane 
invariant effects in this plane a displacement or a symmetry in the 
sense of § 132, and (2) that no two displacements of space leaving a 
plane invariant effect the same displacement or symmetry in this 
plane. From this we infer, by reference to § 135, 

Theokem 11. In ilie real three-dimensioTial h^jperholic geometry 
Assumptions I-XYI of §§ ^9 and 66 are all true except Assump- 
tion IXy which is false. 

By § 100 there is a simple isomorphism between the displacements 
of a hyperbolic space and the direct circular transformations of the 
inversion plane. Hence the theorems of inversion geometry or of the 
theory of projectivities of complex one-dimensional forms can all be 
translated into theorems of hyperbolic geometry. The reader who 
carries this out in detail will find that many of the theorems of 
Chap. VI assume very interesting forms when carried over into the 
hyperbolic geometry. 

In particular, if an orthogonal line reflection, or half turn, is defined 
as a line reflection (§ 101) whose directrices are polar with respect to 
the absolute, it follows at once that every displacement is a product 
of two orthogonal line reflections. With this basis the theory of dis- 
placements is very similar to the corresponding theory in Euchdean 
geometry, but many of the proofs are simpler. 

The formulas for distance and angle are identical with those of 
§ 138, and the differential formulas with those of § 139 if f{X, X') 
be understood to be a bilinear form in {Xq, x^, x^) and {x^, x^). 

EXERCISES 

1. The product of three half turns is a half turn if and only if their three 
ordinary directrices have a common intersecting perpendicular line. 

2. If a simple hexagon be inscribed in the absolute, the common inter- 
secting perpendicular lines of pairs of opposite edges are met by a common 
intersecting perpendicular line (cf. § 108). 

3. Determine the projectively distinct types of displacements. 

*4. Defining a horosphere as a real quadric interior to the absolute and trans- 
formable into the absolute by means of an elation whose center is on the absolute 
and whose plane of fixed points is tangent to the absolute, prove that the hyper- 
bolic geometry of a horosphere is equivalent to the Euclidean plane geometry. 
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*5. Classify the quadric surfaces from the point of view of hyperbolic 
geometry. 

* 6. Given the existence of a hyperbolic space, define a set of Meal points 
such that the extended space is projective. Cf . R. Bonola, Giornale di Mate- 
matiche, Toi. XXXYIII (1900), p. 105, and F. W. Owens, Transactions of the 
American Mathematical Socieiy-, Vol. XI (1910), p. 140. 

* 7. Obtain theorems analogous to those in the exercises of §§ 122, 123 with 
regard to the hyperbolic displacements. 

*8. Study the theory of volumes in hyperbolic geometry by methods of 
differential geometry. 

141. Elliptic plane geometry. Definition. The geometry corre- 
sponding to the group of projective collineations in a real* projective 
plane tt which leave an imaginary ellipse invariant is called the 
twchdimensional elliptic geometry or elliptic plane geometry. The im- 
aginary conic is called the absolute conic or the absolute. The 
projective plane tt is sometimes referred to as the elliptic plane. 

The order relations in this geometry are of course identical with 
those of the projective plane (Chap. II). The congruence relations 
are defined as in § 132, with suitable modifications corresponding to 
the fact that E'^ is imaginary. Some of the theorems which run par- 
allel to the corresponding theorems of hyperbolic geometry are put 
down in the following list of exercises. 

The formula for the measure of angle used in hyperbolic geometry 
may be taken over without change, ie. 

0 =. m (//J = - 1 B (^A, Vs)’ 

where and are intersecting lines and \ and i^ are tangents to 
the absolute in the same flat pencil with and l^. The formula for 
distance may also be taken from hyperbolic geometry : 

(f = Dist(Pg) = 7 logR(Pg, 

In order that this shall give a real value for the distance between two 
real points, 7 must be a pure imaginary. So we write 



♦ This geometry can in large part be developed on the basis of Assumptions A, 
E, S, P alone, the imaginary conic being replaced by the corresponding elliptic 
polar system, the existence and properties of which are studied in § 89. As a 
matter of fact there is considerable interest attached to the elliptic geometry in a 
modular plane, hut the point of view which we are taking in this chapter puts 
order relations in the foreground. 
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and in order to have formulas in the simplest possible form, we may 
choose k = 1, so that 

d = -^logn{PQ,P^Q.). 


The discussion in § 138 is applicable at once to elliptic geometry 
if /(X, X’') be taken to be a bilinear form in three variables such 
that /(X, X) = 0 is the equation of the absolute of elliptic geometry. 
Thus we have 


(20) c?=Dist(r^) 


X* w if(^,2;)+vr(y.z)-f{¥,Y)f{z,z)y 

2 ^ f{Y,Y)f(Z,Z) 


(21) 0=m(M®)=^log 


(X(m, ®)+Vx®(?i, v) — F{tt, u)F{v, »))* 
F{u^ u) F{v^ v) 


( 22 ) 

(23) 


COS 


f(Y,Z) 

k ^f{Y,Y)f{Z,Zy 


^d^JlFK± 

N F{u, u) F (v, v) 


EXERCISES 

1. The principle of duality holds good in the elliptic geometry. 

2. The elliptic geometry is identical with the set of theorems about the 
geometry of the plane at infinity in three-dimensional Euclidean geometry. 

3. The pairs of perpendicular lines at any point are pairs of an elliptic 
involution. 

4. The fines perpendicular to a line I all meet in the pole of I with respect 
to the absolute. Through any point except the pole of I there is one and but 
one line perpendicular to L 

5. Defining a ray as a segment whose ends are conjugate with respect to 
the absolute, prove that Assumption X, § 66, holds in the single elliptie 
geometry if the restrictions be added that A and B are on the same ray. 

6. Assumptions XI and XIII of § 66 hold for single elliptic geometry. 

7. How may Assumptions XII, XIV, and XV be modified so as to be valid 
for single elliptic geometry? 

8. A circle is a conic touching the absolute in two conjugate imaginary 
points. 

9. A circle is the locus of a point at a fixed distance from a fixed fine. 

10. If A, By C are three coUinear points, 

Dist (A, B) + Dist (BC) -f- Dist (CA) = 

In other words, the total length of a fine is tt. 

11. The sum of the angles of a triangle is less than w* 
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12, Let jfiT® be a circle in a Euclidean plane, and let [C^ be the set of 
circles which meet in pairs of points on its diameters. An elliptic plane is 
determined by defining as elliptic points ” all the Euclidean points interior 
to and ail the pairs of Euclidean points in which A - is met by its diameters, 
and defining as coiiinear any set of elliptic points on a circle C®. 


142. Elliptic geometry of three dimensions. The three-dimensional 
elliptic geometry is the set of theorems about a three-dimensional 
projective space which state properties imdisturbed by the projective 
coUineations leaving invariant an arbitrary but fixed projective polar 
system, called the absolute polar system, in which no point is on its 
polar plane. It is a direct generalization of the elliptic geometry of 
the plane and may be based on a similar set of assumptions. 

In a real space this polar system is that of an imaginary quadric 
(called the absolute quadric) with respect to which each real point 
has a real polar plane, and the equation of the absolute quadric may 


be taken to be 


0 . 


A displacement is defined as a direct* projective collineation 
(cf. § 32) which leaves the absolute polar system invariant ; a sym- 
metry is defined as a nondirect projective collineation leaving the 
absolute polar system invariant. The definitions of congruence, per- 
pendicularity, distance, etc. follow the pattern of the hyperbolic and 
parabolic geometries, and the same method may be used, as in those 
geometries, to extend the theorems on congruence from the plane 
to spaca 

It can easily be proved by means of the theorems on the quadric in 
Chap. VI that any displacement is a product of two line reflections 
whose axes are polar with r^ard to the absoluta From this proposi- 
tion a series of theorems on displacements can he derived, just as in 
the parabolic and hyperbolic geometries. 

Through a given point not on a given line I there is no line parallel 
to Z in the sense in which the term is used in parabolic or hyperbolic 
geometry. There is, however, a generalization of the Euclidean notion 
of parallelism to elliptic three-dimensional space which preserves 
many of the properties of Euclidean parallelism and is, if possible, 
more interesting. 


* Without appealing to order relations, the direct collineations may he charac- 
terized as those which do not interchange the reguli on the absolute quadric. 



374 


^N^OX-EUCLIDEAJS^ GEOMETEIES 


[Chaf. vhi 


Any real line / meets the absolute in two conjugate imaginar}^ points, 
and through these piiints there are two lines of one regulus and 
two Enes q^ of the other regulus. The lines conjugate 

imaginary lines of the second kind (§ 109), and I is one line of an 
dliptic congruence of which p^ are directrices. A similar remark 
appEes to the conjugate imaginary lines Any line of the 

elliptic congruences having p^, p^ or q^, as directrices is called 
a Clifford parallel^ of Z or a paratactict of I Thus there are two 
Clifford paraEels to Z through any point not on Z, and Z is a GEfford 
parallel to itself. 

The two Clifford parallels to any line through any point not on it 
may be distinguished as follows : Let und be the two reguE on 
the absolute. Two real Enes Z, m meeting two conjugate imaginary 
lines p^, p^ of El are right-handed Clifford parallels, or paratactics ; and 
two real lines Z', nd meeting two conjugate imaginary lines of 

jS| are left-handed Clifford parallels, or paratactics. 

The distinction between right-handed and left-handed CEfford paral- 
lels may be drawn entnely in terms of real elements by means of 
the notion of sense-class (§ 32 ), and thus connected with the mtui- 
tive distinction between right and left. This matter will be taken up 
^in in the next chapter. In the meantime it may be remarked that 
the definition in terms of the two reguE on the absolute is inde- 
pendent of all question of order relations and is based on Assumptions 
A, E, P alone. 

From the definition it foUows immediately that if Z is a right-handed 
CEfford parallel to w, m is a right-handed Clifford parallel to Z ; that 
if m is also a right-handed Clifford parallel to Z is a right-handed 
Clifford parallel to In general, two lines have one and only one 
common intersecting perpendicular; but if they are right-handed 
Gifford parallels, there is a regulus of common intersecting perpen- 
diculars, and the latter are aE left-handed Clifford parallels. 

The product of two orthogonal line reflections whose axes are 
Clifford parallels leaves each Ene of the congruence of CEfford parallels 
perpendicular to the axes invariant, and is called a translation, A 

* Cf . Clifford, A Preliminary Sketch of Biquatemions, Mathematical Papers 
(London, 1882) , p. 1 81 ,and Klein, Autographierte V orlesungen iiber nicht-euMidische 
Geometrie, Vol. II (Gdttingeu, 1892), p. 246. 

t E. Study, Jahresbericht der Deutschen Mathematikerveremigung, Vol. XI 
(1903), p. 319. 
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translation is right-handed or left-handed according as the congruence 
of its invariant lines is right-handed or left-handed. Any displace- 
ment can be expressed as a product of two translations. 

For a discussion of Clifford parallels and related questions see 
Appendix II of the book by Bonola referred to above, F. Klein, 
Mathematische Annalen, Vol. XXXVII (1890), p. 544, and the other 
references given above in this section. 

143. Double elliptic geometry. The geometry corresponding to 
the group of projective collineations transforming a sphere in a 
Euclidean three-space into itself is caUed spherical or double elliptic 
plane geometry. The sphere B is called the double elliptic plane. The 
circles in which is met by planes through its center are called lines^ 
and two figures are said to be congruent if conjugate under the group 
of direct projective collineations transforming the sphere into itself. 

The plane which is called elliptic in § 141 is sometimes called 
single elliptic to distinguish it from the double elliptic plane here 
described. Since the plane at infinity 7r« of a Euclidean space is a 
single elliptic plane, and since each line through the center of 
meets B^ in two points and tt* in one point, there is a correspondence 
between a single elliptic plane and a double elliptic plane, in which 
each point of the first corresponds to a pair of points of the latter. 
By means of this correspondence any result of either geometry can 
be carried over into the other geometry. 

These remarks can aU be generalized to Tznliinensions. For a set 
of assumptions for double elliptic geometry as a separate science, see 
J. R Kline, Annals of Mathematics, 2d Ser., Vol. XIX (1916), p. 31. 

144. Euclidean geometry as a limiting case of non-Euclidean. In 
the two-dimensional case we have seen that the equation of the abso- 
lute may be taken as 

(24) — 4 yX* = 0, 
or in hne coordinates, as 

(25) ^-(< + 0=0. 


The formulas of hyperbolic geometry arise if y is real and not zero, 

and of elliptic geometry if y is imaginary. If we set c = == 0, 

4 y 

(25) may be regarded as the equation of the circle at infinity of the 
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Euclidean geometry in the form used in § 72. Moreover, if we set 
c = 0 in the formulas of §§ 138 and 141, we obtain 


and 


cos 6 = 


V (m* 4- ul) {y'i + t-f) 


i log ^ ~~ , 


which agree with the formulas of Euclidean geometry given in § 72. 
In like manner, if we set c = 0 in the formula for the differential of 
distance in § 139, we obtain ds^ du^ + dv\ The generalization of 
these remarks to three or n dimensions is of course obvious. 

If c changes by continuous variation from a positive to a negative 
value, it must pass through zero. Since the corresponding geometry 
is elliptic while c is positive, parabolic when c is zero, and hyperbolic 
while c is negative, the parabolic geometry is often spoken of as a 
limiting case both of elliptic and of hyperbolic geometry. 

This point of view is reenforced by observing that the formula (10) 
makes the measure of a fixed angle a continuous function of c, so that 
f>r a small variation of c the value given by (10) for 0 suffers a 
correspondingly small variation. A like remark can be made about 
the distance between a fixed pair of points. 

This has the consequence that for a given figure F consisting of a 
finite number of points and lines, and for a given number e, a num- 
ber S can be found such that if c varies between — 8 and 8, the dis- 
tance of point-pairs and the angular measure of line-pairs of F do not 
vary more than c. Ifevertheless, in this interval of variation of c the 
geometry according to which the distances and angles are measured 
changes from elliptic through parabolic to hyperbolic. 

For example, if F were a triangle, and the sum of the angles were 
found by physical measurement to be between tt -f- e and tt — e, the 
geometry according to which the measurements were made might 
be either parabolic, hyperbolic, or elliptic. Further refinements of 
experimental methods might decrease e, hut according to current 
physical doctrine could not reduce it to zero. Hence, while experi- 
ment might conceivably prove that the geometry at the bottom of 
the system of measurements was elliptic or hyperbolic, it could not 
prove it to be parabolic. 
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For the details of showing that the Euclidean formula for distance is 
a limiting ease of the non-Euclidean formula, see Clebsch-Iindemaim, 
loc. cit., VoL II, p. 530. 

145. Parameter representation of elliptic displacements. Suppose 
the coordinate system so chosen that the equation of the absolute is 

The ^irojective collineations which leave the lines of a regulus on 
the absolute invariant have been proved to have matrices of the form 
(50) or (51) in § 126. Let be the regulus on the absolute left in- 
variant by the transformations of type (50), and that left invariant 
by those of type (51). The transformations of type (50) are the 
translations leaving systems of right-handed Clifford parallels in- 
variant, and those of type (51) the translations leaving systems of 
left-hai:ided Clifford parallels invariant. 

Since any transformation leaving the quadric invariant is a product 
of one leaving the lines of invariant by one leaving the lines of 
Bi invariant, any displacement is a product of a transformation of 
type (50) by one of type (51). Denoting (50) by A and (51) by B, 
the matrix A of any displacement can he written 


(26) 


A ^2 ^8 

-A ^8 ^8 -^8 

-^8 ^8 -A A 



/ A“'o-A“i-A«8-A«8 A«i + A®0+A«3-A®8 

- A'^O- A“l- A“8+ A«^8 - A^^l-t- A«0+ A^8+ A«8 

- A«0+ A^^l- A“8- A“3 - A“i- A“o + A“8- A®8 
' - A«0- A“=l+ A"'8- A®8 - A«1 + A«0 - A«3- A«8 


A«8-A«8+A«o+A«1 A“8+A«^8-A“x + A«o\ 

- A«8- A'>'s+ A“o- A^ - A«8+ A«8- A®i- A«o . 

- A«'8+A^8 + A«0 + A«'i - A“8-A'^8- A®1+A®0 

- A"^8- A«8 - A«o + A®i - A®3+ A«'8+ A^i + W 


If A' = B^A^ is the matrix of a second displacement, and B' and A^ 
are of the types (50) and (51) respectively, 

(27) AC A =B^A^BA = B^B • A% 

because any displacement leaving all lines of invariant is com- 
mutative with any displacement leaving all lines of invariant. 
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Thus any displacement 


(28) 


•^0 — ^01^1 ^ 03 ^ 2 "^ 

a:{ = + «! A + A + i A> 

ajjXo+ a^iX^+ 


X 


— 


xl = + a„a;i + a,.A + <*33^a 


is given parametrically in terms of two sets of homogeneous parameters 
«u> “a J® 0 > /® 2 > i ^3 formulas obtained 

by equating a^. to the corresponding element of the last matrix in 
Equation (26). 

The formulas for the parameters of the product of two displace- 
ments are determined by (27), for if A" = B"A'' = A' A, then B"=B'B 
and A'' = A' A, and hence 


*(0.1- 


(29) 


(30) 


a[' = aX + ai^o + “X — 
or" = — oc[a^ 4- a(«o + 

a" = aX -b ce[a^ — + ^^0 > 

A" = A> 

/3i' = A' A - K A + yS ' A + /3( A • 

The formulas for the o^s are, by § 127, the same as for the multi- 
plication of quaternions, and the formulas for the /3’s are given by 
the foUowing quaternion formula: 

(^( - m (ySo - m - /S'it - /3"/- 

Now let Xj and \ be two symbols defined by the multiplication table 


(31) 


0 K 


and the conditions = q\, X^q = qX^, where q is any quaternion. 
If we write 


(32) [Xi(a( -f- a^i -f- a'J + a'^k) + X^{^1 - ^[i - $'J - fi'Jc)] 

• [\(«^o + ® J + ® 3 *) + \{.^o — - y® J - y®s*)] 

= Xi(fl:''-)- a'^i -b «('/ -b a"h) + — ^"k), 

the a"’s and /3"’s are given in terms of the ft’s, yS’s, a'’s, and ;8'’s by 
tlie equations (29) and (30). 
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The ntnnber system whose elements are S 

are cjiiaternioiis, is one of the systems of biquaternions referred to in 
the footnote of § 130. It is often given a form which may be derived 
as follows : 


(33) 2 
Then and obey the multiplication table 



i 

I 

«1 

«2 

(34) 





®2 i 

«2 



and we have 2 {X^q^+ \q^) = (e^+ e^J q^ + (e^ - e^) q^ 

= '^ 1 ( 21 + 22 ) + «»(?!- ?s), 

+ acj -{- 

- + (^)' + (^•)-'' + fi 

+ %( 2 ^+( 2 ^)i+(a^)y+ 

Let ns write 



y y=2iZlA, _ a,-/3, 

'0 o '10 '2 0 

(35) L, L, ^ 

— ^0 ^0 s A p * 2 + A 

“ 2 1 2 ’ 2 ’ 


y=2^, 

7s 2 

g Q^s+/3. 

* 2 


The rule for multiplying hiquatemions, 

[®i (7o' + 7i'4 + yU + Ts*) + ®2 (3o' + 4-^0 + 3g^)] 

• K(7o+ 7i* + Ts/ + Ts*) + ^C^o+ V + + 3s*)] 

= \ {y'o + 7 "* + ilj + y'^Tc ) + ej (8" + S"* + 8"/ + 8"*), 
gives the following equations : 

7$'= 7o7o- 7i'7i— yly^— 787s + ^0^0- - ^-2^2- ^s^s> 

7"= 7o7i4- 7i'7<,4- 7278- 78'72+ ^i'Sq + ^'83- 8'82, 

7 "= 7o'72- 7i'78+ 727o+ 7s7i+ S'S^- S'Sg+S'S„+ S'S^, 

,00^ 7"= 7(7g+ 7 i'72- 7271+7^70+ ^[^2 “ h ^gSo' 

^ ^ S"=y'S3-y'S,-y'8,-y'S3+8a-S(y,-8'y,-S'y3. 

3"= 7o'3i + 7i'3o+ Ts^s- 7 s 33 + %!+ S(yo4- S'yg- Biy^, 
K'= yi^2- 7,'38+ 72'S„+ y'Sj + S'y^- S^y^H- 8'yo+ S'y^, 
3^'= y'oK + 7 ( 32 — 7 ( 3 i + 7 ( 5 , + S( 78 + 8 ( 72 - 3(7i+ 3 ( 7 s. 
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The 7 's and S’s given bv (36) may be regarded as a new set of 
|>arameters for the elliptic displacements. Since the a’s and )5’s are 
separate sets of homogeneous variables, they may be subjected to 
the relation 

( 37 ) a^ + af+ 

By means of (35) the relation (37) becomes 

(38) + yA + yA = 

The formulas for the coefficients of a displacement (28) in terms 
of the new parameters are found by substituting 

^=7o+So. * 1 = yi+K’ 

A=-yi+K 

in the formulas for in terms of the and jS’s. In other words, the 
matrix of the displacement corresponding to ( 7 ^, 7 ^, 7 ^, 73 5 ^ 3 ) ^ 



and the formulas for the composition of two displacements are (36). 

EXERCISE 

The elliptic displacements are orthogonal transformations in four homo- 
geneous variables. Work out the parameter representation determined by 
the formula = (1 - 5) (1 + S)-^ 

of § 125. 

146. Parameter representation of hyperbolic displacements. Let 

the equation of the absolute he taken in the form 

(39) + O = 0. 

If fjL is real, the corresponding geometry is elliptic ; and if is a 
pure imaginary, the corresponding geometry is hyperbolic. No gener- 
ality is lost by taking /x = 1 (as in the section above) for the elliptic 
case and /x =V— 1 ia the hyperbolic case. For the sake of the limit- 
ing process referred to at the end of the section, we shall, however, 
carry out the discussion for an arbitrary fi. 
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Bv precisely the reasoning used in § 126 it is seen that any coUine- 
ation leaving one regnlus on the absolute invariant has the matrix 



and any collineation leaving the other regains invariant has the matrix 
/ ^0 

®= -is. -ff, ff, ■ 

Hence any displacement has a matrix BA. In other words, if 

+^2«o +^sai)^ 

"o, = /* (>3o®s + 

®u = — ^1«1 + ^0^0 + + 0 ^^^, 

a^=-0,cc^-0,oc^+0,%-0^a^, 

% = - ^ A + 

«23=-^A-^»«2-/3„ai+^A, 

“S0= -^(^8«0 + ^2“l- ^A+^»«.)» 

«„=-^A + ^.«o- ^i“s- ^o“*« 

“ss = - ^8“* - + ^o«l» 

“88= + + 
the transformation. (28) is a displacement. 
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As we laave already seen in the elliptic case, if and are 
matrices analogous to A and B, 

B^A^ -BA-^B^B -A^A. 


Hence the product of two displacements BA and B^A^ is a displace- 
ment -S'" such that . 

A = A A 

and B^^=:B^B. 


On multiplying out the two matrix products A^A and B^B, it 
is evident that the elements of A'' and B^^ are given by the 
formulas (29) and (30) found above for the elliptic case. These 
formulas are associated with the bi(][uaternions determined by the 
table (31). 

The remark must now be made that if jjl =V— - 1, the parameter 
representation above does not give real values of a^j for real values of 
the a:’s and )9’s. Suppose, however, that we transform the biquater- 
nions as follows : 


X^-1- 


2/m 


Then and obey the multiplication table 


( 41 ) 



and we have 2 fi(\q^+ \q^) = (fJ^^+€^)q^+{fie^- 

or Xj (a^ + a^i + aj + ajs) + \ - /3 j 

= ei(7o + + ij + 78*) + -r 3J + SJe), 


where 

( 42 ) 


(^0+^ _ (^1 A) _ {^2 A) _ (S~ A) 

2 2 2 2 

s _ ^0 ^0 g _ ^1 g _ ^a~h^3 g ^3 ~h 

“ 2fi ’ ^ 2 jt ’ 2 fi ’ ®~2/t 
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The rule for multiplying biquatemions 

^1 (To' ■+■ t"* + b t"^') + e, (Sr + + S'^k) 

= [«i(To + 7i'* + 'i'J + -ilk) + (S' 4- S(i + Bij + S^)] 

• K (To + Ti^‘ + Ta/ + T,*) + «2 (^0 + + V + ^s*)]> 

according to (41), gives the following equations : 

To'= ToTo- Ti'Ti- T 2 T 3 - TsT*+ ^ 2 ^ 2 - 

t"= T 0 T 1 + Ti'To+ TsTg- Tg'T 2 + S(S„+ Sj'Sj- S^Sj), 

T 2 '= T 0 T 2 - Ti'T 3 + ToTfld- T*Ti+ ^^(^ 0 ^ 2 - 8(3,+ S(S„+ S^SJ, 

(43) /**(^o83+ S(S,- S(Sj+ S'3,), 

8" = To' 80 - t(8i - 7(83 - 7(S, + S(7,- S'tj- S(7,- 
8(' = 7 o' 8 i + 7(80 + 7(83 - 7(82 + S(7,+ 8 ( 7 o+ 8 ( 7 g- 8(72, 

8a = T^ 8, - 7(8, + 7(80 + 7(8, + 8(7,- 8(7,+ 8(7,+ S(7„ 

83 = 7(8, + 7(83 -7(8, + 7(8, + 8(7,+ 8(7,- 8(7,+ 8(7,. 

For /i = 0 these equations reduce to (64) and (65) of § 130, and 
for /M^—1 they reduce to (36). For /i.^== — 1 they give the standard 
formulas for combining hyperbolic displacements. Thus there are 
three essentially distinct systems of biquatemions, determined respec- 
tively by the conditions 1, />t^= — 1, = 0. The first corresponds 

to the elliptic, the second to the hyperbolic, and the third to the 
parabolic geometry. The geometry in each ease is determined by an 
absolute whose equation in point coordinates is (39), and in plane 
coordinates, 

(44) /iX^ + + < = 0. 

Since the same geometry corresponds to any two real values of jn, 
there must be a simple isomorphism between any two ^sterns of 
biquatemions correspondiug to positive values of fi^; and a like state- 
ment holds with regard to the systems of biquatemions corresponding 
to negative values of fi\ The biquatemions for which fi=0 may 
be regarded as a limiting case between those for which fj? is positive 
and those for which is negative, just as the parabolic geometry is 
regarded as a limiting case between the hyperbolic and elliptic (§ 144). 

In these remarks it is understood that the coefficients 7 ^^, 7 ^, 7 ^, 7 ^, 
Sq, Sg, Sg are always real. From the geometrical discussion above 
it is clear that if these coeiB&cients were taken as comnlex. the 
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bic|iiateniioBs for wMcli would be isomorpMe with those for 

wMch — h 

The Daultiplication table (41), in case = — 1, is satisfied if we take 
€^=1 and V— 1. Hence the biquatemions with real coefficients, 

«i(')'o+ 'yJ' + yJ + + ^2(^0+ + ^2/ + 

are equivalent, in case /x^= — 1, to the quaternions with ordinary 
complex coefficients. 

The biquatemions for which fi = 0, when taken with complex 
coefficients, may be regarded as a number system of sixteen units 
with real coefficients. This is the number system (§ 130) which 
is needed to study the displacements in the complex Euclidean 
geometry, and it may be regard^ as containing the other systems 
of real biquatemions. 



CHAPTER IX 


THEOREMS ON SENSE AND SEPARATION 

147. Plan of the chapter. The theorems and definitions of 
Chapter II are for the most part special cases of more general 
concepts of Analysis Situs. The present chapter develops these 
ideas further, so that the two chapters together lay the founda- 
tion for the class of theorems which are particularly of use in 
the application of geometry to analysis, and vice versa. 

In most of the chapter attention is confined to theorems which 
can be proved without the use of the continuity assumptions (C, R). 
Many of the theorems are proved on the basis of A, E, S alone and 
others on the basis of A, E, S, P. 

In the first sections (§§ 148—153) of this chapter we prove some 
of the general theorems about convex regions. These are followed 
(§§ 154-157) by the defibnitions of some very general concepts, such 
as curve, region^ continuous group, eta It will not be necessary (or 
possible in the remaining pages) to develop the corresponding gen- 
eral theory to any considerable extent. Nevertheless, these general 
notions underlie and give unity to the rest of the chapter, which 
may in fact be regarded as a study of certain continuous families of 
figures by special methods. 

In §§ 158—181 the theory of sense-classes is developed in consid- 
erable detad for the various cases considered in earlier chapters and 
for other cases, the principal idea involved being that of an ele- 
mentary transformation. Finally (§§ 182—199), we prove the funda- 
mental theorems on the regions determined in a plane by polygons 
and in space by polyhedra. 

148. Convex regions. Theorem 1. If I is a line coplanar with a 
trianguldT region R and containing a 'point of R, the points of R on I 
constitute a segment. 

Proof. A line coplanar with a triangle and not containing more 
than one vertex meets the sides of the triangle in at least two and 
at most three points. These points, by § 22, are the ends of two or 

385 
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three segments. By Theorem 20, Chap. II, the points of any one 
of these segments are in the same one of the triangular regions deter- 
mined by the triangle, and two points in different segments are in 
different triangular regions. 

COEOLLAEY. Tfu poi'iits cointfLOTk to a tetrahedrcd region and a line 
containing one of its points constitute a linear segment. 

Froof. A line not on one of the planes of a tetrahedron meets 
these planes in at least two and at most four points. The rest 
of the argument is the same as for the theorem above, replacing 
Theorem 20, Chap. II, by Theorem 21 of the same chapter. 

Convex regions on a line have been defined and studied in § 23. 

Definition. A set of points in a plane is said to be a two-dimen- 
sional (or planar) convex region if and only if it satisfies the follow- 
ing conditions: (1) Any two points of the set are joined by an 
interval consisting entirely of points of the set, (2) every point of the 
set is interior to a triangular region containing no point not in the set, 
and (3) there is at least one line coplanar with and not containing 
any point of the set. 

A irianmilar r^on, a Euclidean plane, and the interior of a conic 
are examples of planar convex regions. 

Theorem 2. If I is a line coplanar with a two-dimensional convex 
region R and containing a point of R, the points of R on I constitute 
a linear convex region. 

Proof. The definition of a linear convex region is given in § 23. 
That the points of R on / satisfy (1) of that definition follows directly 
from (1) of the definition of a planar convex region. To prove (2) that 
any point P of R on Z is interior to a segment of points of R on I, 
we observe that by (2) of the definition of a planar convex region 
P is interior to a triangular region consisting entirely of points of R 
and that by Theorem 1 the points common to I and this triangular 
region are a linear segment. Condition (3) of the definition of a 
linear convex region is satisfied by the points of R on f because I 
contains one point of the line coplanar with R and not containing 
any point of R. 

Definition. A set of points in space is said to be a three-dimen- 
sional (or spatial) convex region if and only if it satisfies the following 
conditions : (1) Any two points of the set are joined by an interval 
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consisting entirely of points of the set, (2) every point of the set is 
interior to a tetrahedral region containing no points not in the set, 
and (3) there is at least one plane containing no point of the set. 

A tetrahedral region, a Euclidean space, and a hyperbolic space are 
examples of three-dimensional convex regions. 

Theoeem If a line I contaim a point of a three-dimensional 
convex region R, the points of R on I constitute a linear convex region. 

The proof of this theorem follows the same lines as that of Theo- 
rem 2, the corollary of Theorem 1 being used instead of Theorem 1 
in showing that the points of Z in R satisfy Condition (2) of the 
definition of linear convex region. 

In consequence of Theorems 2 and 3 the definitions (between, 
precede, ray, sense, etc.) and theorems of § 23 are applicable to col- 
linear sets of points in two- and three-dimensional convex regions. 
In the rest of this chapter the segment AB where A and B are in a 
given convex region R always means the segment AB of points of R. 

Theokem 4. If ABC are three noncollinear points of a convex 
region R, B a point ofR in the order {BCD], and E a point of R 
in the order {CEA), there exists a point E of R in the orders {AFB) 
and {DEE}. 

Proof Let E be defined as the point of intersection of the lines 
DE and AB (fig. 77, p. 361). By (3) of the definition of a two- or 
three-dimensional convex region there is a line L coplanar with A, B, 
and C and containing no point of R. Hence L does not meet any of 
the segments AB, BG, CA. Hence (Theorem 19, Chap. II) the line 
DE which meets the segment CA and does not meet BC must meet 
AB. Hence 

The line does not meet any of the segments FB, BD, DE, and 
the line AG meets the segment BD and does not meet the segment 
BE. Hence AC meets the segment DE. Hence {DEE}. 

Theorem 5. A three-dimensional convex region R satisfies As- 
sumptions p-YIII of the set given for a Euclidean space in §29. 

Proof. Assumptions I, II, III, y,YIII are direct consequences of 
Theorem 3 and the theorems of § 23. Assumptions VI and VII are 
consequences of Condition (2) of the definition of a three-dimensional 
convex region. Assumption IV is a consequence of Theorem 4. 
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The theory of order relations in convex regions can be based en- 
tirely on Theorem 5. This amounts to developing the consequences 
of Assumptions of § 29. Since both the Euclidean and the 

hyper!x)lic spaces satisfy these assumptions, this method of treating 
convex regions is of considerable interest from the point of view of 
foundations of geometry (cf. references in § 29). The methods required 
to prove the theorems on this basis are but little different from those 
used in the next section. 

COEOLLARY. In a real projective space a convex region also satisjles 
Assumption XVII of § 89. 

EXERCISES 

1. The set of all points common to a set of convex regions which are all 
contained in a single convex region is, if existent, a convex region. (In other 
words, the logical product of a set of convex regions contained in a convex 
region is a convex region.) 

2. Prove on the basis of Assumptions I-YIII of § 29 that for any set of 
points Pi, Pg, • • *, P«, Suite in number, there is a line I such that P^, P^, •••fPn 
are all on the same side of 1. 

*3, A set of points in a projective space such that any two points of the 
set are joined by one and only one segment consisting entirely of points of the 
set and such that every point of the set is interior to at least one tetrahedral 
region consisting entirely of points of the set, is a convex region- 
al. Study the set of assumptions for projective geometry consisting of 
q, E and the assumption that in the projective space there is a set of 
points satisfying the Assumptions I-VIII, XVII for a convex region. 

149. Further theorems on convex regions. Theorem 6. If A, B,C 

are three noncollinear points of a convex region R, they are the 
vertices of one and only one triangular region consisting entirely of 
points of R. This triangular region consists of all points on the 
segments joining A to the points of the segment BC. 

Proof. By Theorem 4 a line joining P to a point of the segment 
OA meets a segment Joining A to any point A^ of the segment BC\ 
and by the same theorem any point of the segment AA^ is joined 
to P by a line meeting the segment CA. Hence the set of points 
[P] on the segments joining A to the points of the segment BO 
is identical with the set of points of intersection of lines joining A 
to points of the segment BC with lines joining B to points of the 
segment CA, By similar reasoning [P] is the set of points of inter- 
section of lines joining A to points of the segment BC with lines 
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joining C to points of the segment AB. The points [P] form a 
triangular region because they are all the points not separated from 
a particular P by any pair of the three lines AB, BC, CA. 

The other three triangular regions having A, B, U as vertices 
contain points of the line which by (3) of the definition of a convex 
region is coplanar with ABC and contains no point of R. Hence 
[P] is the only . triangular r^on satisfying the conditions of the 
theorem. 

In the rest of this section the triangular region determined by 
three noncoilinear points A, JB, C of a convex region R according to 
Theorem 6 shall be called the triangular region ABC. It is also 
called the interior of the triangle ABC. 

Corollary. If ABC I) are four noncoplanar points of a convex 
region R, they are the vertices of one and only one tetrahedral region 
consisting entirely of points of R. This tetrahedral region consists of 
the segments of points of R joining A to points of the triangular 
region BCD. 

Proof. Let [a] be the set of segments joining A to points of the 
triangular region BCD and [P] the set of all points on the segments 
[a]. Any P is also on a segment joining P to a point of the tri- 
angular region ACD, as is seen by applying the theorem above to 
the figure obtained by taking a section of the tetrahedron ABCD 
by the plane ABP. In like manner any P is on a segment joinmg 
C to a point of the triangular region DAB, and on a segment join- 
ing P to a point of the triangular region ABC. 

The same argument shows that any point of intersection of a 
line joining A to a point of the triangular region BCD with a line 
joining P to a point of the triangular region CAD is in the set 
[P] and that every P is a point of this description. From this it 
follows that [P] contains all points not separated from a particular 
P by the faces of the tetrahedron ABCD. Hence by Theorem 21, 
Cakap. II, [P] is a tetrahedral region. 

Any tetrahedral region having ABCD as vertices and distinct 
from [P] contains points not in R, because it either contains points 
on the segments complementary to [<r] or on the lines joining A 
to the points of the triangular r^ons different from BCD in the 
plane BCD. 
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Theorem 7. 1 / ct plaiw tt contavis ti poi'nt of a tliree-diMeiisional 
convex region R, the points of R on tt comtitute a planar convex 
region. 

Proof The points of R on tt satisfy Conditions (1) and (3) of 
the definition of a planar convex region because R satisfies Con- 
ditions (1) and (3) of the definition of a three-dimensional convex 
r^on. To prove that the points of R on tt satisfy (2) of the defini- 
tion of a planar convex region, let P be a point of R on "r and I a 
line on P and tt. By Theorem 3 there are two points A, of R 
on I such that the segment APA^ is composed entirely of points of R. 
Let a be a line on A^ and tt but distinct from L By the same 
reasoning as before there are two points P, (7 of R on a such that 
the segment BAfJ is composed entirely of points of R. By Theorem 6 
the triangular region having A, B, 0 as vertices and containing P 
contains no points not in R. Hence the points of R on tt satisfy 
Condition (2) of the definition of a planar convex region. 

Theorem 8. If I is any line coplanar with and containing a 
point of a planar convex region R, the points of R not on I con- 
stitute two convex regions such that the segment joining any point 
of one to any point of the other meets the linear convex region which 
I has in common with R. 

Proof. By definition there is a line m coplanar with R and con- 
taining no point of R. By Theorem 18, Cor. 1, Chap. II, all points 
of the plane not on Z or fall into two classes [0] and [P] such 
that (1) two points 0, P of different classes are separated by I and 
m and (2) two points of the same class are not separated by I and 
m. The region R contains points of both of these classes. For let 1 
be any point of R on 1. By Theorem 2 any line through I coplanar 
with R and distinct from I contains a segment of points of R of 
which 1 is one point. If A and B are two points of this segment 
in the order {AJP}, A and B are separated by I and m and also 
are points of R. Hence there exist two mutually exclusive classes 
[O'] and [P'j, subsets of [0] and [P] respectively, which contain 
all points of R not on 1. 

Since any O' and any P' are separated by I and m and no 
s^ment O'P' contains a point of m, every segment O'P' contains 
a point of L 
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Since two points of the same class {[(/] or [P*']) are not separated 
bv / and m, and since the segment joining them does not contain 
a point of m, it does not contain a point of L 

It remains tx> show that any point of either of the classes, say 
[G], is interior to a triangular region consisting entirely of points 
of this class. Let jp be any line on a point 0 ^ and coplanar with R. 
Let 0[ and 0^ be two points of R on ^ in the order {OjC^O^} and 
such that the segment does not contain a point of L Let g be 
any line distinct from p, coplanar 
with R and on O2, and let O3, 0[ 
be two points of R on in the 
order and such that the 

segment does not contain a 

point of 1. By Theorem 6 there 
is a unique triangular region with 
Oj, O 3 , 0[ as vertices consisting 
only of points of R and containing 
all points of the segment 
Since I does not meet any of the 
segments OgOg, it can- 
not meet any segments joining 
0[ to a point of the segment (Theorem 4). Hence the 

triangular region consists entirely of points of [t/]. 

COROLLABY 1. If *jr is a%y plane containing a point of a ihree- 
dimensionaZ convex region R, the points of R not on rr constitute 
two three-dimensional convex regions such that the segment joining 
any point of one to any point of the other meets the planar convex 
region which ir has in common with R. 

Proof The proof is a strict generalization of that of the theorem 
above to space, using the corollary of Theorem 6 instead of 
Theorem 6 . 

Corollary 2. For a given line I {or plam tt) and a given convex 
region R, there is only one pair of regions of the sort described in 
Theorem 8 {or Cor. 1). 

Proof. If 0 is any point of R not on I, the class containing 0 must 
include all points joined to O by segments not meeting 1. Hence it 
must be identical with one of the classes given by the theoreua. 
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Defikitiox. The two convex 'regions determined according to 
Theorem 8 by a line in a planar convex region are called the sides 
of the line relative to the convex region. The two convex regions 
determined according to Cor. 1 by a plane in a convex region are 
called the two sides of the plane relative to the convex region. 

Definition". Two sets of points [P], [<?] in a convex region or 
in a projective plane or space are said to be separated by a set if 
every segment of the convex region or of the projective plane or 
space which joins a P to a ^ contains an S, 

EXERCISE 

Given two lines containing points of a convex region but intersecting in a 
point P outside the region. Construct the line joining P to a point Q in the 
region by means of linear constructions involving only points and lines in the 
region. Cf. Ex. 4, § 20, ToL I. 

150. Boundary of a convex region. Definition. A point P is a 
loundary point of a set of points [P] if every tetrahedral region 
containing B contains a point P and a point not in [P]. The set 
of all boundary points of [P] is called the boundary of [P]. 

Theorem 9. All boundary points of a set of points on a line 
I are on I, All boundary points of a set of points on a plane 
TT are on tt. 

Proof, If § is a point not on a line I, any tetrahedron one of whose 
faces contains I and none of whose faces contains Q will determine 
a tetrahedral region (§ 26) which contains Q and does not contain 
any point of I, Hence Q is not a boundary point of any set of points 
on 1. A like argument proves the second statement in the theorem. 

Corollary 1. A boundary point B of a set of points [P] on a 
line I is any point such that any segment of I containing B contains 
a P and a point not in [P], 

Corollary 2. A boundary point B of a set of points [P] on a 
plane ir is any point such that any triangular region of tt containr 
ing B contains a P and a point not in [P]. 

Theorem 10. Let <r be the convex region common to a line I and a 
planar convex region R and let and R^ be the convex regions 
formed by the points of^ which are not on <r. The boundaries of 
and of Rg contain <r and all boundary mints of a. Each boundary 
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point of R is a boundary point of or of and each 
boundary point of R^ or of which is not on I is a boundary 
point of R. 

Proof If Q is any point of a, and m a line on Q coplanar with 
R^ and distinct from /, any segment of m containing Q contains 
points both of R^ and of R^. Since any triangular region contain- 
ing Q contains a segment of m containing Q, it contains points 
both of R^ and of R^. Hence § is a boundary point both of R^ 
and of’R^. If is a boundary point of a, any triangular region 
containing B contains a point Q of a, and hence, by the argument 
just given, contains points both of R^ and of R^. Hence jB is a 
boundary point both of R^ and of R^. 

Let A be a boundary point of R. Any triangular region T con- 
taining A contains at least one point not in R^ or R^, namely, A 
itself. Since A is a boundary point of R, T contains at least one 
point of R, which may be in R^ or in R,^ or in <r. In the latter 
case T contains points of R^ and R^ both, by the paragraph above. 
Hence in every case T contains points of R^ or R^. If eveiy trian- 
gular region containing A contains points of R^^ and of R^, A is a 
boundary point of both R^ and R^. If this does not happen, some 
triangular region containing A contains points of one of R^^ and 
Rg (say R^) and not of the other. Any triangular region T contain- 
ing A then contains points of R^ because by an easy construction 
we obtain a triangular region containing A and contained in 
both T and T^; and since T' contains A, it contains points of R, 
which because they are in must be points of R^. Hence A is a 
boundary point of R^. 

Let C be a boundary point of R^ which is not on 1. Any trian- 
gular regio'.i T containing C contains points of R, because it contains 
points of R^. It also contains points not in R^^. One of these points 
is not in R unless T consists entirely of points of R^, R^, and 1. 
If the latter case should arise, since C is not on Z a triangular 
region T' could be constructed containing C, interior to T, and not 
containing any point of L T' then would contain points of both R^^ 
and Rg and hence would contain a segment joining a point of R^ to 
a point of R^; which segment, by Theorem 8, would contain a point 
of I, contrary to hypothesis. Hence T contains points not in R, and 
(7 is a boundary point of R. 
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CoeolIjAKY. Let <r be the convex regmii common to a flam ir and 
a three-dimensional convex region R, and let and be the convex 
regions formed by the points of R which are not on ir. The boundaries 
of Rj and contain cr and all hat ndary points of a. Each boundary 
point of R is a bomidary point of R^ or of R^, and each boundary point 
of or of R^ which is not on^sr is a boundary point of R. 

It is to be noted that we have not proved that a convex region 
always has a boundary. Of. Ex. 7, below. 

EXERCISES 

1. If A and B are two points of the boundary of a convex region R, one of 
tlie segments joining them consists entirely of points of R or entirely of points 
of the boundary of R. 

2. A line has no points, one point, two points, or one interval in common 
with the boundary of a convex region. 

3. If a segment consists of boundary points of a given set, its ends are also 
boundary points. 

4. Using the notation of Theorem 10, no point of I not in cr or its bound- 
ary can be a boundary point of R. Hence if P is a point of a two- or three- 
dimensional convex region R, and B a bomidary point of R, the points P and 
B are joined by a segment consisting entirely of points of R. 

5. Using the notation of the corollary of Theorem 10, no point of ir not in 
w or its boundary can be a boundary point of R. 

6. Using the notation of Theorem 10, if R and its boundary are contained 
In. another convex region R^, then no point of the boundary of Rj^ not on <t or 
its boundary can be on the boundary of Rg. 

7. Give an example of a space containing a convex region which has no 
boundary. 

8. A ray whose origin is in the interior of a triangle meets the boundary 

this triangular region in one and only one point. 

*9. Let 0 be an arbitrary point of a EucHdean plane, and an arbitrary 
convex region containing 0 and having a boundary which is met in two 
points by every line which contains a point of R^. Let any set of points into 
which the boundary of R^ can be transformed by a homothetic transforma- 
tion (§ 47) be called a circle. Let the point to which 0 is transformed by the 
homothetic transformation which carries the boundary of R^ into any circle 
be called the center of this circle. Let two point-pairs AB and A'B' be said 
to be congruent if and only if there is a circle with A as center and passing 
through B which can be carried by a translation into one with A' as center 
and passing through B'. The geometry based on these definitions is analo- 
gous to the Euclidean plane geometry. Develop its main theorems. Cf. the' 
memoir of H. Minkowski by D. Hilbert, Mathematische Annalen, VoL LXVIU 
(1910), p. 445. 
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151 . Triangular r^ons. The theorems of the last sections can 
be used to complete the discussion of the regions determined by a 
triangle. We shall continue to use the notation of § 26 and shall 
denote the sides AB, BC, CA by c, a, and h respectively. The points 
of the plane which are not on a form a convex region^ of which a 
is the boundary. By Theorem 8 the points not on a or 6 fall into 
two convex regions, of each of which a and I together (by Theorem 10) 
constitute the boundary. The line c meets a and b in the points B 
and A respectively and hence has the segment 7 in common with 
one of the regions and 7 in common with the other. By Theorem 8 
the region containing 7 is separated into two convex regions, each 
having 7 on its boundary, and the other into two, each having 7 on 
its boundary. Thus the tlmee lines a, 5 , c determine four planar 
convex regions which are identical with the four triangular regions 
of Theorem 20 , Chap. 11 . Since the lines enter symmetrically, each 
of the segments a, yS, 7, a, yS, 7 is on the boundary of two and only 
two of the triangular regions. 

The three vertices A, B, C are on the boundaries of all four tri- 
angular regions, because every point of the plane can be joined to 
these three points by segments not meeting the lines a, 6, e. No point 
not on a, J, or c can be a boundary point of any of the triangular 
regions, because such a point is an interior point of one of them. 

Since any line m which meets one of the four planar convex regions 
meets it in a segment the ends of which are the only points of m 
on the boundary, the three segments which bound one of the four 
triangular regions cannot be met by the same line. The boundaries 
of the four regions therefore consist respectively (cf. fig. 16 ) of the 
vertices of the triangle, together with 

a, y8, 7 for Region I, 
a, yS, 7 for Region II, 
a, yS, 7 for Region III, 
a, y8, 7 for Region IV, 

In addition to what has already been stated in Theorem 2 , the 
discussion above gives us the following information: 

Theorem 11 . triar^gvlaT rp^gion is bounded by the three vertices 
of the triangUy together with three segments joining tJmn which cannot 
all be met by a line. 
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If AOB and IFC are two noncollinear segments they may be 
denoted by a and The two segments whose ends are B and C 
may be denoted by 7 and 7 , 7 being the one met by the line OP. 
As we have just seen, a, jS, and 7 , together with the vertices of the 
triangle, are the boundary of a convex region, and there is one and 
only one of the four convex regions of whose boimdary a and ^ 
form part. Hence 

Theobem 12. Fot any two noncollinear segments cc^ having a 
coiiiMon end there is a uTiigue triangular region and a nnigue seg~ 
nient ^ such that a, and % together with the ends of cc and ^^form 
the boundary of the triangular region, 

COROLLAEY 1. On any point coplanar with but not in a given 
triangular region T, there is at least one line composed entirely of 
points not in T. 

Corollary 2. The triangular region determined according to 
Theorem 12 by two noncollinear segments CB'A and CA'B consists 
of the points of intersection of the lines joining B to the points of the 
first segment with the lines joining A to the points of the second segment. 

The complete set of relations among the points, segments, and tri- 
angular regions determined by three noncollinear parts A^ B, C may 
be indicated by the following tables, 


H,: 


where in the first table a " 1 ’^ or a ‘‘ 0 ” is placed in the ith row and 
yth column according as the point whose name appears at the be- 
ginning of the ith row is or is not an end of the segment whose 
name appears at the top of the jth column ; and where in the second 
table a or a " 0 ” is placed in the ith row aud/th column according 
as the segment whose name appears at the beginning of the ith row 
is or is not a part of the boundary of the triangular region whose 
name appears at the top of the jth column. 
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EXERCISES 

1. Tlie lines polax (§ 18, Vol. I) with respect to a triangle ABC to tlie 
points of one of the four trianguiar regions determined bj ABC constitute 
one of the four sets of lines determined by ABC, according to the dual of 
Theorem 20, Chap. II. Tlie points on these lines constitute the set of ail pointe 
coplanar with but not on the given triangolar region or its boundary. 

2- Divide the lines of the plane of a complete quadrangle into classes 
according as the point pairs in which they meet the pairs of opposite sides 
separate one another or not. Apply the results to tiie problem: \\Tien can a 
real conic be drawn through four given points and tangent to a given line? 
Dualize. 

152. The tetrahedron. The discussion in § 151 generalizes at once 
to space. Let us use the notation of § 26. The points not on con- 
stitute a convex region of which is the boundary. By Theorem 8, 
Cor. 1, the points not on and constitute two convex regions, of 
each of which, by Theorem 10, and form the boundary. 

The plane has points in each of the three-dimensional convex 
regions bounded by cc^ and and hence by Theorem 7 has a planar 
convex region in common with each of them. By Theorem 8, Cor. 1, 
each of these planar convex regions separates the spatial convex re- 
gion in which it lies into two spatial convex regions, of each of which 
(Theorem 10, Cor.) it forms part of the boundary. Thus the points 
not on a^, cc^ form four spatial convex r^ons. Since any plane 
not on A^ meets cr^, and cc^ in a triangle, it meets each of these 
four spatial convex regions in a triangular r^on. Thus, since the 
planes enter symmetrically, we have 

Theorem 13. Defixitioh. Thr&e plaTies meet pairs 

in three lines, arid each pair of these lines bounds two planar convex 
regions. The points not on and a^ form four spatial convex 

regions {called trihedral regions) each hounded by the three lines and 
three of the planar convex regions. The relations among these regions 
are fully represented by the matrices of § ISl if the three Urns are 
denoted by A, B, 0, the planar convex regions by 7, a, 7, aTid 
the three-dimcTisional regions by I, II, III, IV. 

Each of the four spatial convex regions determined by a^, 
is met by in a triangular r^ion and separated by it into two 
convex regions each of which is partially bounded by the triangular 
region. Hence the points not on a^t eight convex 
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spatial regions wliicli must be identical with the tetrahedral regions 
of Theorem 21, Chap. 11. Since the planes a,, enter sym- 

metrically, there are sixteen triangular regions each of which is on 
the boundary of two and only two tliree-dimensional regions ; and, 
moreover, each tetrahedral region lias one and only one triangular 
region from each of the four planes on its boundary. 

Since any point not on cc^ can be joined to any of the 

points A^y A^y A^y A^ by a segment not containing any point of 
or a^y the points A, A^y A^ are on the boundaij of all 
eight tetrahedral regions; and by similar reasoning each segment 
which bounds a triangular region also bounds each of the tetrahedral 
r^ions bounded by the triangular region. 

Theorem 14. The loundary of a tetrahedral region consists of its 
four Tcrtices, together with font triangular regions and the six seg- 
ments hounding the four triangular regions and hounded hy the four 
vertices, 

CoROLLAEV. Three noncoylanar segments having a common end are 
on the boundary of one and only one of the tetrahedral regions having 
their ends as vertices. 

The complete set of relations among the points, segments, triangular 
regions, and tetrahedral regions determined by A^, may be 

indicated by three matrices analogous to those employed in § 151. 
That the points and are ends of the segments and is 
indicated in the first matrix, a ‘H” in the ^'th row and /th column 
signifying that the point whose name appears at the beginning of 
the ith row is an end of the segment whose name appears at the 
top of the /th column, and a 0 ” signifying that it is not. 


H,: 


The four triangular regions in the plane — 1, 2, 3, 4) 
determined by the lines in which the other three planes meet 
may be denoted by Applying the results of 
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§151 to eacR plane we have the following matrix, in which a 
“1” or a '"0” appears in the ztli row and /tli column according 
as the segment whose name is at the beginning of the ith row 
is or is not on the boundary of the triangular region whose 
name is at the top of the jth column. 



rn 

^12 

^13 

^14 

”21 

j 

"^22 \ ^23 

'*‘24 

'^31 

'^32 

'’'33 

^34 
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1 
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0 

0 

0 
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1 
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1 
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0 
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0 

0 
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1 

1 

0 

0 
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1 
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0 

0 
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0 

0 

0 

0 
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Let us denote the eight tetrahedral regions by and con- 

struct a matrix analogous to the preceding ones, in which a “1” or 
a 0 ” appears in the ^th row and jfch column according as the tri- 
angular region whose name is at the beginning of the ^th row is or 
is not on the boundary of the tetrahedral region whose name is at 
the top of the yth column. By definition there is a plane tt which 
meets all the six segments cr^j and none of the segments There 
is one and only one tetrahedral region not met by tt. Let us assign 
the notation so that this region is called T^. As tt cannot meet the 
segments and triangular regions on the boundaries of T^, these seg- 
ments must be the six segments and these triangular regions must 
be those bounded by The latter can be found by means of the 
matrix H^. This determines the first column of the matrix to be 
constructed. The other columns are found by considering succes- 
sively the planes of the seven other classes of planes described in 




400 THEOEEMS ON SENSE AND SEPAEATION [Cmj.rx 

§26. Thus, for example, T, is the region on whose boundary are the 
scents o-„, <r^, 
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T, 
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EZESCISE 

The planes polar (§ 18, Yol. I) with respect to a tetrahedron A BCD to 
the points of one of the tetrahedral regions determined by ABCD consti- 
tute one of the four sets of planes determined by ABCD according to § 26. 
The points on these planes constitute the set of ah points not on the given 
tetrahedral region or its boundary. 

*153. Generalization to n dimensions. The generalization to 
n dimensions of the point pair, triangle, and tetrahedron is the 
in Ti-space, This is any set ol n + 1 points no n of 
which are in the same (n — l)-space, together with the lines, 
planes, 3-spaces, etc. which they determine by pairs, triads, tetrads, 
etc. By a direct generalization of § 26 one proves that the points 
not on the ^ — 1 spaces of an (-w -j- l)-pomt fall into 2'^ mutually 
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exclusive sets such that any two points of the same set 

are joined by a segment of points of the set and that any segment 
joining two points not in the same set contains at least one point 
on an (n — l)-space of the (n •+■ l)-point Any one of the sets 
Ri, • • •, R. 2 » is called a simplex or n-diimnsio nal segment. 

Thus the simplex is a generalization of the linear segment, trian- 
gular region, and tetrahedral region. By replacing triangular and 
tetrahedral regions by simplexes throughout §§ 148-152 we obtain 
immediately the theory of %-dimensional convex regions. A like proc- 
ess applied to §§ 154—157, below, gives the theory of ti-dimeiisional 
connected sets, regions, continuous families of sets of points, con- 
tinuous families of transformations, continuous groups, etc. We 
leave both series of generalizations to the reader. 

154. Curves. Defixition. Let [T] be the set of all points on 
an interval of a line 1. A set of points [P] is called a con- 
tinuotis curve or, more simply, a curve, if it is in such a correspond- 
ence r with [T] that 

(1) for every P there is one and only one P such that P= r(P); 

(2) for every P there is at least one T such that P = r(P); 

(3) for every T, say and for every tetrahedral region R con- 
taining r(P^), there is a segment a- ot I containing and such 
that for every P in o*, r(P) is in R. 

A curve is said to be closed if r(P^^)= r(P^). It is said to be 
simple if T can he chosen so as to satisfy (1), (2), (3) and so that if 
P'¥=P^', r(P'^) unless the pair P^P^' is identical with the 

pair P^P^. 

The point r(P) is said to describe the curve as P varies. The 
curve is said to join the points r(Pjj) and r(P^). 

In view of the definition of the geometric number system in Chap. VI, Vol. I, 
and the theorems in Chap. I, Yol. II, this definition could also be stated in 
the following form : Let (t) be the set of numbers such that = 1. A set 
of points [P] is called a curve if it is in such a correspondence T with [Z] that 
(1) for every t there is one and only one P—T (Z), (2) for every P there is at 
least one t such that P = T (Z), and (3) for every Z, say f, and for every tetra- 
hedral region R containing T (t') there is a number 3 > 0 such that if 
z^ — 8 < z < z' + 3, r (z) is in R. 

Tn the Euclidean or non-Euclidean spaces (3) may be replaced by the con- 
dition : For every f and every positive number e there is a positive number 8 
such that ifz'— 8<Z<Z'+8, the distance between T (Z) and V (f) is l^s than «. 
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The most obvious examples of simple closed curves are the 
projective line and the point conic. The proof that these are simple 
closed curves will be given for the planar case, and may be extended 
at once to the three-dimensional case by substituting tetrahedral 
regions for triangular ones. 

Theorem 15, ^ projective line is a simple closed curve. 

Proof. Let [P] be the set of points on a projective line and let 
ij, if, P, be four particular values of [P] in the order {P^P^P^Pjj. 
Let i;, Pg, Pg, P^ be five collinear points in the order 
and let [P]*be the set of aU points of the interval PoP^P^. If P 
is on the interval P^P^P^, let r(P) be the point to which P is 
carried by a projective correspondence^ which takes the points 
Pq, Pj, Pg hato Pq, if, P respectively; and if P is on the inter- 
val PgPgP^, let r(P) he the point to which P is carried by a 
projectivity which carries the points P^, Pg, P^ into if, if, if 
respectively. 

The correspondence T is defined so that there is one and only 
one point P = r(P) for each P; and also so that r(P0 =?^r(P'^), 
unless P'=P" or P'^P, and P"== P,, or P'= P, and P^'= P^. 
Thus [P] satisfies conditions (1) and (2) of the definition of a curve 
and the condition that a curve be simple. 

Let R be any triangular region containing a point P^=r(P^). 
By Theorem 1 there is a segment of the projective line [P] con- 
taining P^ and contaioed in R; let P^^= F (P'^) and P^^^== r(P^'^) 
be the ends of this segment. This segment is the image either of 
the points P between P” and P^'' or of the points P not between 
P'^ and P^^^ Hence if o- be any segment of the line P^Pj con- 
taining P^ and not containing P'' or P^'^, every point P on cr is such 
that r(P) is in R. Hence [P] satisfies Condition (3) of the defini- 
tion of a curve. 

Theorem 16 . A point conic is a simple closed curve. 

Proof. The proof is precisely the same as that of Theorem 15 
except that [P] is the set of points on a conic, and the following 
lemma is used instead of Theorem 1. 


*TMs does not use Aasumption P, because it requires only the existence of a 
projectivity, and this may be set upasaseriesof perspectivities (cf. Chap.III, Vol, I). 
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Lemma. If a point F of a conic is in a triangular region R 
eoplanar with there is a segment a of which contaim F and 
is contained in R. 

Proof If C® is entirely in R the conclusion of the theorem is 
obvious. If not, let ^ be a point of not in R. By § 75 the points 
of the line FQ interior to constitute a segment having F and Q 
as ends. Let -5 be a point 
of this segment which is 
also on the segment con- 
taining F (Theorem 1), 
which the Hne FQ has in 
common with R (fig. 81). 

Let T be the common 
point of the tangents at 
F and Q and let T' and 
be points of R in the 
order Let >5' 

and be the points in 
which QT^ and meet 
TB; so that {TS^BS^^y 
Let and be points 
interior to R, interior to (7^, and in the order {TS^ S^BS^S^^ 
(Theorem 1). The lines QS^ and QS^ meet TF in two points and 
respectively in the order {TT^T^FT^T^^, Since these points are 
on the segment T'FT^^ they are in R. Since Q is on the conic (7® 
the lines QT^ and QT^ meet in. two points and respectively. 

Since is interior and (a point of a tangent) exterior to (7^ 
we have the order But and are in R and Q is not in R. 

Hence by Theorem 1, is in R. In like manner is in R. 

The segment of the conic is now easily seen to consist 

entirely of points of R. For if P is any point of this segment, and 
T and 8 the points in which QF meets FT and BT respectively, 

FPF^P^ -K FTT^T^ | RSS^S^. 

Hence T is on the segment T^FT^, and 5 is on the segment S^RS^. 
Hence T and S are interior to R, and S interior to C\ Since T is 
exterior to it follows that ^ and T separate P and Q. Therrfore, 
as ^ is not in R, P is in R. 
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EXERCISE 

The boundary of a triangular region is a simple closed curve. 

155. Connected sets, regions, etc. A set of points is said to be 
couMcted if and only if any two points of the set are joined by a 
curve consisting entirely of points of the set. A connected set is 
sometimes called a continuous family of points. In a space satis- 
fying Assumptions A, E^, H, C (or A, E, K or A, E, J) a connected 
set is also called a continuum. A connected set in a plane such, that 
every point of the set is in a triangular region containing no points 
not in the set is called a planar region. A connected set of points 
in space such that every point of the set is in a tetrahedral region 
containing no points not in the set is called a three-^iTnensional 
region. 

A one-to-one transformation T carrying a set of points [X] into a 
set of points [Y] is said to be continuous if and only if for every X, 
say X\ and every tetrahedral region T contaiamg T (X^), there is a 
tetrahedral region R containing X' and such that for every X in R, 
r(X) is in T, 

If a linear interval joining two points A, B is subjected to a con- 
tinuous one-to-one reciprocal transformation, it goes into a curve 
joining the transforms of A and B (§ 154). The set of points on the 
curve, excluding the transforms of A and B, is called a 1-cell. 

If a triangular region and its boundary are subjected to a con- 
tinuous one-to-one reciprocal transformation, the set of points into 
which the triangular region goes is called a simply connected element 
of surface, or a B-cell. 

If a tetrahedral region and its boundary are subjected to a con- 
tinuous one-to-one reciprocal transformation, the set of points into 
which the boundary goes is called a simply connected surface, or simple 
surface, and the set of points into which the tetrahedral region goes 
is called a simply connected three-dimensional region, or a 3-cell. 

EXERCISES 

1. A region contains no point of its boundary. 

2. If A and B are any two points of a planar region R, there exists a finite 
number of triangular regions ^ 2 » * * *» ^» such that has a point in common 
with = 1, • * •, n — 1) and contains A and contains B. This property 
could be taken as the definition of a region in a plane. 
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3. Given any set of regions all contained in a convex region. The set of 
all points in triangular regions whose vertices are in the given regions is a 
convex region. This region is contained in every convex region containing the 
given set of regions (J. W. Alexander). 

4. The set of ah points on segments joining pairs of points of an arbitrary 
region R contained in a convex region constitutes a convex region The 
region R' is contained in every convex region containing R. 

5. The boundary (§ 150) of a region in a plane (space) separates (§ 149) 
the set of all points in the region from the set of aU points of the plane (space) 
not in the region. 

6. A continuous one-to-one reciprocal transformation of space transforms 
any region into a region. 

156, Continiioiis families of sets of points. The notion of con- 
tinuous curve has the following direct generalization; 

Definition. Let [!"] be the set of all points on an interval 
of a line L A set of sets of coplanar points [S] is called a con- 
tinuous one-parameter family of sets of points if it is in such a 
correspondence V with T that 

(1) for every T there is one and only one set S such that S=r(T) ; 

(2) for every set S there is at least one T such that S=r(T); 

(3) for every T, say T', and for every triangular region R includ- 
ing a point of the set T{T^), there is a segment o- of / containing 
and such that if is in <r at least one point of the set r(T) is in R. 

The definition of a continuous one-parameter family of sets of 
points in space is obtained by replacing the tiriangular region R in 
the statements above by a tetrahedral region. 

If the sets S are taken to he lines, planes, conics, quadrics, etc., 
this gives the definition of one-parameter continuous families of 
lines, planes, conics, quadrics, etc., respectively. Of. Exs. below. 

Definition. A connected, set of sets of points or a continuous 
family of sets of points is a set of sets of points [S] such that any 
two sets .S^, are members of a continuous one-parameter family 
of sets of [S], 

Eor example, the discussions given below m terms of elementary 
transformations establish in each case that a sense-class is a con- 
nected set of sets of points. Cf. also Exs. 6-7, below. 

The definition of a continuous family may be extended in an obvious way 
so as to include sets wkose elements are points, sets of points, sets of sets of 
points, etc. 
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EXERCISES 

1. Defining an envelope of lines as the plane dual of a curve, prove that an 
envelope is a continuous one-parameter family of lines. 

2. The space dual of a curve is a continuous one-parameter family of planes. 

3. Pencils of lines and planes are continuous one-parameter families. 

4. A line conic or a regulus is a continuous one-parameter family of lines. 

5. A pencil of point conics is a continuous one-parameter family of curves. 

6. The set of all lines in a plane or space or in a linear congruence or a 
linear complex is a connected set of sets of points. 

7. The set of all planes in space or of all planes tangent to a quadric is a 
connected set of sets of points. 

157. Continuous families of transformations. Let [jT] be the set 
of all points on an interval of a line L Let [IT J be a set of 
transformations of a set of points [P]. If (1) to every T there cor- 
responds one and only one transformation and ( 2 ) for every 
point P the set of points [n^(P)] is a curve for which the defining 
correspondence P (in the notation of § 154) may be taken to be 
the correspondence between T and ny(P), then [11^] is said to be a 
continuous one-parameter family of transformations. The curves 
[Il 3 ,(P)] are called the path curves of [11 

The term " continuous one-parameter family of transformations 
may also be applied to a set of transformations [11 J of a set S of 
points P and of sets of points S (e.g. S may he a set of figures as 
defined in § 13, VoL I). In this ease (1) and ( 2 ) must be satisfied, 
and also the following condition: (3) For every set of points S, 
[ 113 ,( 8 )] is a one-parameter continuous family of sets of points for 
which the defining correspondence T (in the notation of § 156) may 
be taken to be the correspondence between T and 113 ,( 8 ). 

If the set of correspondences [II3,] is both a group and a continuous 
one-parameter family of transformations, it is called a one-parameter 
continuous group. 

A set of transformations [11] of a set of points and of sets of points, 
such that any two transformations of [II] are members of a con- 
tinuous one-parameter family of transformations of [ 11 ], is called a 
continuous family of transformations. If [11] is also a group, it is 
called a continuous groitp. 

If [ 113 ,] is a continuous one-parameter family of one-to-one recip- 
rocal transformations of a figure F, and if 113 ,^ is the identity, then F 
is said to he moved, or deformed, to the figure 11 3 ^ (P) through the set 
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of intermediate posit io its [n^(F|]. Abt one of tlie transformations 
Ily is called a deformation ; if -P is a set of points and all the 
transformations of the family [11^] are continuous, the deformation 
is said to be a continuous deformation. 

158. Affine theorems on sense. Let us recapitulate some of the 
main propositions alx)ut sense-classes in Euclidean spaces by 
enumerating the one-dimensional propositions of which they are 
generalizations. 

The group of all projectivities + on a Euclidean line 

has a subgroup of direct projectivities for which a > 0. This sub- 
group is self-conjugate, because if a transformation of the group be 
denoted by 2, and any other transformation = ax + 0 by T, then 



a transformation in which the coefficient of x is positive. From 
the fact that the subgroup is self-conjugate, it follows as in § 18 
that the same subgroup is defined by the condition a > 0, no 
matter how the scale is chosen, so long as Pa, is the point at 
infinity. These statements are generalized to the plane in § 30 and 
to spaces of any dimensionality in § 31. The generalization consists 
in replacing a by the determinant 

% ^12 
^21 ^22! 

for the two-dimensional case, and by the corresponding n-TOwed 
determinant in the ?i-dimensional case. 

A sense-class S{AB) is the set of all ordered pairs of points 
into which a pair of distinct points can be carried by direct pro- 
jectivities (§ 23). This proposition is generalized to the plane in 
§ 30 and to 9^-space in § 31. 

A particular arbitrarily chosen sense-class shall be called positive 
and the other sense-class shall be called negative. This statement 
reads the same for any number of dimensions. In the three-dimen- 
sional ease the positive sense-class is also called right-handed and 
the negative sense-class left-handed (see the fine print in § 162). 

Tn the one-dimensional case a nonhomogeneous coordinate sys- 
tem is called positive if is positive. In the two-dimensional 
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case a nonliomageneous coordinate system is called positive if 
S{OXY) is positive when O = (0, 0), A'=(l, 0), and E=(0, 1). In 
the three-dimensional case a iionhoraogeneous coordinate system 
is called positive or right-handed if S{OXYZ) is positive when 
0= (0, 0, 0), X= (1, 0, 0), r= (0, 1, 0), and (0, 0, 1). 

On tl .i Euclidean line two ordered pairs of points AB and 
are in the same sense-class if and only if 

la , 1 

I h 1 V 

have the same sign, a, I, a\ V being the nonhomogeneous coordinates 
of A, B, A\ B^ respectively. Hence, if the coordinate system is posi- 
tive, S{AB) is positive or negative according as (6 — a) is positive or 
negative. Similar criteria for the plane and space are given in 
§§ 30, 31. It follows immediately that if the coordinate system 
in the plane is positive, S(ABC) is positive or negative according 
as the determinant 


is positive or negative, where A = (<x^, a^), B = (b^, ^ == (^i> ^2)* 

If the coordinate system in space is positive, S(ABCD) is positive 
or negative according as the determinant 




is positive or negative, where A = (a^, a^, B = {\, 63), (7= 

(<?!, Cg), I> = {d^, rfg, d^. 

In the one-dimensional case B is on one or the other of the rays 
having A as origin according as S{AB) is positive or negative. 
In a Euclidean plane C is on one side of the line AB or the other 
according as S (ABO) is positive or negative (§ 30). In a Euclidean 
space B is on one side or the other of the plane ABC according as 
S (ABCJD) is positive or negative. 

The projectivities od=ax + h of the Euclidean line are in one-to- 
one reciprocal correspondence with the points (a, V) of the Euclidean 
plane. The direct projectivities correspond to the points on one 
side of the line a = 0 and the opposite ones to those on the 
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other side. From tills it readily follows that the set of all direct 
projectivities forms a continuous group, whereas the set of all projec- 
tivities is a group wMch is not continuous. 

In like maimer the transformations 

F = + ajo, 

/ = a^iz 4- + <220 

can be set in correspondence with the points of a sis:-<iimensioiial Euclidean 
space, the direct and opposite collineations respectively corresponding to 
points of two regions separated by the locus 

^11^22 ^12^21 ~ 

Similarly, the direct and opposite collineations in a Euclidean space of three 
dimensions may be represented by points of two regions in a space of twelve 
dimensions. In aH three cases the set of all direct collineations forms a con- 
tinuous group, but the set of all collineations does not. 

Another way of coming at the same result is this : Let the ordered pairs 
of points ABo£& Euclidean line be represented by the points (a, b) of a Euclid- 
ean plane, a being the nonhomogeneous coordinate of A, and h that of B. Under 
this convention the points representing pairs of the positive sense-class are 
on one side of the line 6 — a = 0 and those representing pairs of the negative 
sense-class on the other side of this line. The one-dimensional affine projec- 
tivities are in one-to-one reciprocal correspondence with the ordered point 
pairs to which they carry a fixed ordered point pair PQ. The direct projec- 
tivities thus correspond to point pairs represented by points on one side of 
the line & — a = 0 and the opposite projectivities to point pairs represents 
by points on the other side. 

159. Elementary transformatioas on a Euclidean line. Dehnition. 
Given an ordered pair of points AB of a Euclidean line, the oper- 
ation of replacing one of the points by a second point not separated 
from it by the other point is called an elementary transformation 
of the pair AB* 

Thus AB may he transformed into AB^ if {ABB} or {ABB}, In 
othei: words (cf. § 23) E can be transformed to any point B such 
that S(AB)= S(AB'), and into no other. Hence it follows that if 
AB is transformable to A'B^ by any sequence of elementary trans- 
formations, S(AB)==S(AB^), 

Conversely, if S(AB) = S(A^B')j it is easy to see, as follows, that 
by a sequence of elementary transformations AB can be transformed 

* The transformatioiis which we have considered heretofore have usually been 
traiisformations of the line, plane, or space as a whole. Here we are considering a 

transformation of a single pair of points- 
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to From tlie theorems on linear order in Chap. II it follows 

that there are two points and satisfying the order relations 

{ABA^^B^^} and {A^BLi^^B^^}, 

By elementary transformations AB goes to AB^'; AB^^ to A^^B^^i A^^B" 
to A'B''; and A'B'^ to A'B\ Hence we have 

Theorem 17. Od ct Buchdeciii luic tli6 set of all ovdeved pcoiTs 
of points into which cin ordcTcd pciir of distinct points AB can he 
iT(iiisfoT)ii€d hy elcjinentoLTy tTansfoTimatioiis is the sense-class S(^AB), 

An elementary transformation may be regarded as a special type of con- 
tinuous deformatwn (§ 157). If AB is carried by an elementary transformation 
to AB\ the |M>int B may be thought of as moved (§ 157) along the segment 
BB' from B to B\ and since this segment does not contain A, the motion is 
such that the pair of distinct points never degenerates into a coincident pair. 
Thus we may say that a sense-class consists of all pairs obtainable from a 
fixed pair by deformations in which no pair ever degenerates. 

When the ordered point pairs are represented by points in a Euclidean 
plane, as explained at the end of the last section, an elementary transforma- 
tion corresponds to moving a point (a, h) parallel to the a-axis or the 5-axis 
in such a way as not to intersect the line a = h. 

Deeixition. An elementary transformation of a pair of points 
AB is said to be restricted with respect to a set of points [jP] if and 
only if it carries one of the pair, say B, into a point B^ such that 
the segment BB^ does not contain any one of the points B, (Any 
one of these points may, however, he an end of the segment BBh) 

It is evident that any elementary transformation can be effected 
as a resultant of a sequence of elementary transformations which 
are restricted with respect to an arbitrary finite set of points. Hence 
Theorem 17 has the following corollary: 

Corollary. Let P^, P^, • • P„ he any finite set of points on a 
line L Two ordered pairs of points are in the same sense-class if and 
only if one can -he carried into the other hy a sequence of elementary 
transformations restricted with respect to P^, 

The concept of a restricted elementary transformation is intimately con- 
nected with the idea of a small motion.” In the metric geometry the points 
Pj, * * *? P« can be chosen so as to be in the order {P^, Pg, • • *, P„} and so 
that the segments P{Pi+i are arbitrarily small. Any elementary transforma- 
tion of a i^air of points on the interval will be effected by a small 

motion of one of the points in the pair. 
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160. Elementary transformations in the Euclidean plane and space. 

Defixition. Given an ordered set of three noncoUinear points in 
a Euclidean plane, an elementary transformation is the operation 
of replacing one of them by a point which is joined to it by a 
segment not meeting the line on the other two. 

As in the one-dimensional case, an elementaiy transformation may be 
regarded as effected by a continuous deformation of a point triad. A path is 
specified along which a point may be moved without allowing the triad to 
degenerate into a coliinear one. 

Let A, B, C be three noncollinear points and let and be 
points of the segments AB and CA respectively. Then by elemen- 
tary transformations (ci fig. 84, p. 423) ABC goes to C^BC; and 
this to C^BB'] and this to CCB^\ and this to BCB^] and this to 
BCA. In like manner it can be shown that ABC can be carried 
to CAB by a sequence of elementary transformations. Hence any 
even permutation of three noncollinear points can be effected by 
elementary transformations. 

By Theorem 27, § 30, an elementary transformation leaves the 
sense of an ordered triad invariant. Hence, by Theorem 26, § 30, 
no odd permutation can be effected by elementary transformations. 

If A', E', C^ are any three noncollinear points, ABC can be 
carried into some permutation of A'B'C^ by elementary transforma- 
tions. For since at most one side of the triangle A^B^C^ is parallel 
to the line AB, this line meets two of the sides in points which we 
may denote by and B^\ By one-dimensional elementary trans- 
formations on the line AB, the ordered pair AB can be carried 
either to A^'E^' or to B^L4!^. These one-dimensional elementary 
transformations determine a sequence of two-dimensional elemen- 
tary transformations leaving C invariant and carrying ABC to 
£^B^^G or to B^^A'^C, The point C can be carried by an obvious 
elementary transformation to a point (7'^ such that A^^C^' is not 
parallel to any side of A^B'C^, and then A"C^^ can be carried to 
two of the points, say in which the line A^'G^' meets the 

sides of the triangle A'B^C^. The points A^^^B^^C”^ are on the 
sides of the triangle A!ffC\ and the one-dimensional elementary 
transformations on the sides which carry them into the vertices 
determine two-dimensional elementary transformations which carry 
to some permutation of A'JB'C^. 
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Since ABC cannot be carried into A'B’C' if S{ABC)4= S {A' B’C), 
and since all even permutations of A’B'C can be effected by elemen- 
tary transformations, it follows that ABC can be carried into A!B'C’ 
by a sequence of elementary transformations if S{ABC) = S{A'B'C'). 
Hence we have 

Theorem 18. Jn, a Euclidean plane S(ABC) — S{A'B' C') if and, 
only if there exists a finite set of elementary transformations carrying 
the noncollinear points A, B, C into the points A', B', C respectively. 

Definition. Given an ordered set of four noncoplanar points, an 
elementary transformation is the operation of replacing one of them 
by another point which is joined to it by a segment containing no 
point of the plane on the other three. 

Let ABCD be four noncoplanar points. Holding D fixed, AB C may 
be subjected to precisely the sequence of elementary transformations 
given above in the planar case for carrying ABC into BOA. This 
effects the permutation (A B 0 D\ 

[boa D /’ 

the symbol for each point being written above that for the point into 
which it is transformed. In like manner we obtain the permutations 

(ABO (ABO D\, (A B 0 I>\ 

[b B 0 A/ [O B B a) [a C B Bfi 

and it is easily verifiable that any even permutation of ABCB is a 
product of these permutations. Hence any even permutation of a 
set of four points may be effected by elementary transformations. 

By Theorem 23, § 27, an elementary transformation of four points 
(a^, a^, a(f, {c^, c,, c(), (d^, d^, d^ leaves the sign of 



invariant, and hence leaves their sense-class invariant. Hence (§ 31) 
no odd permutations of four noncoplanar points can he effected by 
elementary transformations. 

An ordered tetrad ABCB of noncoplanar points can be carried 
into some permutation of an ordered tetrad AlB^C^B^ of noncoplanar 
points. Por the line AB ib not parallel to more than two planes of 
the tetrahedron, and hence by the one-dimensional case AB can be 
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caxiied into two points the planes of the tetrahedron 

By repeating this aigument it is easily proved that C and D can also 
be carried to points on these planes. By the two-dimensional 

case it follows that the ordered tetrad of points on the 

planes of the tetrahedron A^B^C^D^ can be carried into some permu- 
tation of its vertices. Since ABCD cannot be carried into A!B^C^I}\ 
if S{ABCD) ¥= S{A^B^C^I>^ it follows by the last paragraph but one 
that it can be carried into A^B^C^D^ if S{ABCB)=^ S{A^B^C^D% 
Thus we have 

Theorem 19. In a Euclidean space S(ABCI>)=S{A^B'C^I)) if and 
only if there exists a finite set of elementary transformations carrying 
the noncoplanar points A, Bj CyD into the points A! yB^ , C\jy respectively. 

The theorems and definitions of the last two sections can be re- 
garded as based on any one of the sets of assumptions A, E, H, C, E 
or A, E, K or A, E, P, S. Assumption P is used wherever coordinates 
are employed, but it is possible to make the argument without the aid 
of coordinates and thus to base it on A, E, S alone (cf. Ex. 2, § 161). 

161. Sense in a convex region. Definition. Given a set of three 
noncollinear points of a planar convex region R, the operation of 
replacing any one of them by any other point of R on the same 
side of the line joining the other two is called an elementary 
transformation. The set of all ordered triads obtainable by finite 
sequences of elementary transformations from one noncollinear 
ordered triad of points ABC is called a sense-class and is denoted 
by S{ABC). 

This definition is in agreement with the propositions about sense 
given for the special case of a Euclidean plane. Moreover, if R is any 
convex region, and is any line coplanar with R but containing no 
point of R, two triads of points of R are in the same sense with 
respect to R if and only if they are in the same sense with respect 
to the Euclidean plane containing R and having L as singular line. 
Hence the theorems of § 160 may be taken over at once to convex 
regions in general. This result may be stated as follows : 

Theorem 20. In a planar convex region there are two and only 
two senses. Sense is preserved iy even and altered iy odd perrwur 
tations of three noncollinear points. Two points C and> B are on 
opposite sides of a line AB if and only if S{ABC) # S(ABD). 
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Defixitiox. Given a set of four noncoplanar points of a three- 
dimensional convex region R, the operation of replacing any one of 
them hv any point of R on the same side of the plane of the other 
three is called an elementary transformation. The set of all ordered 
tetrads obtainable by finite sequences of elementary transformations 
from one noncoplanar ordered tetrad of points ABCD is called a 
sense-class and is denoted by S{ABCD). 

The theories of sense in a three-dimensional convex region and in 
a three-dimensional Euclidean space are related in just the same 
way as the corresponding planar theories. Hence we have 

Theorem 21. In a three-dimensional eonve-e region there are two 
and only two senses. Sense is preserved ly even and altered ly odd 
permutations of four points. Two points D and E are on opposite 
sides of a plane ABC if and only if S {ABCD) ^ S{ABCE). 

EXESCISES 

1. The whole theory of order relations can be developed by defining sense- 
class on a line by means of elementary transformations instead of as in Chap. II. 

*2. Develop the theory of order in two- and three-dimensional convex re- 
gions, defining sense-class in terms of elementary transformations and using 
Assumptions A, E, S or Assumptions I-YIII of § 29 (cf. Theorem 5, § 148) 
as basis. 

3. An elementary transformation of a triad of points ABC is said to 

be restricted with respect to a set of points Pg? ***> carries a point 

of the triad, say C, into a point C' such that the segment CC' does not 
contain any point collinear with two of the points ***> -^n* Two 

ordered triads of points are in the same sense-class if and only if there is a 
sequence of restricted elementary transformations carrying the one triad 
into the other. 

4. Generalize the notion of restricted elementary transformation to space. 

162. Euclidean theorems on sense. The involutions which leave 
the point at infinity of a Euclidean line invariant may he called 
;point reflections. The product of two point reflections is a parabolic 
projectivity leaving the point at infinity invariant, and may be called 
a translation. A point reflection has an equation of the form 

(1) a/=— 
and a translation has one of the form 

(2) rc' = a? -f* 6. 
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The point reflections interchange the two sense-classes of the Enclid- 
ean line, and the translations leave them invariant. 

In generalizing these propositions to the plane, the point reflec- 
tions may be replaced by the orthogonal line reflections (Chap. IV) 
or, indeed, by the set of all symmetries, and the one-dimensional 
translations by the set of ail displacements in the plane. Since an 
orthogonal line reflection in the plane interchanges the two smse- 
classes, any symmetry interchanges them, but any displacement 
leaves each of them invariant. The generalization to three-dimensions 
is sunilar. 

The equations of a displacement in two or three (or any number 
of) dimensions are a direct generalization of the one-dimensional 
equations, namely, 

(3) iCj = ^ +h> (i = 1, 2, . . 7i) 

i=i 

where the matrix (a^) is orthogonal and the determinant \a^\ is -f-l. 
The equations of a symmetry satisfy the same condition except that 
the determinant \a^-\ is —1 instead of +1. 

It is worthy of comment that the distinction between displace- 
ments and sy mm etries holds in the complex space just as well as 
in the real, whereas the distinction between direct and opposite 
coUineations holds only in the real space. Algebraically, this is 
because the distinction of sense depends merely on the sign of the 
determinant |a^.|, whereas the distinction between displacements and 
symmetries is between coUineations satisfying the condition 
and = — 1. In the representative spaces of six and twelve dimen- 
sions referred to in § 158, = l and — 1 are the equations 

of nonintersectiug locL 

From the point, of view of Euclidean geometry, as has been said above, 
the two sense-classes are indistinguishable.* In the applications of geometry, 
however, a number of extra-geometrical elements enter which make the two 

* This does not contradict the existence of a geometry in which one sense-class 
is specified absolutely in the assumptions. The group of such a geometry is unlike 
the Euclidean group in that it does not include symmetries though it does include 
displacements. Its relation to the Euclidean geometry is similar to that of the 
geometries mentioned in the fine print in § 116. Those geometries, however, corre- 
spond to groups which are not self-conjugate imder the Euclidean group, whereas 
this one corresponds to a self “^conjugate subgroup. On the foundations of geometry 
in of sensi^relatdons takBu either absolutely or relatively, see the article by 
Schweitzer releired to in 1 1® . 
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sense-classes play essentially different rSles. Thus any normal human being 
■who identifies the abstract Euclidean space with the space in which he views 
himself and other material objects may 
single out one of the sense-classes as 
follows: Let him hold his right hand 
in snch a way that the index finger is 
in line with his arm, his middle finger 
at right angles to his index finger, and 
his thumb at right angles to the two 
fingers (fig. 82). Let a point in his pahn 
be denoted by 0, and the tips of Ms 
thumb, index finger, and middle finger 
by X, F, Z respectively. The sense-class 
S (OXYZ) shall be called right-handed 
OT positive, and the other left-handed or 
negative. TMs designation is unique be- 
cause of the mechanical structure of 
the body- 

A nonhomogeneoQs coordinate system 
is called right-handed or positive if and 
only if S QOXYZ) is positive when 
0 = (0, 0, 0), A =(1, 0, 0) , F= (0, 1, 0), 
and Z = (0, 0, 1). The reader will find it convenient whenever an arbitrary 
sense-class is called positive to identify it with the intuitively xight-handed 
sense-class-* 

163. Positive and negative displacements. On a Euclidean line, 
if a translation carries one point A to a point B such that S{AB) 
is positive, it carries any point A to a point B such that S(AB) is 
positiva Such a translation is called positive. Any other translation 
is called negative and has the property that if it carries G to D, 
S{CD) is n^ative. Any translation carries positive translations into 
positive translations; ie. if is a positive translation and T any 
translation, TTT~^ is a positive translation. A translation a/= rr -h 
is positive or negative according as 5 is positive or n^ative, provided 
that the scale is such that is positive. The inverse of a 

positive translation is negative. 

The distinctiou between positive and negative translations is quite distinct 
from that between direct and oppoate projectivities, for all translations 
are direct. 

♦ An interesfcing account of the way in which this choice is made in various 
branches of mathematics and other sciences is to be found in an artide by E. Study* 
Archiv der Mathematik und Physik, 3d series, VoL XXI (1913), p. 193. 
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A iike subdivision of the Euclidean displacements of a plane 
which are neither translations nor point reflections nor the identity 
may be made as follows : A rotation leaving a |x>int 0 fixed and 
carrying a point A to a point B not coUinear with 0 and A is said to 
be positive if S{OAB) is positive and to be negative if S{OAB) is 
negative. It is easily proved that if S(OAB) is positive for one 
value of A it is positive fur all values of A. The inverse of a positive 
rotation is negative. Any displacement transforms a positive rotation 
into a positive rotation. 

A rotation is a product of two orthogonal line reflections {ILm} 
and such that the lines I and m intersect in 0. Hence the 

ordered pairs of lines which intersect and are not perpendicular fall 
into two classes, which we shall call positive and negative respec- 
tively, according as the rotations which they determine are positive 
or negative. 

In a three-dimensional Euclidean space let A be a point not on 
the axis of a given twist which is not a half-twist, let 0 be the 
foot of a perpendicular from A on the axis of the twist, and let A' and 
(y be the points to which A and O respectively are carried by the twist. 
The twist is said to be positive or right-Tianded if S(OAO^A^) is posi- 
tive or right-handed and to be negative or left-handied if SiOACf A!) 
is negative. 

It is easily seen that S(OAO^A') is the same for all choices of A, so 
that the definition just made is independent of the choice of A. The 
inverse of the twist carrying 0 and A to O' and A' carries 0' and A' 
to 0 and A, and thus is positive if and only if S{0' A' 0 A) is positive. 
Since S(0'A'0A)==S(0A0'A'), the inverse of a positive twist is posi- 
tive. Any direct similarity transformation carries a positive twdst 
into a positive twist. 

With the choice of the right-handed sense-class described in the fine print 
in § 162 , the definition here given is such that a right-handed twist is the 
displacement suffered by a commercial right-handed screw driven a short 
distance into a piece of wood. 

Since a twist is a product of two orthogona’ line reflections, 
{ZL} • {mmoo}, it follows that the pairs of ordinary lines Im which 
are not parallel, intersecting, or perpendicular fall into two classes, 
according as the twist {mm*} • {ZZ®} is podtive or negative. We 
shall call the line pairs of these two classes positwe and rightAvanded 
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or negative and left-handed respectively. Since tlie inverse of a 
positive twist is positive, the ordered pair mZ is positive if Im is posi- 
tive, Hence a pair of lines is right-handed or left-handed without 
regard to the order of its members. Any direct similarity transfor- 
mation carries a right-handed pair of lines into a right-handed pair 
and a left-handed pair into a left-handed pair, 

EXERCISES 

1. The coHineations which are commutative with a positive displacement 
(or with a negative displacement) are all direct. 

2. By the definition in § 69, 0<4-^OB<ir or ?r<4-IOi5<27r according as 
S^OAB) is ix>sitive or negative, provided that the points 0, Pq, are so 
chosen that S(OPqP^) is positive. 

3. By the definition in § 72, 0<m(l^l^)<~ or |<m(y2)<7r according as the 
ordered line pair is positive or negative. 

4. Let us define an elementary transformaiion of an ordered line pair in 
a plane as being either the operation of replacing ox I ^ by a line parallel to 
itself, or the operation of replacing or Zg, say Z^, by a line through the point 
Z^Zg which is not separated from Z^ by and the line through perpendicu- 
lar to Zg. Two ordered pairs of nonparallel and nonperpendicular lines are 
equivalent under elementary transformations if and only if they are both in 
the positive or both in the negative class. 

5. Let us define an elementary transformation of a pair of nonparallel and 
nonperpendicular lines in space as the operation of replacing one of the 
lines, say Z^, by a line intersecting Z^ and not separated from Z^ by the plane 
through the point of intersection perpendicular to and the plane through 
this point and Z^. The pair can be transformed into a pair of lines rngn^^ 
by a sequence of elementary transformations if and only if both pairs are 
right-handed or both pairs are left-handed. 

164. Sense-classes in projective spaces. It has been seen in 
Chap. II (cf. §§18 and 32) that the distinction between direct and 
opposite collineations can he drawn in any projective space of an 
odd number of dimensions which is real or, more generally, which 
satisfies A, PJ, S. This depends (§ 32) on the fact that the sign of 
a determinant \a^\ {i,j = 0, 1, • • n) cannot he changed by multi- 
plying every element by the same factor if is odd, and can be 
changed by multiplymg every element by —1 if is even. 

In a real projective space of odd dimensionality the direct coUin- 
eations form a self-conjugate subgroup of the projective group and 
thus give rise to the definitions of sense-class in §§ 19 and 32. 
The same remarks are made about the independence of this definition 
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of tlie frame of reference as iii tlie Euciidean cases, and the criteria 
for sense in terms of products of determinants are given in §^24 
and 32. If one forms the analogous deteriiiinant products for the 
projective spaces of even dimensionality, it is found that the sign of 
the product may be changed by multiplying the coordinates of one 
point by ~ 1, which verifies in a second way that there is only one 
sense-class in a projective space of an even number of dimensions. 

The projectivity 

a X -h a 
21 ' 22 

may be represented by means of a point in a pro- 

jective space of three dimensions. The points representing direct 
projecthities are on one side of the ruled quadric 


and those representing opposite projectivities on the other side. 
This representation of projectivities by points is in fact identical 
with that considered in § 129. It can be generalized to any num- 
ber of dimensions just as are the analogous representations in § 158. 

It readily follows that the group of all projective coUineations in 
a real space of n dimensions is continuous if n is even, and not 
continuous ii n is odd. If n is odd the group of direct coUineations 
is continuous. 

In the foE owing sections (§§ 165“167) we shall discuss the 
sense-classes of projective spaces by means of elementary transfor- 
mations, the latter term being used as before to designate a particular 
type of continuous deformation. After this (§§ 169-181) similar 
considerations wiU be applied to other figures. 

165. Elementary transformations on a projective line. Definition. 
Given a set of three collinear points A, B, C, an elementary transfor- 
mation is the operation of replacing any one of them, say A, hy another 
point such that there is a segment AA' not containing B or C, 
Theorem 22. Two ordered triads of points on a real projective 
line have the same sense if and only if one is transforinahle into 
the other hy a finite number of elementary transformations, 

Proof Comparing the definitions of elementary transformation 
and of segment (§ 22), it is clear that a single elementary trans- 
formation cannot cbange the sense of a triad of points. Hence t\vo 
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triads of points have the same sense if one can be transformed into 
the other by a finite number of elementary transformations. The 
converse statement, namely, that a triad J, B, C can be transformed 
by elementary transformations into any other triad A'B'C" in the 
same sense-class, follows at once it we establish (1) that ABC can 
be transformed by elementary transformations into BCA and CAB 
and (2) that any ordered triad of points A, B, C can be transformed 
by elementary transformations into one of the six ordered triads 
formed by any three points A', B', C. 

(1) Let Z> be a point in the order {ABCD}. Then by elementary 
transformations we can change ABC into ABB, then into ACB, 
then into BCD, and then into BCA. By repeating these steps once 
more ABC can be transformed into CAB. 

(2) If A' does not coincide with one of the points A, B, C, it is 
on one of the three mutually exclusive segments (§ 22) of winch 
they are the ends ; and by (1) the points ABC may be transformed 
so that the ends of this segment are B and C. Hence we have 
{ABA'G}, and by elementary transformations ABC goes successively 
into AA'C, BA'C, BA' A, BA'C. If A' does coincide with one of the 
points A, B, C, the triad ABC may be transformed according to 
(1) so that A'=A. In like manner the three points A'BC can be 
transformed into A', B', 0 in some order, and then A'B'C into A'B'C 
in some order. 

The proof given for this theorem holds good without change on the basis 
of Assumptions A, E, S. Cf. § 15. 

Depikitton. An elementary transformation of a triad of points 
ABC of a liae I is said to be restricted with respect to a set of 
points ij, if it carries one point of the triad, say 0, into 

a point such that C and are not separated by any pair of the 
points ij, {C OT may coincide with any of the points 

It is obvious that any elementary transformation whatever is the 
resultant of a finite number of restricted elementary transformations. 
Hence Theorem 22 has the following immediate corollary: 

CoEOLLAEY. Let ^ F^he any finite set of points on a line 1. 

Two ordered triads of points of I have the same seme if and only if 
one is fransformahle into the other hy a finite number of elementary 
^raois formations restricted with respect to F^, * • •, 
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The concept of " restricted elementary transformation connects with the 
intuitive idea of small motions.” Let a line be set into projective corre- 
spondence with a conic, say a circle. For any n there is a set of points 
Pi, P^,***, P^ on the circle such that the intervals PiPg, etc. are equal. 
By increasing n these intervals can be made arbitrarily small, and tbns 
the elementary transformations restricted with respect to P^,, P^, - • «, can 
be made arbitrarily small. 

166. Elementary transformatioiis in a projective plane. DiFmmoN. 
Given a set of four points in a projective plane, no three being col- 
linear, an elementary transformation is the operation of replacing one 
of them by a point of the same plane joined to the point replaced 
by a segment not meeting any side of the triangle of the other 
three points. 

Theorem 23. If ABCP and are any two complete qaadi- 

rangles in the same projective planCy there exists a finite set of elemm- 
tary transformations changing the points A, P, C, D into A! ^ C^, Bl 
respectively. 

Proof It can he shown by means of the result for the one-dimen- 
sional case, just as in the proof of Theorem 18, first that the ordered 
tetrad ABCD can be carried by elementary transformations into an 



ordered tetrad of points on the sides of the quadrangle 

AlB^O'jy and then that can be carried by elementary 

transformations into some permntetion^ of A^B' C^3\ 
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To complete tlie proof it is necessary to show that any permuta- 
tion of the vertices of a complete q^uadrangle can be effected by 

eiementarT tmBsformations. 

Given a complete quadrangle let be the point of 

intersection of the lines A^A^ and A^A^^ and let and be two 
points in the order {A^B^C^JD^A^}. Let A^ be the point of intersec- 

tion of with and let C,. D,, B^, C^, C,, D^, B, he the points 
defined by the following perspectivities (fig. 83) : 

By Theorem 7, Chap. II, it follows that no two of the pairs of points 
A^A^, A^A^, A^A^, and A^A^ are separated by the lines joining 
the other three of the points A^, A^, A^, A^, A^. Hence there exist 
elementary transformations changing each of the foUowing sets of 
four points into the one written below it: 

Aj Aj Aj A^ 

A A A A 

-^4 -^3 "^8 -^s 

A A A A 

A^ A^ Ag Ag 

A A A A 

Hence the permutation 

n.= 

can be effected by elementary transformationa By changing the 
notation in 11^ it is clear that 



can be effected by elementary transformations. Hence the product 
nj,n“ (ie. the resultant of applied twice and followed by H^). 

^ /A,A,AgAA 

\AAAAr 

can also be effected by elementary transformations. Hence any 
two vertices of the quadrangle can be interchanged by a sequence 
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of elementary transformations, and hence any permutation of the 
vertices can be efiected by means of elementary transformations. 

167. Elementary transformations in a projective space. Definition. 
Given a set of five points in a projective space, no four of the points 
being copianar, an elementary transformation is the operation of 
replacing any one of them by a point joined to it by a segment not 
meeting any plane on three of the other four. 

It follows iVum § 27 that the determinant product (25) of § 32 is 
unaltered in sign by any sequence of elementary transformations of 
the points whose coordinates are the col umn s of (21) in § 32. Hence 
a sequence of elementar}" transformations cannot carry an ordered 
pentad of points from one sense-class into the other. 

Hence the odd permutations of the vertices of a complete five- 
point cannot be effected by elementary transformations. That the 
even permutations can be thus effected 
may be seen as follows: Let the 
vertices be denoted by A, B, C, B, B 
and let the line BE meet the plane 
ABC in a point F. This point is not 
on a side of the triangle ABC, Let 
he the point of intersection of the 
lines FA and BC, B^ that of FB and ^ 

CA^ and C' that of FC and AB, Let 
Aj^ be a point in the order {BA^A'C} 

(fig. 84) and B^ the point in which the line FA^ meets AC, so that 
{AB^B^C}. LetB^ be a point in the order (AB^B^B^C), 

We now can transform ABCBF by elementary transforma- 
tions successively into AA^CBF, AA^BJDE, BAfBfDF, BCBf)F, 
BCABE. Thus the even permutation 

ABCBE\ 

bgabf) 

can be effected by elementary transformations. It is easily verifiable 
that any even permutation is a product of even permutations of 
this type. 

It can be proved by the same methods as in Theorems 18 and 19 
that any five points no four of which are coplanar can be carried 
into some permutation of any other such set of five points. Xhe 




424 


THEOEEMS ON SENSE ANP SEPAEATION [Chaf.ix 


details of tMs proof are left as an exercise to the reader. When this 
is eombindL -^ith the paragraph above, we obtain 

Theoeem 24. In a real projective space, S{ABCDE)=S{A^B^C^IlE^) 
if and only if there exists a sequence of elementary transformatiom 
carrying the points A, B, C\ D, E into A\ C\ E^ respectimly. 

The proof just outKned for this theorem holds good on the basis 
of Assumptions A, E, S, P. Assumption P comes in because of the 
use of a coordinate system. This, however, can be avoided ; and the 
construction of a proof on the basis of A, E, S alone is recommended 
to the reader as an interesting exercise. 

^168. Sense in overlapping convex regions. The discussion of 
sense in convex regions by means of elementary transformations 
(as made in §§159-161) is essentially the same for any number of 
dimensions. Now if two regions of the same dimensionality have a 
point in common, they have at least one convex region of that dimen- 
sionality in common. Assigning a positive sense in this region deter- 
mines a positive sense in each of the given regions. Thus if we have 
a set of convex regions including all points of a space, we should 
have, on assigning a positive sense to a tetrad of points in one region, 
a positive sense determined for any tetrad of points in any of the 
regions. Since, however, it is in general possible to pass from one 
region to another by means of different sets of intermediate regions, 
the possibility arises that this determination of sense may not be 
unique. In other words, it is logically possible that a given tetrad 
in a given region might, according to this definition, have both posi- 
tive and negative senses. 

The determination of sense by this method is unique in projective 
spaces of odd dimensionality and is not unique in projective spaces 
of even dimensionality. We shall prove this for the two- and three- 
dimensional cases, but since it reduces merely to a question of even 
and odd permutations the generalisation is obvious. 

Theoeem 25. There ecdsts a unique determination of sense for 
all three-dimensional convex regions in a real projective three-space, 
hut not for all two-dimensional convex regions in a real projective 
plane. 

Proof Consider first the plane and in it a triangle ABC decom- 
posing it into four triangular regions, which we shall denote by the 
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notation of § 26, Chap. IL Any one of these regions, say Eegiou I, 
is contained in a convex region, say T (e.g., a Euclidean plane with 
line at infinity not meeting Region I), which contains the boundary 
of the triangular region. So the determination of sense for Region I 
extends to all the points of its boundary and also to a portion of 
Region II. 

Let the sense of ABC with respect to Region I be positive. The 
segment % one of the segments AB (fig. 16), is common to the bound” 
aries of I and II and hence is contained in Region I^ If is any 
point common to V and II, G and are on opposite sides of the line 
AB in Region F, Hence, according to § 29, S(BAC^) is positive 
in Region IL Hence S(BAC) is positive with respect to Region II. 

Eegions II and lY have in common a segment BC, and thus hy 
a repetition of 'this argument S{CAB) is positive with respect to 
Region lY. The latter region has a segment AC in common with 
Region I, and hence S(ACB) is positive with respect to Region L 
But by hypothesis S{ABC) is positive with respect to Region 1. 
Hence there is not a unique determination of sense in a real 
projective plane. 

To show that there is a unique determination of sense for a real 
projective three-space, let a given sense-class S{ABCI)B) (cf. §164) 
be designated as right-handed, and in any convex region let a sense- 
class S{A!B^ be right-handed if S {OA’ B^ G^ D^) is positive, where 

0 is interior to the tetrahedron A^B'C^B^. This convention satisfies 
the requirements laid down above for overlapping convex regions 
and, by §167, is unique for the projective three-space. 

Any two-dimensional region whatever is, hy definition (§155), the 
set of all points in an infinite set of triangular regions, ie. in an 
infinite set of convex regions. In like manner, any three-dimensional 
region is the set of all points in a set of three-dimensional regions. 
The method given above may be applied to determine the positive 
sense-class in all convex regions in a given region R, and R may be 
said to be two-sided or one-sided according as this determination is 
or is not unique. Another, slightly different, method of treatmg this 
question is given in § 173. 

^169. Oriented points in a plane. By the principles of duality 
the lines of a flat peiiciL or the planes of an axial pencil satisfy 
the same theorems on order as the points of a projective li^e. 
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Tills proposition is valid whether the pencils are considered in a 
projective or in a Euclidean space.^ 

Definition. In a plane any point associated with one of the sense- 
classes aniong the lines on this point is called an oriented point, and 
a line associated with one of the sense-classes among its points is 
called an oriented line. Two oriented points are said to be similarly 
oriented with respect to a line I if their sense-classes are perspective 
with the same sense-class in the points of 1. By Ex. 1 , § 26, if two 
oriented points are similarly oriented with respect to a line I, they are 
similarly oriented with respect to a line m if and only if I and m do 
not separate the two points. 

By § 30 a direct collineation of a Euclidean plane transforms any 
oriented point into one which is similarly oriented with respect to 
the line at intinity. Hence the oriented points fall into two classes 
such that any two oriented points of the same class are equivalent 
under direct collineations and that the twm classes are interchanged 
by any nondirect collineation. 

No such statement as this can be made about the oriented lines 
in a Euclidean plane, because any oriented line can be carried by a 
direct collineation to any other oriented line. This is obvious be- 
cause ( 1 ) an affine collineation exists carrying an arbitrary line to 
any other line and ( 2 ) the two sense-classes on any line are inter- 
changed by a harmonic homology whose center is the point at infinity 
of the line. 

It is a corollary of the last paragraph that any oriented line of a 
projective plane can be carried into any other oriented line of the 
projective plane by a direct collineation. By duality the same propo- 
sition holds for oriented points in a projective plane. 

The oriented points determined by associating the points of a seg- 
ment 7 with sense-classes in the flat pencils of which they are centers 
fall into two sets, all points of either set being similarly oriented 
with respect to any line not meeting 7 . These two sets shall be 
called segments of oriented points and may be denoted by 7 ^"^^ and 
7 ''■“I If A and B are the ends of 7 , the two oriented points deter- 
mined by A and B and oriented similarly to 7 ^"^^ with respect to a 

^In general, the geometry of a Euclidean space or, indeed, of any space of 
u dimensions involves the study of the projective geometry of ti — 1 dimensions, in 
order to describe the relations among the lines, planes, etc. on a fixed point. 
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line I not meeting 7 or either of its ends are called the ends of 7^*^^ 
and may be denoted by and The other two oriented points 
determined by A and B are the ends of and may be denoted by 
A^~^ and B*~{ 

In terms of these definitions it is clear that each of the two classes 
of similarly oriented points determined by a Euclidean plane satisfies 
a set of order relations such that it may be regarded as a Euclidean 
plane. 

The situation in the projective plane is entirely different. Let us 
first consider a projective line, and let 7 and S be two complementary 
segments whose ends are A and B. Let A^^\ 7^*^^ 7^“^ 

be defined as above, and let 
and be the two segments 
of oriented points determined 
by S and oriented similarly to 
A^'^^ and.^^“^ respectively with 
respect to a line m not meeting 
o or either of its ends. Since 
andR^"^^ are similarly oriented 
with respect to I, and A and B 
are separated by I and 
andR^*""^ are similarly oriented 
with respect to m (cf. Ex. 1, § 26, and fig. 86). Hence the ends of 
are A^"^^ and and the ends of are A^""^ and B^'^K Hence 
the oriented points and segments are arranged as follows : 

ryc+), S<-\ 7^->, R<->, S^+>, 

the symbols for segments and their ends being written adjacent. 

Let A^, B^, A^, B^ be four points in the order {A^B^A^B^ on a pro- 
jective line or on a conic. They separate the line (§ 21) into four 
mutually exclusive segments 7^, 6^, 7^, arranged as follows : 

Ti> ^ 2 ’ 

rhe symbols for segments and their ends being written adjacent. 
Letting correspond to 7j to 7^*^^ etc., it is obvious that there 
is a one-to-one reciprocal correspondence preserving order between 
the points of a real projective line or conic and the oriented points 
of a real projective line. 
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Tims, if an oriented point be moved along a projective line in such 
a way that all oriented points of any segment described are similarly 
oriented with respect to a line not meeting the segment, the oriented point 
must describe the line twice before returning to its first position. A motion 
of this sort will obviously carry any oriented point of the projective plane 
into any other oriented point. Thus the oriented points either of a pro- 
jective line or of a projective plane constitute a continuous family in the 
sense of § 156. 

Let TT denote the projective plane under consideration here and 
let us suppose it contained in a projective space S, and let be a 
Euclidean space obtained by removing from S a plane different from 
TT which contains the line AB. Let be a sphere of tangent to tt 
at a point let 0 be the center of and let be the other point 
in which the line OF^ meets the sphere. Let P^'^^ and P*^"^ be the 
two oriented points of tt determined by P^. 

A correspondence F between the points of the sphere and the 
oriented points of the projective plane tt may now be set up by the 
following rule : Let P^ correspond to and P^ to P^“^ ; if X is 
any point of tt not on the line at infinity, denote by and X^ the 
points in which the line OX meets the sphere, assigning the notation 
so that each of the angles 4.F^0X^ and AF^OX^ is less than a right 
angle (i.e. so that the points X^ are all on the same side as P^ of the 
plane through 0 parallel to tt, and the points X^ are on the other 
side of this plane) ; and denote by the oriented point of tt deter- 
mined by X and joined to P^^^ by a segment of oriented points com 
tabling no point of the line at infinity AB, and by X^”^ the other 
oriented point determined by X Let X^ correspond to X^'^^ and X^ 
to X~'\ If Y is any point of the line at infinity AB, and 
one of the oriented points determined by it, is an end of a 
segment of points whose other end is F^^'^ and of a seg- 
ment of points X^”^ whose other end is P^“\ The line 0 Y meets 
the sphere in two points one of which, Y^, is an end both of a seg- 
ment of points X^ corresponding to and of a segment of points 
Xg corresponding to Let Y. correspond to This construc- 

tion evidently makes the oriented point other than Y^^^ which is 
determined by Y correspond to the point other than Y^ in which 0 Y 
meets the sphere. 

The correspondence F is one-to-one and reciprocal and makes each 
segment of oriented points of tt correspond to a segment of points 
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on S^. In view of tlie correspondence between tlie sphere and the 
inversion plane, this result may be stated in the following form : 

Theobem 26. There is a one-tO’One reciprocal correspondence prcr 
serving order-relations between the oriented points of a real projectim 
plane and the points of a real inversion plane. 

The treatment of oriented points in this section does not generalize directly 
to three dimensions, because there is only one sense-class in a projective plane 
and, therefore, also only one in a bundle of lines. The discussion of sense in 
terms of the set of all lines through a point is. therefore possible along these 
lines only in spaces of an even number of dimensions. 

A discussion which is uniform for spaces of any number of dimensions can, 
however, be made in terms of rays. An outline of the theory of pencils and 
bundles of rays which may be used for this purpose is given in the nest three 
sections, and an outline of one way of generalizing the contents of the present 
section is given in § 173. 

Another type of generalization of the theory of oriented points in the plane 
is the theory of doubly oriented lines in three dimensions which is given in 
§ 180, below. 

*170. Pencils of rays. The term '^ray ”* is defined in § 23 for 
a linear convex region and extended to any convex region in § 148. 
The definition of angle in. § 28 will be carried over to any convex 
region. 

Defustition. The set of all rays with a common origin in a 
planar convex region is called a pencil of rays. The common origin 
is called the center of the pencil 

The order relations in a pencil of rays are essentially the same 
as those among the points of a projective line. This can be shown 
by setting up a correspondence between the rays through the center 
of a circle and the points in which they meet the circle, as in § 69. 
It can also he done on the basis of Assumptions A, E, P alone by 
proving Theorems 27-33, below. The proofs of the theorems are not 
given, because they are not very different from those of other theo- 
rems in this chapter. A third way of deriving these relations is 
indicated in Theorems 34, 35, and a fourth in Theorems 37-41. 

Theorem 27. If a, h, c are three rays of a pencil, arid if any seg- 
mentjoining a point of a to a point of c contains a point of I, then every 
segment joining a point of a to a point of c contains a point of h. 

* In some books the term ray ’’ is used as synonymous with projective line,” 
and pencil of rays” with ^‘'pencil of lines.” 



430 


TH:E0EEMS 05^ SEXSE AXD SEPAEATION [Chat.i^ 


Definition. If a, 6, o arc tliree rays of a pencil, h is said to bo 
between a and c if and only if (1) d and c are not coUinear and (2) 
any segment joining a point of to a point of c contains a point of &. 

Theorem 28. If b is any ray between two rays a and c, any other 
ray between a and c is either between a and b or between h and c. 
jIo ray is both between a and b and between h and e» A.ny ray 
between a and b is between a and c. 

Theorem 29. There is a one-to-one reciprocal correspondence pre- 
serving all order relations between the points of a segment of a line 
and the rays between two rays of a pencil. 

Theorem 30. If three rays a, b, c of a pencil are such that no 
two of them are coUinear and no one of them is between the other 
two, then any other ray of this pencil is between a and h or between 
b and c or between c and a. 

Definition. Given a set of tliree distinct rays a, 6, of a pencil, 
by an elementary transformation is meant the operation of replac- 
ing one of them, say c, by a ray d not coUinear with c and such 
that neither a nor b is between c and d. The class consisting of all 
ordered triads into which abe is transformable by finite sequences 
of elementary transformations is caUed a sense-class and is denoted 
by 8{abc). 

An elementary transformation of abe into abd is said to be restricted 
with respect to a set of rays a^, a^ of the pencil if none of 

the rays a^, a^,»**,a^ is between c and d. 

Theorem 31. Let a^, arbitrary set of rays of a 

pencil. Two ordered triads of rays of the pencil are in the same 
sense-class if and only if one can be transformed into the other by a 
sequence of elementary transformatwis which are restricted with 
respect to a^, ^n- 

Theorem 32. Let a^, a^ be three distinct rays of a pencil such 
that no one of the three is between the other two. There exists a one- 
to-one reciprocal correspondence F between the rays of the pencil and 
the points of a projective line such that to each elementary trans- 
formation of the rays which is restricted with respect to 
there corresponds an elementary transformation on the projective 
line which is restricted with respect to the points corresponding 
to 
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The correspondence F required in this theorem may be set up as 
follows : Let three arbitrary coUinear points be the corre- 
spondents of respectively ; let F^ be a projectivity wliich 

carries the lines which contain the rays between and to the 
points of the segment complementary to A^J^A^ and carries the 
line containing to A ^ ; for the rays between and let F be 
the correspondence in which each ray between rq and corresponds 
to the point to which the line containing it is carried by let 
F^ be the projectivity which carries the lines which contain the rays 
between and to the points of the segment complementary to 
A^A^A^ and carries the line containing to A ^ ; for the rays between 

and let F be the correspondence in which each ray corre- 

sponds to the point to wdiicli the line containing it is carried by 
F^; let Fg be a projectivity which carries the lines which contain 
the rays between and to the points of the segment complemen- 
tary to A^A^A^ and carries the line containing to ; for the rays 
between and let F be the correspondence in which each ray 
corresponds to the point to which the line containing it is carried 

by r,. 

Corollary. There is a one-to-one reciprocal correspondence hetween 
the points of a projective line and the rays of a pencil such that two 
ordered triads of rays of the pencil are in the same sens&^lass if 
and only if the corresponding triads of points are in the same sense- 
class on the line. 

Theorem 33. If a^i, c are three rays of a pencil and a\ h\ d are 
the respectively opposite raySy S{abc)= S{a'b'c'). 

LEFiNiTloisr. If a and b are any two noncollinear rays of a 
pencil, by an elementary transformation of the ordered pair ah is 
meant the operation of replacing one of them, say b, by another 
ray, V , of the pencil, such that no ray of the line containing a is 
between b and V or coincident with V. The set of all ordered pairs 
(i.e. angles) into which an ordered pair of rays ab can be carried 
by sequences of elementary transformations is called a sense-class 
and is denoted by S {ab). 

Theorem 34. If 0 is the center of a pencil of rays and 
A, jB, Cy D dbte points of rays a, &, c, d respectively of the pencil, 
then S (ab) =S (cI) if and only if S {0AB)=^ S (OCB). 
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Theorem 3D. If a. and b are any two noncollinear rays of a 
pencil, S(ab}^S{ba). Every ordered pair of noncollinear rays in 
the pencil is eUher in S{ab) or in S{ba). If a^ is the ray opposite to 
a, S{ab)^ S{a'b). 

Theorem 36. If a,b and a', V are two ordered pairs of rays of 
a pencil and c and d are the rays opposite to a and a' respectively, 
then S (ab) = S (a'b') if and only if S (abc) = S {a'b'c'). The same 
conclusion holds if c is any ray between a and b and c' any ray 

hetween of and V. 

Theoeem 37. Definition. The points not on the sides or vertex 
of an angle 4 ah fall into two classes having the sides and vertex as 
houndary and such that any segment joining a point of one class to 
a point of the other contains a point of the sides or the vertex. If the 
angle is a straight angle, hoik of these classes of points are convex 
regions. If not, one and only one of them is convex and is called the 
intorior of the angle / the other is called the exterior of the angle. 

Theoeem 38. If is any point of the side OA of an angle 
A A OB, and B' is any point of the side OB, then S (OAB) = >? ( OA^B^). 
If 0 is any point interior to the angle, S ( OAB) = S(OA C)^ S (OCB), 
and any point 0 satisfying these conditions is interior to the angle. 

Theoeem 39, A^iy ray having the vertex of an angle as origin, and 
not itself a side of the angle, is entirely in one or the other of the two 
classes of points described in Theorem 37. If it is in the interior 
it contains one and only one point on each segment joining a point 
of one side of the angle to a point on the other side. 

Definition. Two rays a, & of a pencil are said to be separated 
by two other rays h, h of the same pencil (or by the angle 4M) 
if and only if a is in one and b in the other of the classes of 
points determined according to Theorem 37 by Ahh. A set of 
rays having a common origin are said to be in the order 
• ‘ ‘ a if no two of the rays are separated by any of the angles 

Theoeem 40. A set of rays in the order ‘ “ * 

also in the orders • * • aju^ and • • • ^ 2 ^ 1 }* 

OOEOLLAKY. Any two rays a, b having a common origin are in 
the orders {ab} and {ba}. Any three rays a, b, c having a common 
origin are in the orders {abc}, {bcci}, {cab}, {acb}, ^ac}, {cbci}. 
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Theorem 41. To any finite number n = B of rays having a conv- 
mon origin may he assigtud a notation so that they are in the order 

^ *171. Pencils of segments and directions. The notion of a ray 
belongs essential!}’ with that of a convex region, but the theorems 
of the last section may easily be put into a form which is not 
limited to convex regions. The proofs are all omitted for the same 
reasons as in the section above. 

Defixitiox. a set of all segments having a common end and 
lying in the same plane is called a pencU of segments. The common 
end is called the center of the pencil Two segments or intervals 
having a common end A are said to be similarly directed at A il either 
of them is entirely contained in the other. The set of all s^ments 
similarly directed at a given point with a given segment is called a 
directwn-class or, more simply, a direction. The set of all directions 
of the segments of a pencil at its center is called a pencil of direc- 
tions, The directions of two collinear segments ha^dng a common 
end A and not similarly directed are said to be o;pposite, and the 
two segments are said to be oppositely directed at A. 

Thus if ABCB are four collinear points in the order {ABOD} the 
segments ABC and ABD are similarly directed, while ABC ejii. ADO 
are oppositely directed. At a given point on a given line there are 
obviously two and only two directions, and these are opposite to 
each other. Two noncollinear segments witli a common end are con- 
tained in one and only one pencil, namely, the one having the common 
end as center and lying in the plane of the two segments. 

Defixitiox. a segment cr is said to be between two noncollinear 
segments if the three segments are in the same pencil and 

or is similarly directed with a segment which is in the pencil and 
contained entirely in the triangular region determined by and 
(Theorem 12). A direction d is said to be between two noncollinear 
directions d^ if there exist three segments <r, o-^, <t^ in the direc- 
tions dy d^, d^ respectively such that a- is between and cr^. 

This extension of the notion of betweenness to directions is 
justified by the following theorem. 

Theorem 42. If a and jS are two noncollinear segments with a 
tommon end 0, and and are similarly directed wiUi a and y8 
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T€Sjj€ctivel^ at 0, the segments between a and ^ are similarlg directed 
iviih the segments between and 

Definitiox. cr^, 0 *^ be three segments of a pencE no two 

of them being similarly directed. By an elementary transformation 
is meant the operation of replacing one of them, say by a seg- 
ment which is in the pencE and such that neither nor is 
between and cr^ or simEarly directed with cr^- A class consisting 
of all ordered triads into which is transformable by finite 

sequences of elementary transformations is called a sense-class and 
is denoted by S{(T^<T^<Tf If d^, are three directions of a pencil, 
and cTj, cr^, o-g three segments in the directions d^^ d^y d^ respec- 
tively, the sense-class S(dffl^ is the class of all triads of directions 
which are the directions of triads of segments in the sense-class 

Theorem 43. If are three segments of a pencil, no two 

of them being similarly directed, and is similarly directed with 

Theorem 44. There is a one-to-one reciprocal correspondence be-^ 
tween the directions of a pencil and the points of a line such that 
two triads of directions are in the same sense if and only if the 
corresponding triads of points have the same sense. 

We now take from §§ 21-23 of Chap. II the definitions of sepa- 
ration, order, etc., and on account of Theorem 44 we have at once 

Corollary 1. The Theorems o/ §§ 21-23 remain valid when 
applied to the directions of a pencil instead of to the points of 
a line. 

Corollary 2. Two pairs of opposite directions separate each other. 

Definition. Let and cr^ he two noncoEiaear segments of a 
pencil; by an elementary transformation is meant the operation of 
replacing one of them, say by any segment cr^ of the pencil such 
that no segment collinear with (t^ is between cr^ and The set of 
aU ordered pairs of segments into which is transformable by 
sequences of elementary transformations is called a sense-class and 
is denoted by S(cr^<rf 

Theorem 45. If a pair of segments ar^ is transformable by 
elementary transformations into a pair cr'a*', then is iransfomy 
able by elementary transformations into er^cr^. 
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Theorem 46. If a segment is similarly directed with a segment 
cr' and not eollinear with a, segment which has the same origin 

Theoeem 4i. ^ cr^, cr^, cr^, cr^ are segments of a ^pencil and cr^ w 
not eollinear with cr^, nor with a^, then either S{cr^cr^) = or 

Opposite to a^, and to 
= if only if S{a-[cr^cr^^S{al(TjT^, 

Definition. Let and be two directions of a pencil and let 
cr^ and cr^ be two segments in the directions and respectively. 
By the sense-class S{dfi^ is meant the class of all ordered pairs of 
directions which are the directions of ordered pairs of segments 
in the sense-class S{o‘^cr^, 

It is evident that the last two theorems may be restated, without 
material change, in terms of directions instead of segments. 

*172, Bundles of rays, segments, and directions. Definition. The 
set of all rays in a three-dimensional convex region which have a 
common origin 0 is called a bundle of rays. The point 0 is called 
the center of the bundle. 

Let a, 5, c be three noncoplanar rays of a bundle. By an elemeTb- 
tary transformation is meant the operation of replacing one of the 
rays, say a, by a ray such that no ray of the plane containing I 
and c is between a and a^. The set of all ordered triads of rays 
into which abc can be carried by sequences of elementary trans- 
formations is called a sense-class and is denoted by S{aic), 

Theorem 48. If abc and aVd are two ordered triads of non- 
eoplanar rays having a common origin 0, and A, B, (7, A^, B\ are 
points of the rays a, 5, c, b\ d respectively^ then S(abc)= JS(aVd) 
if and only if S{OABC) = S{OA'B'C^). 

Theorem 49. If a, b, c are three noncoplanar rays of a bundle, 
S(abc) = S(bca) ^ S{acb). If a\ V, d are any other three noncoplanar 
rays of the bundle, either Sta’Vd) = S{abc) or S{aVd) = S (acb). 

Theorem 50. If a, b, c are three noncoplanar rays of a bundle 
and a^ is the ray opposite to a, S (abc) =5^ S (a^bc). 

Theorem 51. If abc are three noncoplanar rays of a bundle, the 
set [x\ of rays of the bundle which satisfy the relation 8 (xab) = 
8 (xbc) = 8 (xca) are in such a one-to-one reciprocal correspondence 
r with the points of a triangular region that if rays x^, x^, 
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x^, correspond to ])oints X^, X^, X*^, X^, X^ respectively, 
S(:c^x^x^:= S{x^xp:^ if and only if S{XfS:^X,) = S{X^X.X^). If 
A, B, C are points of the rays a, b, c respectively, and the triangular 
region is the interior of the triangle ABC, F may he taken as the 
correspondence in which each x corresponds to the pomt in which it 
meets the triangular region. 

Theorem 52. If a, h, c, d are four rays of a bundle such that any 
plane containing two of them contains a ray between the other two, 
any other ray of the bundle is between two rays of the set a, h, c, d or 
in one of four sets [;?;], [j^], [ 2 :], \w\ such that \x\ satisfies the condition 
S{xbc)=S{xcd) — S{xdl),\j/] satisfies S{yac) — S{yccl)=:z S{yda),\z\ sat- 
isfies S(zab) = S(zbd) = S(zda), [w] satisfies S{wab) = S{wbc)== S{wca). 

Corollary. Under the conditions of the theorem if A, B, C, D 
are points of the rays a, b, c, d respectively, the center of the bundle 
is interior to the tetrahedron ABCD, 

Definition. A set of all segments having a common end is called 
a bundle of segments. The set of all directions of the segments of a 
bimdle is called a bundle of directions. 

Definition. Let <t^ be three segments of the same bundle, 

but not in the same pencil ; the operation of replacing any one of 
them, say o-^, by a segment of the bundle such that no segment 
of the pencE containing cr^ and is between and or coincident 
with cr^ is called an elementary transformation. A class consisting 
of all ordered triads of segments into which can be carried by 

finite sequences of elementary transformations is called a sense-class 
and is denoted by 

The generalization of Theorems 48-~52 to the corresponding 
theorems for a bundle of segments presents no difficulty. 

^173. One- and two-sided regions. A discussion of the order rela- 
tions in projective spaces which is closely analogous both to § 168 
and to § 169 may be made according to the following ontHne. The 
details are left as an exercise for the reader. 

Let O be any point of a planrr region R. Let A, B, C be the 
vertices of a triangular region T containing 0 and contained in R, 
and let a, 7 he the segments in R joining 0 to A, B, C respec- 
tively. Then S(a^) = S(^y) = S{ya). 

If O' is any other point of T, and a', y 8 ' the segments of R joining 
O' to A and B respectively, S(€c^ is said to be like S(a'^'); and 
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if S{a0) is like and S(a^j3) like then S{a0} is said 

to be like A region for which a given sense-class at one 

point is like the other sense-class at that point is said to be one-- 
sided. Any other region is said to be two-sided. 

A convex region is two-sided. A projective plane is a one-sided 
region. 

Let 0 be any point of a three-dimensional region R. Let A, B, 
C, D be the vertices of a tetrahedral region T containing 0 and 
contained in R, and let a, >S, 7, S be the s^ments in R joining 0 
to A, By Cy D respectively. Then S{afiy) = S(0aS) = = S(jSa). 

If 0^ is any other point of T, and a^y 7' are the segments of 
R joining O' to Ay By C respectively, S{a^j) is said to be like 
^(^'^'7'); if JS(afiy) is like S(a^j3'y% and S{€c'fi'y^) is like 
then S(a/3y) is said to be like X(a"yS"7"). 

One- and two-sided regions are defined as in the two-dimensional 
case. 

Any region in a three-dimensional projective space is two-sided. 

174. Sense-classes on a sphere. The theorems in § 172 can be 
regarded as defining the order relations among the points of a sphere 
if carried over to the sphere by letting each point of the sphere 
correspond to the ray joining it to the center of the sphere. Another 
way of treating the order relations on a sphere and one which 
connects directly with § 97 is as follows: 

DEFINITI017. Let Ay By C, D be four points of a sphere not all 
on the same circle. By an elem&ntary transformation is meant the 
operation of replacing one of them, say A, by a point A' on the 
same side of the circle BCD. The set of all ordered tetrads into 
which ABCD is transformable by sequences of elementary transfor- 
mations is called a sense-class and is denoted by S{ABCD). 

Theokem 53. There are two and only two sense-classes on a sphere. 
SiABCD) ¥= S(ABDC). 

Theorem 54. S(ABCD) = S(A^B'C^D') if and only if W>Oy 
where ^{AB, CD) = a + l-\Pll, C''X»')=a' + and 

ay a\ hy V are real. 

175. Order relations on complex lines. In view of the isomor- 
phism between the geometry of the real sphere and the complex 
projective line (ci §§ 91, 95, and 100) the theorems of the section 
above and of § 97 determine the order relations on any complex Mna 



US THEOBEMS SENSE AND SEPARATION [Chap.ix 

One very important difference between the situation as to order 
in the real and the complex spaces is the foUowing: In a real plane 
or space one sense-class on a line is carried by pro j activities of a 
continuous group into both sense-classes on any other line. So that 
fixing a particular sense-class on one line as positive does not deter- 
mine a positive sense-class on all other lines. On a complex line, 
however, an ordered set of four points ABCD is in one sense-class 
or the other according as t is positive or negative, where a-^h 
V^=: B {AB, CD) and a and h are real (Theorem 54). In conse- 
quence of the invariance of cross ratios under projection, a given 
sense-class on one line goes by projectivities into one and only one 
sense-class on any other line. Hence if one sense-class is called 
positive on one line, the positive sense-class can he determined on 
every other line as being that sense-class which is projective with 
the positive sense-class on the initial line. 

This connects very closely with the convention for purposes of 
analytic geometry that by Vc is meant that one of the square roots 
of c which takes the form a + i V— 1, where a and b are real and 
& > 0, or if & = 0, a > 0. The symbol is taken to represent 

that one of the square roots of —1 for which 0 1 V— l) is 
positive. 

176. Direct and opposite collineations in space. From the algebraic 
definition of direct coUineation in terms of the sign of a determinant, 
we obtain at once 

Theokem 55. colliTieation of a real three-dimensional jpro- 

jectire s'paee which leaves a Euclidean space invariant is direct if and 
only if the coUineation which it effects in the Euclidean space is direct. 

In a Euclidean space a point I> is on the same side of a plane 
ABC I) with a point E if and only if S{ABOD) = S{ABCE), Hence 
a homology whose center is at infinity is direct or opposite according 
as a point not on its plane of fixed points is transformed to a point 
on the same or the opposite side of this plane. Extending this result 
to the projective space by the aid of the theorem above we have 

Theokem 56. A homology which carries a point A to a point A\ 
distinct from A, is opposite or direct according as A and A are 
separated or not separated by the center of the homology and the 
point in which its plane of fioced pomts is met by the line AAK 
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Corollary 1. A harmonie Iwmulogy is opposite . 

Corollary 2. The invtrse of a direct homology is direct 

SiBce any collineation is expressible as a product of ho 2 iiol<^i^ 
(§ 29, VoL I), it follows that 

Corollary 3. The inverse of a direct collineatiojb is direct 

Since aii elation is a product of two harmonic homologies having 
the same plane of fixed points it follows from Cor. 1 that 

Corollary 4. An elation is direct. 

Since a line reflection (§ 101) is a product of two harmonic 
homologies. 

Corollary 5. A line reflection is direct. 

Theorem 57. A collineation Leaving three shew lines invariant 
is direct 

Proof Denote the lines by Z^, Z^ and the collineation by T. 
The projectivity on Z^ which is effected by P is a product of two or 
three hyperbolic involutions (§ 74). Each involution on Z^ is effected 
by a line reflection whose directrices are the lines which pass through 
the double points of the involution and meet Z^ and Z^. The product 
n of these line reflections leaves Z^, Z^, Z^ invariant and effects the same 
transformation on Z^ as V. Hence leaves Z^, Z^ and all points 

on Z^ invariant. It also leaves invariant any line meeting Z^, Z^, and 
Zg, and hence leaves all points on Z^ and Z^ invariant. Hence II-^F 
is the identity, and hence F = H. Since the line reflections are all 
direct, F is direct. 

Corollary 1. Any collineation leaving all points of two sMw 
lines invariant is direct. 

Proof. Such a collineation leaves invariant three skew lines 
meeting the given pair of invariant lines. 

Corollary 2. Any collineation transforming a regulus into itself 
is 

Proof. Such a collineation is a prodi^ct- of a collineation leaving 
all lines of the given regulus invariant by one leaving all lines of 
the conjugate r^ulus invariant. Hence it is direct, by the theorem. 

Corollary 2 is also a direct consequence of Cor. 5, above, and 
rii.orem 34 Chap. VI 
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CoEOLLARY 3. Any collineation carrying a regulus into its con- 
jugate regulus is opposite. 

Proof. The two reguli are interchanged by a harmonic homolcgy 
whose center and axis are pole and polar with regard to the regulus. 
This harmonic homology is opposite by Cor. 1, Theorem 56, and 
since its product by any collineation T interchangmg the two reguli 
leaves them both invariant and hence is direct by Cor. 2, it follows 
that r is opposite. 

Definition. By a doubly oriented line is meant a line I associated 
with one sense^class among the points on I and one sense-class 
among the planes on 1. The doubly oriented line is said to be on 
any point, hne, or plane on L 

A doubly oriented line may be denoted by the symbol {ABC, a^i) 
if A, B, 0 denote coUinear points and a, 7 planes on the line AB. 
For this symbol determines the line AB and the sense-classes S{ABC) 
and S{a^y) uniquely. Since there are two sense-classes S{ABC) 
and S{ACB) among the points on a line AB and two sense-classes 
S{afiy) and S (ay^) among the planes on AB, there are four 
doubly orieuted lines, 

{ACB, ay^, 

(ABC, ay^, 

(ACB, a^y), 

into which AB enters. 

Theorem 58. The collineations which transform a doubly oriented 
line into itself are all direct. 

Proof. Let {ABC, a^y) be a doubly oriented line, T a collineation 
leaving it invariant, I any line not meeting AB, and I' = T(l). The 
line V cannot meet AB, because AB is transformed into itself by F* 
If V does not intersect I, let m be the line harmonically separated 
from AB by I and V in the regulus containing AB, I, and V. If V 
meets I let m be the line harmonically separated by I and V from 
the point in which the plane IV is met by AB. In either case AB 
does not intersect m, and if A is the line reflection whose directrices 
are AB and m, A{V) = 1. Hence AF leaves both AB and m invariant. 
Since A and F preserve sense both in the pencil of points AB and 
in the pencil of planes a^, AF preserves sense both on AB and 
on m. Hence by § 74, AF effects a projectivity on AB which is a 
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product of two hyperbolic involutions, and it effects 

d projectivity on m which is a product of two hyperbolic involutions. 

Let h, h, h be the lines f’q^, F^Q^, F^Q^, F^Q^ 

respectively. The product 

m-m-A.T 

leaves all points on AB and on m invariant and is therefore direct 
by Cor. 1, Theorem 57. All the coUineations in this product except 
r are direct by Cor. 5, Theorem 56. Hence T is direct. 

COEOLLARY 1. Aii^ colUiieatioii which reverses both sense-classes 
of a doubly oriented line is direct. 

Proof. Let F be a coUineation reversing both sense-classes of a 
doubly oriented line {ABCy a^f). Let a and b be two lines meeting 
AB but not intersecting each other. The line reflection {ah} reverses 
both sense-classes of {ABC, a^j) and is direct. Hence {ab} • F leaves 
them both invariant and is direct by the theorem. Hence F is direct. 

CoEOLLAEY 2. Any coUineation which transforms each of two shew 
lines into itself and effects a direct projectivity on each is direct. 

Corollary 3. Any coUineation which transforms each of two 
shew lines into itself and effects an opposite projectivity on each is 
direct 

177. Right- and left-handed figures. The theorems of the last 
section can be used in showing that other figures than the ordered 
pentads of points may be classified as right-handed and left-handed. 
For this purpose the following theorem is fundamental. 

Theorem 59. If the coUineations carrying a figure into itself 
are all direct, the figures equivalent to under the group of all 
coUineations fall into tvjO classes such that any coUineation carrying 
a figure of one class into a figure of the same class is direct and any 
coUineation carrying it into a figure of the other class is opposite. 

Proof Let [i^] be the set of all figures into which F^ can be 
carried by direct coUineations. There is no opposite coUineation 
carrying F^ into an F] for suppose F were such an opposite coUin- 
eation, let P be one of the direct coUineations which by definition 
of [F] carry F^ into F] then P^^F would be an opposite coUineation 
carrying F^ into itself. In like manner it foEows that any coUinea- 
tion carrying any F into itself or any other F is direct. 
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Let [-F'] be the set of all figures into wMch is carried by oppo- 
site. coEiueations. An aigument Eke that above shows (1) that any 
collineation carrying into an F' is opposite and (2) that any 
coEineation carrying an F^ into itseE or another F^ is direct. It 
follows at once that any collineation carrying an F into an F^ or 
an F^ into an F is opposite. 

Since the direct collineations form a continnoiis fandly of trans- 
formations, we have 

Gorollaky. The figures conjugate to F^ under the group of direct 
collineations form a continuous family. 

The propositions about the sense-classes of ordered tetrads of non- 
coEinear points are corollaries of this theorem because the only 
coUineation carrying an ordered pentad of noncolEnear points into 
itself is the identity. 

By Theorems 57 and 59 all triads of noncolEnear lines fall into two 
classes such that any coEmeation carrying a triad of one class into 
a triad of the same class is direct and any coEineation carrying a 
triad of one class into a triad of the other class is opposite. It is to 
be noted particularly that the triads of lines here considered need not 
be ordered triads, since by Cor. 2, Theorem 57, the colEneation 
effecting any permutation of a set of three noncolEnear lines is dnect. 

Similar propositions hold with regard to doubly oriented lines, 
regiEi, congruences, and complexes (cf. § 178). 

Let us now suppose that a particular sense-class S{ABGD) in 
a EucEdean space has been designated as right-handed (cf. § 162). 
Any ordered tetrad of points in this sense-class is also called right- 
handed and any ordered tetrad in the other sense-class is called 
left-handed. 

Let P be a point interior to the triangular region BCD, Q the 
point at infinity of the line AP, ^ the plane AFB, y the plane AFCy 
and S the plane APB. All doubly oriented lines into which {AFQ, 
^yS) is carried by direct coEineations shaE be caEed right-handed 
and all others shall be caEed left-handed. 

The set of points ABCBQ and the sense-class 8{ABCBQ) in the 
projective space ABGB shaU he called right-handed and aE other 
ordered pentads of noncolEnear points and the other sense-class 
shaE be caEed left-handed. 
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Tliese conventions give the same determination of right-handed 
doubly oriented lines and ordered pentads of points no matter what 
point of the triangular region BCD is taken as P, because any col- 
lineation leading A, B, C\ D invariant and carrying one such F into 
another is direct. In like manner these conventions are independent 
of the choice of ABCD, so long as S{ABCD) is direct. 

A triad of skew lines l^, shall be said to be rvjliiAiandtd or 
left-handed according as the doubly oriented line (ABC, a^y) is 
right-handed or left-lianded, provided that m is a line meeting 

Zg, and A, B, C are the points ml^, respectively, and a, 

S, y are the planes mZ^, ml^ respectively. 

This convention is independent of the choice of m, by Theorems 
57 and 58. By the same theorems any collineation carrying a 
right-handed triad of noncollinear lines into a right-handed triad 
of lines is direct, and any collineation carrying a right-handed 
triad of lines into a left-handed triad is opposite. 

The reader should verify that a pair of skew lines hii in a Euclid- 
ean space is right-handed or left-handed in the sense of § 163 
according as ZmZ^ is right-handed or left-handed, Z^ being the line 
at infinity which is the absolute polar of the point at infinity of Z. 
If is the absolute polar of the point at infinity of m, Imm^ is 
right-handed if and only if Iml^ is right-handed. 

Let A be a point of the axis of a twist F in a Euclidean space, 
let B = r(A), and let C be the point at infinity of the line AB] let 
a be any plane on the line AB, /3 = r(a:), and y the plane on AB 
perpendicular to a. Then T is right-handed in the sense of § 163 
if and only if the doubly oriented line {ABC, a^y) is right-handed. 
This is easily verified. 

178. Right- and left-handed reguli, congruences, and complexes. 

By Cor. 2, Theorem 57, every triad of lines in a regulns is right- 
handed or every triad is left-handed. In the first case the regulns 
shall be said to he right-handed and in the second case to be 
left-handed. 

Theoeem 60. The collineation^ which learn an elliptic Umar con- 
grmnce invariant are all direct. 

Proof. An elliptic congruence has a pair of conjugate imaginary 
lines as its directrices (§ 109), and there is one real Hue of the 
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congruence tlirougli each point of a directrix. Any collineation V 
which carries each directrix of the congruence into itself eifects a 
prujectivit}' on that directrix. This projectivity is a product of two 
iiivoiiitioiis l.§ 78, VoL I). Each involution may be effected by a 
line retieetioii whose lines of fixed points are the (real) lines of the 
congruence through the (imaginary) double points of the involution ; 
since such a line retieetioii leaves both directrices invariant, it leaves 
the congruence invariant. Hence there exist two line reflections 
Aj, each transforming the congruence into itself, such that 
A,A^f leaves all points on a directrix invariant. Hence 
transforms each line of the congruence into itself. By Theorem 57, 
A,A^r is direct, and by Theorem 56, Cor. 5, and are direct. 
Hence T is direct. 

If I is any real line not in the congruence, the lines of the con- 
gruence meeting I form a regulus, and the directrices are double 
lines of an involution in the lines of the conjugate regulus. If Z' 
is the line conjugate to I in this involution, the line reflection {ll'} 
must interchange the two directrices. Hence if V is any colline- 
ation interchanging the directrices, {ZZ^} • FMs a collineation which 
leaves each of them invariant. Hence by the paragraph above 
{ZZ'} - r' is direct. Hence T' is direct. Hence any real collineation 
leaving an elliptic linear congruence invariant is direct. 

Corollary 1. The triads of lines of an elliptic linear congruence 
are all rightdianded or all left-handed. 

For any triad can be carried into any other triad by a direct 
collineation. 

Corollary 2. If four linearly independent lines are sioch that 
all sets of three of them are right-handed or such that all sets of 
three of them are left-handed, the linear congruence which contains 
them is elliptic. 

An elliptic congruence shall be said to be right-handed if every triad 
of lines in it is right-handed ; otherwise it is said to be left-handed, 

A pair of conjugate imaginary lines of the second kind (§109) 
is said to be Tight-Tha7ided or left-handed according as it is deter- 
mined by a right-handed or a left-handed congruence. 

A pair of Clifford parallels (§ 142) is said to be right-handed or 
left-handed according as the congruence of Clifford parallels to which 
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they belong is riglit-handed or leit-lianded. This distinction is in 
agreement with that introduced in § 142, because according to both 
deiinitioiis a collmeation carrying a system of right-handed Cliffoni 
parallels into a system of right-handed ones is direct, and a coUinea- 
tion carrying a system of right-handed Clifford parallels into a 
system of left-handed ones is opposite. 

Theoeem 61. The collineations which leave a nondegemrate Umar 
complex invariant are all direct. 

Proof. Let F be a eoUineation leaving a complex O invariant, 
and let I be any line of C and Z^= F (1). Let be any line of C not 
meeting I or V. The lines of C which meet I and constitute a 
regulus, and three lines of this regulus together with I and Z" con- 
stitute a set of five linearly independent lines (§ 106, VoL I) upon 
which, therefore, all the lines of C are linearly dependent. Hence 
a eoUineation F' which leaves this regulus invariant and inter- 
changes Z and leaves C invariant. Let F'' be a eoUineation, simi- 
larly obtained, which interchanges and V and leaves C invariant 
The product FT^'F leaves C and I invariant, and F^ and F'' are 
direct 

Any eoUineation leaving C and Z invariant leaves invariant the 
projectivity II between the points on Z and the planes corresponding 
to them in the nuU system determined by C. The projectivity II 
transforms an arbitrary sense-class among the points on Z into an 
arbitrary sense-class among the planes on I, These two sense-classes 
determine a doubly oriented Une, Z. The other sense-class of the 
points on Z is carried by II into the other sense-class of planes on 
Z, and these two sense-classes determine a doubly oriented line I 
Since any eoUineation leaving C and I invariant leaves II invariant, 
it either transforms this doubly oriented line into itself or into the 
one obtained by reversing both its sense-classes. Hence any such 
eoUineation is direct by Theorem 58 and its first coroUary. In 
particular FT^T is direct, and since F' and F^^ are direct, it foUows 
that F is direct. 

By Theorem 61 aU the doubly oriented lines analogous to I which 
are determined by C are aU right-handed or aU left-handed. In the 
first case C shaU be called right-handed, and in the second case C 
shaU be caUed left-handed. 
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The algebraic criteria in the exercises below are taken from the 
article by E, Study referred to in § 162. See also F. Klein, Auto- 
graphierte A^orlesungen tiber nicht-Euclidische Geometrie, VoL II, 
Chap. I, Gottingen, 1890. 

EXERCISES 

1. Classify parabolic congmences (§107, Vol. I) as right-handed and left- 
handed. 

2. For two lines p and let 

(p, /) = p^^p'^ -f- p^^p\^ + p^^p'^ + 

where p^ are the PMcker coordinates (§109, Vol. I) of p^ and joC those of p\ 
Three lines jo, p\ p' are right-handed or left-handed according as 

(i3,A)*(A,yO*(P" P) 

is positive or negative. 

3. A pair of conjugate imaginary lines of the second kind whose Pliicker 

coordinates are p^ and p^ respectively are right-handed or left-handed ac- 
eording as ^ ^ ^ ^ ^ 

is positive or negative. 

4 . The linear line complex whose equation in Plucker coordinates is 
(§ no, Vol, I) 

%2^12 ®13-Pl8 F ^uPl4 P ^34^84 <^42-^42 "h ‘^23^28 ~ ^ 

is right-handed or left-handed according as 

^12^34 “P ^13^42 "h ^14^23 

is positive or negative. 

5. A twist given by the parameters of § 130 is right-handed if > 0 
and the coordinate system is right-handed. 

6. The linear complex C determined by a twist according to Ex. 7, § 122, 
is right-handed or left-handed according as the twist is right-handed or left- 
handed. 

*179, Elementary transformations of triads of lines. Let be a 

figure such that all the coUineations which transform it into itself 
are direct, and let [F] be the set of all figures equivalent to F under 
direct transformations. From the fact that the group of all direct 
coUineations is continuous, it can be proved that is a continuous 
family of figures. 

This can also he put into evidence by generalizing the notion of 
elementary transformation to other figures. This is essentially what 
has been done in §§169 and 173. For triads of skew lines the 
following theorem is fundamental 
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Theoeem 62. If Zj, Z„, Zj are three skew lines, and is a line 
coplanur with and such that the points in which and meet the 
plane are not separated hy the lines and then can he 
carried to hy a direct collineation. 

Proof. Let a be a line meeting and (fig. 86) in points 

A^, A^ respectively, which are aU distinct. Let a be the plane con- 
taining and the point P of intersection of l^ and l^. If A^ is in a, 
an elation with A^ as center, a 
as plane of fixed points, and 
carrying A^ to A^ will carry Z^, 

Z^, Zg into Z^, Z^, Z^ respectively. 

By Theorem 56, Cor. 4, this 
elation is direct 

If Aj^ is not in a, the points 
A^ and A^ are not separated by 
A^ and the point A in which a 
meets a ; for by hypothesis A^^ 
and the point in which Z^ meets the line BA are not separated by the 
lines Zg and Z^. Hence the homology with A^^ as center and a as plane 
of fixed points which carries to Z^ is direct (Theorem 56). This 
homology carries Z^, Z^, Z^ into Z^, Z^, Z^ respectively. 

An elementary transformation of a triad of skew lines may 
be defined as the operation of replacing one of them, say Z^, by a 
line Z^ which is coplanar with Z^ and such that Z^ and Z^ do not sepa- 
rate the points in which their plane is met by Z^ and Z^. 

By Theorem 62 an elementary transformation may be effected 
by a direct collineation. A sequence of elementary transformations 
therefore carries a right-handed triad into a right-handed triad and 
a left-handed triad into a left-handed triad. 

Conversely, it can be proved that any right-handed triad can be 
carried into any right-handed triad by a sequence of elementary 
transformations and that the two classes of lines determined by a 
pair of skew lines ah according to Ex. 2, § 25, are the lines [x] such 
that ahx is right-handed and the lines [y] such that ahy is left-handed. 
These propositions are left to the reader. 

^ 180. Doubly oriented lines. The theory of sense-classes in three 
dimensions could be based entirely on that of doubly oriented lines 
(§ 176). We shall prove the earliest theorems of such a theory in 
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thk section. Tlie proofs are based on Assumptions A, E, S and do 
not make use of the preceding discussions of order in three-space. 

DefDhITIOX. Two doubly oriented lines are said to be doubly 
peTspBctivo if they can be given the notation (ABCy ocl3y) and 
(A ^ ) respectively in such a way that A, B, a, /3, 7 are 
on y, A!i B\ respectively. Turn doubly oriented lines 

and I are said to be simUarly oriented if and only if there exists a 
sequence of doubly oriented lines Kt * * * > that is doubly 

perspective with l^y \ with "^i^h and 4 with I, Two 

doubly oriented lines which are not snnilarly oriented are said to 
be oppositely oriented. 

From the form of this definition it follows immediately that 
Theorem 63. If ol doubly oriented line l^ is siTnilurly oriented 
with Of doubly oriented line l^, ctnd l^ with u doubly oriented line 
l^ is similarly oriented with l^. 

Theorem 64. If three doubly oriented lines ?n^, no two of 
which are coplanar, are such that is doubly perspective with 
and with then is doubly perspective either with or with 
the doMy oriented line obtained by changing both sense-classes on 
Proof Let ABC be an ordered set of points of the sense-class of 
points of and let Z^, Z^ be the three lines on A, B, C respectively 
which meet and The 
sense-class of planes of 
contains either the ordered 
triad of planes Z^m^, Ipn^, Ipn^ 
or the ordered triad Ipn^, 

Z^m^, Iff^Q- Ih the first case 
(fig. 87) let Ijn^^a, Ipn^^fi, 

Ipn^ = 7 . In the second case 
(fig. 88 ) let Ijfn^ = or, Ipn^ = yS, 
lpn^=y. In both cases let 
A^, B^, be the points Ipn^, 
h^i respectively, 
the planes Z^m^, Ipn^, Ipn^ 
respectively, A^, the points Ipn^, Ijn^ respectively, and 

% the planes Z^m^, Ipn^, Ipn^ respectively. 

In the first case (ABC, a^f) is doubly perspective with (A^fJ^, 
this with (AfBfJ^, Since m^=^(ABC, a By), and 
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is doubly perspective with and since 

mj is doubly perspective with ccjS^j^. But 

by construction 

doubly perspec- 
tive with (ABC, a^j), 

Le. rii,^ is doubly perspec- 
tive with . 

0 

In tlie second case 
(AB C\ a^y) is doubly per- 
spective with 

with 

= (ABC, o:/3y), and 
is doubly perspective 
with m^==(A^C^B^, 

and since is doubly perspective with m^, 

construction (A^B^C^, oc^y^^^ is doubly perspective 
with (ACB, ay ^ ; ie. is doubly perspective with the doubly 
oriented line obtained by changing both sense-classes of 

Theorem 65. A doubly oriented line (ABC, ajSy) is similarly 
oriented with (ACB, ayfi) and oppositely oriented to (ABC, ay/3) and 
(ACB, a^y). 

Proof, Let l^, l^, l^ be three lines distinct from AB and such that 
2^ is on A and a, l^ on B and y, l^ on C and Let and be 
two lines distinct from AB, each of which meets l^, l^, and l^. Let 
A^, B^, be the points l^m^, Ipn^, respectively and a^, y^ 
the planes Ifn^, l^n^, l^m^ respectively ; let A^, B^, C^ be the points 
l^m^, Ipn^, respectively and a^, y^ the planes l^m^, 
respectively. Then by construction (fig. 88) and definition the 
oriented line (ABO, a/Sy) is doubly perspective with (A^C^B^, a^^^y/), 
and this with (AJB^C^, and this with (ACB, ay^). Hence 

(ABC, a^y) is similarly oriented with (ACB, ayj3). By a change of 
notation it is evident that (ABC, ay^) is similarly oriented with 
(ACB, a^y). It remains, therefore, to prove that (ABC, a^y) is not 
similarly oriented with (ACB, a0y). 

If these two oriented lines were similarly oriented, there would 
be a sequence of doubly oriented lines , in„ such that 
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m^ = {ABC, a0j) and m„ = {ACB, a^y), and such that each oriented 
line of the sequence would be doubly perspective with the next one 
in the sequence. Let m. be a doubly oriented line not coplanar with 
any of • • •, m., and doubly perspective with let m be 

the doubly oriented line obtained by changing both sense^lasses 
on m. By Theorem 64 is doubly perspective with m or m. By 
a second appUcation of this theorem m, is doubly perspective with 
m or m, and by repeating this process n times we find that is 
doubly perspective with m or m. But this means that is (ABC, 
a/Sy) or {ACB, ay0). 

Theoeem 66. There are two and only two classes of doubly oriented 
lines such that any two doubly oriented lines of the same class are simi- 
larly oriented and any two of different classes are oppositely oriented. 

Proof. Let {ABC, a^y) be an arbitrary fixed doubly oriented line 
and let K be the class of doubly oriented lines similarly oriented to 
it. This class contains (Theorem 65) {ACB, ay^) but not {ACB, a^y) 
or {ABC, ayl3). If / is any line and m any line not meeting I or 
AB, {ABC, a^y) is doubly perspective with one of the doubly oriented 
lines determined by m and this with one of those determined by 1. 
Hence K contains two of the four doubly oriented lines determined 
by any line of space. Let E' be the class of doubly oriented lines 
similarly oriented with {ACB, a^y). It also contains two of the four 
doubly oriented lines determined by any Kne of space. E and E' 
cannot have a doubly oriented line in common, because this would 
imply that {ABC, a/Sy) and {ACB, a^y) were similarly oriented. 
Hence every doubly oriented line is either in A" or in E'. 

There can be no other pair of classes of similarly oriented doubly 
oriented lines including all doubly oriented lines of space, because 
one class of such a pair would contain elements both of E and of E', 
and this would imply, by Theorem 63, that {ABC, a0y) was simi- 
larly oriented with {ACB, a^y). 

From the construction which determines whether two doubly 
oriented lines are similarly oriented or not, it is evident that any col- 
lineation carries any two doubly oriented lines which are similarly 
oriented into two which are similarly oriented. Hence, if a collinea- 
tion carries one doubly oriented line into a similarly oriented one, it 
carries every doubly oriented line into a similarly oriented one ; and 
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if it carries one into an oppositely oriented one, it carries eyery doubly 
oriented Ene into an oppositely oriented one. 

Any collineation wMcb carries a doubly oriented line into a simi- 
larly oriented one is said to be direct, and any collineation which, 
carries a doubly oriented line into an oppositely oriented one is said 
to be opposite, Thk definition of direct and opposite collineations is 
easily seen to be equivalent to that in § 32. 

*181. More general theory of sense. The theory of sense-classes 
in the preceding pages can be extended to analytic transformations 
by means of simple limiting considerations. For example, consider 
a transfbrmation of a part of a Euclidean plane 

^ =/(^<^)== «oo+ ®10® + • • •» 

/ = 9{^y) = + \^y+ 

where both series are convergent for all points in a region including 
the point (0, 0). If the determinant 

^/(Q> 0) gm 0) 

K K %( 0 > 0 ) 0 ) “ 

dx dy 

is not zero, it can be shown that there is a region including (0, 0) 
which is transformed into a region including {a^ in such a way 
that aU ordered point triads of a sense-class in the first region go into 
ordered point triads of one sense-class in the second region; and if 
(J, y^) is in the same plane as {x, y), the two sense-classes will be the 
same if and only it J > 0, 

By a similar limiting process the notions of right- and left-handed- 
ness can be extended to curves, ruled surfaces, and other figures 
having analytic equations. A discussion of some of the cases which 
arise will be found in the article by Study referred to in § 162. 

This sort of theory of sense relations belongs essentially to 
differential geometry, although the domain to which it applies may 
be extended by methods of the type used in §§ 168 and 173. 

The theory of sense may, however, he extended in a different 
way so as to apply to the geometry of all continuous transforma- 
tions instead of merely to the projective geometry or to the geometry 
of analytic transformations. The main, theorems are as foEows: 
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Any one-to-one reciprocal continuous transformation of a curve 
into itself transforms each, sense-class on the curve either into itselt 
or into the other sense-class. A transformation of the first kind is 
called direct and one of the second kind opposite. A direct trans- 
formation is a deformation (§ 157), and an opposite transformation 
is not a deformation. 

Any simple closed curve consisting of points in or on the 
boundary of a 2-cell R (§155) is the boundary of a unique 2-c6il 
which consists entirely of points of R. 

A 2-cell can be deformed into itself in such a way as to trans- 
form an arbitrary simple closed curve of the cell into an arbitrary 
simple closed curve of the cell. Any one-to-one reciprocal contin- 
uous transformation of a 2-cell and its boundary into themselves 
is a deformation if and only if it ejffects a deformation on the 
boundary; ie. if and only if it transforms a sense-class on the 
boundary into itself. 

If the sense-classes on one curve of a 2-ceIL and its boundary 
are designated as positive and negative respectively, any sense-class 
on any other curve is called positive or negative according as it 
is the transform of the positive or of the negative sense-class on 
by a deformation of into j through intermediate positions which 
are all simple closed curves on the 2-cell and its boundary. By the 
theorems above, this gives a unique determination of the positive 
and negative sense-classes on any curve of the given convex region. 
A curve associated with its positive sense-class is called a positively 
oriented mrve, and a curve associated with its negative sense-class 
is called a negatively oriented curve. 

Any transformation of a 2-ceIl which is one-to-one, reciprocal, 
and continuous either transforms all positively oriented curves into 
positively oriented curves or transforms all positively oriented 
curves into negatively oriented curves. In the first case the trans- 
formation is said to be direct and in the second case to he opposite. 
The transformation is a deformation if and only if it is direct. 
A 2-cell associated with its positively oriented curves or with its 
negatively oriented curves is called an oriented B-cell. 

The oriented 2-cells of a simple surface fall into two classes such 
that any oriented 2-cell of one class can be carried by a continuous 
deformation of the surface into any other oriented 2-cell of the 
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same class, but not into any oriented 2-cell of the other class. The 
two oriented 2-cells determined by a given 2-cell are in different 
classes. A simple surface associated with one of these clasps of 
oriented 2-cells is said to be oriented, 

A similar theorem does not hold for the oriented 2-ceEs of a 
projective plane. Instead we have the theorem that every contin- 
uous one-to-one reciprocal transformation of a projective plane is a 
deformation. Consequently any" oriented 2-cell can be carried into 
any other oriented 2-ceE by a deformation. 

The oriented simple surfaces in a 3-cell and its boundary fall 
into two classes such that any member of either class can be 
deformed into any other member of the same class through a set 
of intermediate positions which are all oriented simple surfaces, but 
cannot be deformed in this way into any member of the other class. 
A continuous one-to-one reciprocal correspondence which carries a 
3-cell and its boundary into themselves either interchanges the two 
classes of oriented simple surfaces or leaves them invariant. In the 
second case the transformation is a deformation and in the first 
case it is not. A 3-cell associated with one of its classes of oriented 
surfaces is called an oriented S’^ell, 

The oriented 3-ceUs of a projective space fall into two classes 
such that any member of one class can be carried by a continuous 
deformation of the projective space into any member of the same 
class but not into any member of the other class. A continuous 
one-to-one reciprocal transformation of the projective space either 
transforms each class of oriented 3-cells into itself or into the other 
class. In the first case it is a deformation and in the second it is not. 
A projective space associated with one of its classes of oriented 
3-cells is called an oriented projeetvoe space. 

The one-dimensional theorems outlined above are easily proved 
on the basis of the discussion of the sense-classes on a line in §§ 159 
and 165. The two-dimensional ones, though more difficult, are conse- 
quences of known theorems of analysis situs. They involve, however, 
such theorems as that of Jordan, that a simple closed curve separates 
a convex region into two regions ; and the theorems of this class do 
not belong (§§ 34, 39, 110) to projective geometry. The Jordan 
theorem in the special case of a simple closed polygon does, however, 
belong to projective geometry and is proved below (§ 187). 
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The three-dimensional propositions outlined here have not all 
been proved as yet, but are (in form) direct generalizations of the 
one- and two-dimensional ones. 

Let us note that an ordered triad of points as treated in § 160 may be 
regarded as determining an oriented 2-cell. For the triangular region having 
the points as vertices is a 2-cell, and a sense-class is determined on its boundary 
by the order of the vertices. This sense-class determines a sense-class on every 
curve of the 2-cell and thus determines an oriented 2-cell. 

In like manner an ordered tetrad of points as treated in § 160 determines 
an oriented 6-ceiL For the tetrahedral region having points ABCD as ver- 
tices is a 3-celL The triangular region BCD is a 2-cell which does not contain 
*4, and is oriented in view of the order of the points on its boundary. This 
oriented 2-cell determines an orientation of the boundary of the 3-cell, and 
thus of the 3-ceil. 

Likewise an ordered tetrad ABCD of a projective plane determines a 
2-cell, i.e. that one of the triangular regions BCD which contains A; and 
this 2-ceU is oriented by the order of the points BCD. Similarly, an ordered 
pentad ABODE of points in a projective space determines an oriented 3-cell, i.e. 
that one of the tetrahedral regions BCDE which contains A, oriented accord- 
ing to the order of the points BCDE. 

182. Broken, lines and polygons. Definition. A set of n points 
Ag, • • together with a set of n segments joining to A^ 
to to is called a Irohen line joining to A„. The 

points A^, • • A„ are called the vertices and the segments joining 
them the edges of the broken line. If the vertices are all distinct 
and no edge contains a vertex or a point on another edge, the broken 
line is said to be simple. If A^=A„ the broken line is said to be 
closed, otherwise it is said to be open. The set of all points on a 
closed broken line is called a polygon. If the vertices of a polygon 
are all distinct and no edge contains a vertex or a point on another 
edge, the polygon is said to be simple. 

A broken line whose vertices are A^, A^, * • A^, and whose edges 

are the segments joining A^ to A^, A^ to A^, • • •, A,,_i to A„, is called 
the broken line A^A^ • • • A„, and its edges are denoted by A^A^, A^A^, 
• • •, A„_^A„ respectively. If A^ = A„ the corresponding polygon is 
denoted by A^A^ - • * A^_jA^; the vertex A^^ is sometimes denoted by 
d„, by etc. 

The following theorem is an obvious consequence of the definition. 

Theorem 67. The polygon A^A^ • • • A^A^ is the same as A^A^ • • • 
A^A^Aj, and A^A^ • • • A^A^. If F is any point of the edge A^A^ of 
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a simple polygon • - • A^A^^^ this polygon is the same as a poly- 
gon A^FA^ • • • A^A^ in ivhich the edge A^F, the vertex P, and the 
edge FA^ constitute the same set of points as the edge A^A^, If a 
simple polygon A^A^A^ • • • A^A^^ is such that A^A^A^ are coUinear 
and this polygon is the same as the polygon A^A^ — A^A^ 

ill ‘Which all the edges hut A^A^ are the same as before and A^A^ is 
the segment A^A^A^. 

Definition. If A , B , € are any three points on a simple polygon, 
an elementary transformation is the operation of replacing any one 
of these points, say C, by a point C' such that C and are joined 
by a segment consisting of points of the polygon and not containing 
either of the other two points. A class consistmg of all ordered triads 
each of which is transformable by a finite number of elementary 
transformations into a fixed triad ABC is called the sense-class ABC 
and is denoted by S{ABC). 

Theorem. 68. There exists a one-to-one and reciprocal correspond- 
ence between the points of any simple polygon and the points of any 
line such that two triads of points on the polygon are in the same 
sense-class with respect to the polygon if and only if the correspond- 
ing triads of points on the line are in the same sense-class. 

Proof Let the vertices of the polygon be denoted by A^, 

A ^ denoted by Let B^, B^, - - *, Pn^i ^ 
arbitrary points of a line I in the order {B^, B^, • • *, A_i} and let 
also denote B^. Let denote that segment B^B.^^^y which con- 
tains none of the other points B. Let the edge joining A^ to 
correspond projectively to the segment yS. in such a way that A^ and 
are homologous with B^ and respectively. (In general the 
projectivities by which two sides of the polygon correspond to two 
segments on the line will be different.) If we also let A^ correspond 
to (i = 1, • • — 1), there is evidently determined a one-to-one 
and reciprocal correspondence T between the polygon and the hne 
which is such that each side of the polygon with its two ends 
corresponds with preservation of order relations to a segment of the 
line and its two ends. 

Let JJ, F^y F^ denote points of the polygon and X^, X^ 

the points of I to which they respectively correspond under F. The 
correspondence F is so defined that if Ff^F^ goes into I[F^F^ by an 
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elementary transformation with respect to the polygon, then 
goes into by an elementary transformation restricted with 

respect to R,, -Bg, • • •> § 1^5), and conversely. Hence the 

theorem follows at once from the corollary of Theorem 22. 

COKOLLAET 1. The theorem above remains true if the words 
broken Urn with distinct ends'' be substituted for polygon, and 
« interval ” for line. 

The definitions of separation and order given in § 21 for the 
points on a line may now be applied word for word to the points 
on a simple polygon, and in view of the correspondence established 
in Theorem 68, the theorems about order relations on a line may be 
applied without change to polygons. 

By comparison with the proof of Theorem 15 we obtain immediately 

COEOLLAKY 2. A simple jgolygon is a simple dosed curve. 

COEOLLAEY 3. A simple broken line joining two distinct points 
Ap is a simple curve joining and A^. 

The order relations on a broken line which is not simple may be 
studied by the method given above with the aid of a simple device. 
Suppose we associate an int^er with each point of a broken line 
A^A^ * • • A ^ follows : With A^^ and every point of the segment 
joining A^ to A^ the number 1 ; with A^ and every point of the seg- 
ment joining A^ to A^ the number 2 ; and so on, and, finally, with A^ 
the number n. 

Definition. The object formed by a point of the broken line and 
the number associated with it by the above process shall be called 
a numbered point ; and the numbered point is said to be on any seg- 
ment, line, plane, etc. which the point is on. If A, R, C are any three 
numbered points on a polygon, an elementary transformation is the 
operation of replacing any one of these numbered points, say (7, by 
a point such that (7 and are joined by a segment of numbered 
points all having the same number. A class consisting of all ordered 
triads of numbered points each of which is transformable by a finite 
sequence of elementary transformations into a fixed triad ABC is 
called the sense-class ABO and is denoted by S{ABC). 

By the proof given for Theorem 68 we now have 

Theokem 69. There exists a o'tu-to-one and reciprocal correspond- 
ence between the mcmbered points of any broken line and the points 
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of aii^ interval such that two triads of iiumiered points are in the 
same sense-class if and only if the corresponding triads of points 
0% the interval are in the same sense-class. 

We are therefore justified in applying the theorems and defini- 
tions about order relations on an interval to the numbered pointe 
of a broken line. 

EXERCISE 

*Aiiy two points of a region can be joined by a broken line consisting 
entirely of points of the region. 

183. A theorem on simple polygons. In the last section a poly- 
gon was defined as the set of points contained in a sequence of 
points and liuear segments. This is the most usual definition and 
doubtless the most natural. With a view to generalizing so as to 
obtain the theory of polyhedra in spaces of three and more dimen- 
sions, however, we shall find it more convenient to use the property 
of a simple polygon stated in the foUowiag theorem.* 

Theorem 70. A set of points [P] is a simple polygon if and only 
if the following conditions are satisfied : (1) [P] consists of a set of 
distinct points ^ called vertices, and of distinct segments, called edges, 
such that the ends of each edge are vertices and each vertex is an end 
of an even nwrnber of edges; (2) if any points of [P] are omitted, 
the remaining subset of [P] does not have the property (1). 

Proof It is obvious that a simple polygon, as defined in § 182, 
satisfies Conditions (1) and (2), because no edge has a point in com- 
mon with any other edge or vertex and each vertex is an end of 
exactly two edges. 

Let us now consider a set of points [P] satisfying (1) and (2). If 
two or more edges have a point in common, this pomt divides each 
edge into two segments. Hence the point may be regarded as a 
vertex at which an even number of edges meet. In like manner, 
if an edge contains a vertex the two segments into which the edge 
is divided by the vertex may he regarded as edges. Since there are 
originally given only a finite number of vertices and edges, this 
process determines a finite number of vertices and edges such that 
no edge contains a vertex or any point of another edge. 

*This form of the definition of a polygon and a corresponding definition of 
a polyhedron are due to IST. J. nennes, American Journal of MathematicSi 
VoL XXXin (1911b p. S7. 
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Now let be any edge and TJ one of its ends. Since there are 
un even number of segments having as an end, there exists an- 
other distinct from let this be denoted by Let be its other 
end, and let be a second segment having as an end, and so on. 
By this process we obtain a sequence of points and segments 

V * ■ ' * 

Since the mimber of vertices is finite, this process must lead by a 
finite number of steps to a point which coincides with one of the 
previous points, say ij. The set of points included in the points 
and segments 

^t> ^i-hV “? + l> * * 

satisfies the definition of a simple polygon and has the property that 
each is an end of two and only two e’s. 

Hence it satisfies Condition (1). By Condition (2) it must include 
all points of the set [P], 

CoBOLLAEY. A set of ])oi)its satisfying Condition (1) of Theorem 
70 consists of Oj finite ^lumher of shnple polygons no two of which 
hare any point in common which is not a vertex. 

Proof In the proof of the second part of the theorem above, 
Condition (2) is not used before the last sentence. If Condition (2) 
be not satisfied, the set of points remaining when the segments 
g.^i, . . (and those of the points i?, • • •, ij_i which are not 
ends of the remaining segments) are removed continues to satisfy 
Condition (1). Por on removing two segments from an even num- 
ber, an even number remains. Hence the process by wMcli the 
simple polygon F., • * •, was obtained may he repeated and 

another simple polygon removed. Since the total number of edges 
is finite, this step can be repeated only a finite number of times. 

184. Polygons in a plane. In the next three sections we shall 
prove that the polygons in a projective plane are of two kinds, a 
polygon of the first kind being such that all points not on it con- 
stitute two regions, and a polygon of the second kind being such 
that all points not on it constitute a single region. The boundary of 
a triangular region is a polygon of the first kind, and a projective 
line a polygon of the second kind. In proving that the points not on 
a polygon constitute one or two regions, we shall need the following; 
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Theorem 71. A.n]/ point coplanar with hut not on a polygon p 
in a plam a is in a triangular region of a containing m point of p. 

Proof Let the polygon be denoted by . - - A^A^ and the 
point by P. By an obvious construction (the details of which are 
left to the reader; cf. § 149) a triangular region may be found 
containing P and not containing A^^ or A^^ or any point of the edge 
A^A^. In lihe manner a triangular region may be constructed 
which contains P, is contained in and does not contain A^ or any 
point of the edge A^A^. By repeating this construction we obtain a 
sequence of triangular regions each contained in all 

the preceding ones, containing P, and such that Tj^ does not con- 
tain any point of the broken line A^A^ • • • Thus contains 

P and contains no point of the polygon A^A^ • • - 

Corollary. Any point of space not on a polygon p is in a tetra-- 
hedral region containing no point of p. 

Let the set of lines containing the edges of a simple polygon in a 
plane be denoted by Since more than one edge may 

be on the same line, n is less than or equal to the number of edges. 
According to Theorem 67 we can first suppose that the notation is so 
assigned that no two edges having a common end are collinear except 
in the case of a polygon of two sides (which is a projective line), for 
two collinear edges and their common end can be regarded as a single 
edge. In the second place, according to the same theorem, we can 
introduce as a vertex any point in which an edge is met by one of 
the lines 1^, • • •th which does not contain it. 

Under these conventions the polygon may be denoted by A^A^ • • • 
where each point Ai{i = 1, 2, • - •, m) is a point of intersection 
of two of the lines • • *, and each edge is a segment join- 
ing two vertices and containing pomts of only one of the lines 

In like manner, when two or more simple polygons are under con- 
sideration, let us denote the set of lines containing all their edges 
by l^y Zg, • • •, l^. We may first arrange that no two edges of the 
same polygon which have an end in common are coUinear, and then 
introduce new vertices at every point in which an edge is met by 
one of the lines Z^, • • •, Z„ which is not on it. Thus in this case 
also the polygons may be taken to have all their vertices at points 
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of intersection of the n lines l^, ■ ■ and to have no edge 

wMch contains sucli a point of intersection. 

We are thus led to study the points of intersection of a set of n 
coplanar lines and the segments of these lines which join the points 
of intersection. 

185. Subdivision of a plane by lines. Consider a set of % lines 
ah. in the same plane tt. The number of their points 
of intersection is subject to the condition 

the two extreme cases being the case where all n lines are concur- 
rent and the case where no three are concurrent. According to § 22, 
Chap. II, and the definition of boundary (§ 150), the points of inter- 
section bound a number of linear convex regions upon the lines. 
The number is subject to the condition 

^ ^ «•(« — 1 ), 

the two extreme cases being the same as before. 

Theoeem 72. The pointe of a plane which are not on any one 

of a finite set of lines l^_, •••,?„ fall into a number of convex 

regions such that any segment joining two points of different regions 

contains at least one point of • • •, The number satisfies 

the vneguality n(n— 1) 

« = = — ^ + 1 - 

Proof The proof may he made by induction. If « = 1 the theorem 
follows directly from the definition of a convex region. We suppose 
that it is true for n — k, and prove it for « = A 4- 1. 

We are given A + 1 lines Z^, l^, • • •, Z^^^. The lines Z^, Z^, • • Z^. 

hih—V) 

determine a number not less than k and not more than — ^ ^ 

of convex regions. The line meets the remaining k lines in at 
least one point and not more than k points. The remaining points 
of therefore form at least one and at most k linear convex 
regions, each of which is the set of all points common to and 
one of the planar convex regions (Theorem 3). By Theorem 8 each 
convex region which contains points of is divided into two con- 
vex regions such that any segment joining two points of different 
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regions meets if it does not meet one of the lines l^, l^, • • f*. 

Hence tlie + 1 lines determine a number of convex regions 
of the required kind such that A 4 + 1 s A’i+fe Since 




it follows that 


k + ls ^) - 1 + _ 1 . 

2 2 


COROLLAKY 1. If n lines of a plam pass through a point, they 
deieTTfhine n convex regions in the plane ; if no three of them are 

concurrent, they determvne — + 1 convex regions. 


Let us denote the points of intersection of the lines by 

<> < - ■ <, 

or any one of them by ; the linear convex r^ons which these 
points determine upon the lines by 

al, al, . . a\. 


or any one of them by a } ; and the planar convex regions by 

al, al, •••, al^, 

or any one of them by a\ 

Corollary 2. If the lines l^, l^, • • are not concurrent, any 
line coplanar with and containing a point of an o? has a segment 
of points in common with it. The ends of this segment are on the 
"boundary of the a\ and no other point of the line is on this boundary. 

Proof The given hne, which we shall call I, meets the lines l^, 
in at least two points, and, as seen in the proof of the 
theorem, one and only one of the mutually exclusive segments having 
these points as ends is composed entirely of points of the a^. Let 
<T denote this segment. Its ends are boundary points of the a^ by 
Theorem 10. Let \ and Ij be lines of the set l^, l„ such 

that l^ contains one end of a and Ij the other. All points of the a^ 
are separated from the points of the segment complementary to a 
by the lines and 1^ Hence any point of the complementary seg- 
ment is in a triangular region containing no point of the and is 
therefore not a boundary point of the a\ 
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This argument carries with it the proof of 

Corollary 3. Any interval joiiiing a jpoint of an to a point 
not in the contains a point of the houndary of the a\ 

Theorem 73. If the lines 1^^ • * In concurrent^ the 

hoitiidary of each is a simple polygon whose vertices are a^'s and 
whose edges are 

Proof. The theorem is a direct conseq_uence of § 151 in case 
Let us prove the general theorem by induction ; i.e. we assume it 
true for n = h and prove it for n^k + l. 

Let the notation be so assigned that l^ are not concurrent. 
Then any one of the convex regions, say R, determined by •> 

is contained in a triangular region determined by l^, and l^, be- 
cause no two points of R are separated by any two of the lines 
l^. Let m be a line containing no point of this triangular region nor 
any of its vertices. The segments etc. referred to below do not 
contain any point of m. 

If contains a point of R, it contains, by Cor. 2, above, a seg- 
ment of points of R such that the ends of this segment are on the 
boundary of R. By Theorem 67, the ends of this segment may be 
taken as vertices of the polygon p which by hypothesis bounds R. 
Thus we may denote this polygon by A^A ^ . • • A,- • • • J^A^, where 
and A; are the points in which meets the polygon. 

There are just two simple polygons which are composed of the 
segment A^A^ and of sides and vertices of p. Eor any such polygon 
which contains contains Aj^A^ or A^Aji it it contains A^A^ it 

must contain A^A^ and therefore A^A^, • • *, A^^^A^, and since it con- 
tains A^A^ it must be the polygon A^A^A^ • • • A-A^ ; if it contains 
A^Aj it must contain AjAj_^ and therefore Aj_jAj__ 2 > • • A^^^A^, and 

since it contains A^A^ it must be AfijAj_^ • • • A.A^. 

hTeither of the lines and m meets any edge of the polygon 
A^A^A^ • • • A^A^ except which is contained in Hence all 
points of this polygon except A^, A^ and those on the edge A^A^ are in 
one of the two regions, which we shall call R' and R^^ bounded by 
and m. In like manner all points of the polygon A^AjAj_^ • • • 
A^A^ except A,., A^ and those on the edge A^A^ are in one of the two 
regions R' and R^7 

The points of R on any line coplanar with R and meeting the 
segment A^A^ in one point form a segment a (Oor. 2. above) which 
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does Bot contain any point of m. Hence the ends F, Q ot <t are 
separated by and m. ButP and Q are boundary points of R 
by Cor. 2, above. Hence the boundary of R has points in both of the 
regions R' and bounded by and By the paragraph above, 
the points of the boundary of R in the one region, say R', must be 
the points, exclusive of the interval of the polygon A^A^ • • • A^A^, 
and those in the other, R^', must be the points, exclusive of the interval 
A^A^, of the polygon A^^Aj • • • A.A^, 

Let R^ and R^ be the two convex regions formed by the points of 
R not on Since these two regions are separated by and m, 
we may assume that R^ is in R' and R^ in R^'. Every boundary 
point of R^ which is not a point of Z^^+i is in R^ For if P is a point 
of the boundary of R^ it is not on m, by construction, and if it is 
not on it can be enclosed in a triangular region containing no 
point of or m. Such a triangular region must contain points of 
R^ and hence can contain no point of R'', since any segment joining 
a point of R' to a point of R'' contains a point of Z^^+i or of m. Hence 
P is in R^ In like manner any boundary point of R^ not on is 
in R^^. But by Theorem 10 every point P of the boundary of R is 
on the boundary of R^ or R^. Hence the boundary of R^ contains all 
points of the boundary of R in R'; and by Theorem 10 it contains 
no other points not on Hence it is the polygon A^A^ • • • A^A^, 

In like manner the polygon A^Aj • • • A^A^^ is the boundary of R^. 

Hence the boundaries of the two planar convex regions into which 
any one of the planar convex regions determined by Z^, Z^, • . 1^. 

is separated by are simple polygons. The other planar convex 
regions determined by Z^, Z^, • • -, are identical with regions 
determined by Z^, Z^, • • •, Z^.. 

CoEOLLAKY 1. Uach o} is on the boundaries of two and only two a^*s, 
CoEOLLAEY 2. In case all the lines Z^, Z^, • • •, Z„ are concurrent ^ 
there is only one a? ^ the common point of the lines ; there are n a^"s, 
each consisting of all points except of one of the lines 1.; and 
there are n a^'s, each having a pair of the lines as its boundary, 
Theoeem 74 The numbers a^, satisfy the relation 

a, -«! + «, = !. 

Proof We shall make the proof by mathematical induction. 
The theorem is obvious if = 2, for in this case 1, = 2, 
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Let us now assume it to be true for n=Jc and prove that it follows 

for 

The lines * • *, 4 determine a set of < points, linear 
convex regions, and planar convex regions subject to the rela- 
tion a; - = 1. The line meets a number, say r, of the 

planar convex regions and separates each of these into two planar 
convex regions. Hence cc^ is increased to ^3^2+ The number of 
one-dimensional convex regions is increased by r for the number 
of convex regions on and also by a number"^ s equal to the 
number of linear convex regions of the lines • • •, Z^. which are 
met by The number of points of intersection of Z^, Z^, • • •, 
also exceeds cc[ by a. Hence for Z^, Z^, • • •, the numbers 
€c^, are a^ + s, + + Hence a = -h s) 

186, The modular equations and matrices. The relations among 
the points, linear convex regions, and planar convex regions may 
be described by means of two matrices of which those given in 
§ 151 for the triangle are special cases. The first matrix, which 
we shall denote by H^, is an array of rows and columns, each 
row being associated with an and each column with an a\ The 
element of the ith row and yth column is 1 or 0 according as a? is 
or is not an end of The second matrix, H^, has rows and 
columns associated respectively with the and The element 
of the Zth row and /th column is 1 or 0 according as a] is or is not 
on the boundary of a]. 

Since every segment has two and only two ends, each column 
of Hj contains just two I's; and since each is on the boundary 
of two and only two ^^’s (Theorem 73, Cor. 1), each row of con- 
tains just two I’s. 

For each of the let us introduce a variable which can take 
on only the values 0 and 1, these being regarded as marks of the 
field obtained by reducing modulo 2. We denote these variables 
by respectively. There are 2''^ sets of values which 

can be given to the symbol t ' ^^a)* 

♦The number s is less than r if Zjfc+i contains points of intersection of 
• • *1 lk> 

t Excluding the one in which all the variables are zero, these symbols constitute 
the points of a finite projective space of — 1 dimensions in which there are three 
points on every line (cf. § 72, Vol. I). 
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Every one of these symbols (x^, ^ 2 ' * ^^ 1 ) ^corresponds to a way 

of labeling each segment of the original n lines with a 0 or a 1, 
the segment a/ being labeled with the value of x.. We shall 
regard the symbol as the notation for the set of edges labeled 
with I’s. By the sum of two symbols (x^ and 

• • - , Va) we shall mean x^^+y^), the addition 

being performed modulo 2. According to our convention the sum 
represents the set of a} ’s which are in either of the sets represented 
by*(^^^, and {y^, y^,- y^J but. not in both. By a repe- 

tition of these considerations it follows that the sum of n symbols 
of the form £^ 2 , • • •, x^^ for sets of edges is the symbol for a set 
of edges each of which is in an odd number of the n sets of edges. 

In the sequel we shall say that a polygon is the sum, mod- 
ulo 2, of a set of polygons • • •, if it is represented by a 

symbol {x^, x^y • . *, x^^ which is the sum of the symbols for 

• • •, Let us now inquire what is the condition on a symbol 
{x^y x^y • • Xa^ that it shall represent a polygon ? 

At every vertex of a polygon there meet two and only two edges. 
Hence, if we add all the a?’s that correspond to the a^’s meeting in 
any point, this sum must be zero, modulo 2. This gives oc^ equations, 
one for each a^y of the form 

(4) % + h £»* = 0 (mod. 2) 

{a^y a^y • • being the edges which meet at a given vertex), which 
must be satisfied by the symbol for any polygon. Obviously the 
matrix of the coefficients of these equations is H^. For example, in 
the case of the triangle these equations are (cf. § 151) 

^8+ ^4+ ^6+^6== 

(5) x^-{- x^-h x^+ x^= 0, (mod. 2) 

^ 1 +^ 2 + ^8+ ^4= 0. 

We shall denote the set of equations (4) by (H^). Since each 
column of gives the notation for a polygon bounding an a^, the 
columns of are solutions of the equations (H^). For example, 
the columns of the matrix in § 151 are solutions of (H^). 

Any solution whatever of these equations corresponds to a label- 
ing of the with O’s and I’s in such a way that there are an 
even number of I’s on the a^’s meeting at each Hence, by the 
corollarj of Theorem 70 the a’s labeled with I’s must constitute 
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one or more simple polygons. Hence every solution of ike equations 
(H } represents a simple polygon or a set of simple polygons. 

Since each columii of the matrix contains exactly two 1 s, any 
one of the equations is obtained by adding all the rest. Since the 
only marks of our field are 0 and 1, any linear combination of the 
equations (HJ would be merely the sum of a subset of these equa- 
tions. Consider such a subset and the points which correspond 
to the equations in the subset. Every a} joining two points of the 
subset is represented in two equations, and the corresponding vari- 
able disappears in the sum. There remain in tliis sum the variables 
corresponding to the joining the points of the subset to the 
remaintng points of the figure. These cannot all pass through the 
same point unless the subset consists of all points but one (since 
anv two of the original n lines have a point in common). Hence 
while any one of the equations is linearly dependent^ on all the 
rest, it is not linearly dependent on any smaller subset. Hence a^—1 
of the equations (H^) are linearly iTidependent 

Since the number of variables is a^, the number of solutions in a 
set of linearly independent solutions on which all other solutions are 
linearly dependent is 1. By Theorem 74 this number is 

Thus the total number of polygons and sets of polygons is 2''® — 1. 

The simple polygons which bound the regions a^ are a set of solu- 
tions, namely, the columns of the matrix H^. Since each row of the 
matrix contains just two I’s, it follows that if we add aE the 
columns we obtain a solution of (H^^) in which all the variables are 0. 
On the other hand, if we add any subset of the columns of the 

sum will be a solution in which not all the variables are zero. For 

consider a segment joining an interior point A of the region a^ cor- 
responding to one of the columns in the subset to an interior point 
E of a region a^ corresponding to one of the columns not in the 
subset; this segment may be chosen so as not to pass through a 

point of intersection of two of the lines ^ Hence it 

contains a finite number of points on the polygons corresponding to 
the columns in the subset. The first one of these in the sense from B 

# Since the only coefficients which can enter are 0 and 1, the statement that 
one solution is linearly dependent on a set of others is equivalent to saying that it 
is a sum of a number of them. 

tin the modular space of — 1 dimensions this means that the cto"" 1 inde- 
pendent — 2)H5paces intersect in an {a^ — l)“Space. 
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to A is on an a| wMch. is on the boundarj of a region in the subset 
and a region not in the subset. The variable corresponding to this 
interval therefore appears in only one of the a’s in the subset and 
so does not drop out in the sum. Hence an^ of the loundaries 
of the convex regions correspond to a set of linearly independent 
solutions of (4). In other words, 1, or one less than half of 

aU the solutions of (H^), are linearly dependent on the solutions 
corresponding to the columns of H^. The solutions of are thus 
divided into two classes, those linearly dependent on the columns of 
Hg and those not so dependent. 

Since each of the lines is a polygon, it corresponds to 

a solution of the equations (H^), but it does not correspond to a solu- 
tion which is linearly dependent on the columns of the matrix H^. 
This is a corollary of the argument used in showing that the sum 
of any subset of the columns of is not a solution in wMch all the 
variables are zero. For in that argument we showed that a certain 
segment AB contains a point on the polygon represented by the sum 
of such a subset. The same argument applies to the complementary 
segment. Hence the line AB has two points, at least, in common 
with the polygon or polygons represented by the sum of the subset 
of columns. Hence this sum cannot represent a line. 

Thus, if we take the solution of the equations (H^) corresponding 
to any one of the lines Z^, Z^, • • •, Z^, together with any of the 

columns of the matrix H^, we have a hnearly independent set of 
solutions. But since this set contains independent solutions, all 
solutions are linearly dependent on this set. 

187. Regions determined by a polygon. If p is any polygon it 
can, by § 184, be regarded as one whose vertices are and whose 
edges are a^'^ of a set of lines Z^, Z^, . . Z^. 

Two cases arise according as p is represented by a symbol which 
is or is not a sum of a subset of the columns of the matrix 
In the first case p corresponds also to the sum of all the remain- 
ing columns, because the sum of all the columns is (0, 0, • • •, 0). 
It cannot correspond to a third set of columns, for the sum of 
the columns in the second and third sets, which is also the sum of 
the columns not common to these two sets, would be (0, 0, * • *, 0). 
Hence there would be a linear relation among a subset of the 
columns of H^^ contrary to what has been proved above. 
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Let us denote the two sets of columns of whose sums are the 
symbol for by (^k ^k+v — > respectively, and sup- 

pose the notation so assigned that they represent the boundaries of 
and • . •, al^ respectively. Let the points of 

the plane in a:, • - a|, together with such points of the bound- 

aries as are not points of p, be denoted by [P]. Let the set of the 
points analogously related to be denoted by [^]. Clearly, 

the sets of points [P], [Q], and p are mutually exclusive and include 
all points of the plane. 

Consider any point of the convex region corresponding to c^. 
It is connected by a segment consisting entirely of points P to every 
point P in or on the boundary of a^. If ^>1, has an edge in 
common with at least one of Cj^ and the notation may be 

^signed so that has an edge in common with Then can 
be joined to any point of the common edge by a segment of 
P-points, and by another segment of P-potnts to every P-point of 
the region and its boundary. If A > 2 there is a solution which 
may be called c^, with an edge in common with or ; for if not, 
the solution would be one in which all the I’s correspond to the 
edges of p, and as no subset of the edges of p forms a polygon, 
would correspond to p itself. As before, every point of the region 
and its boimdary can be joined to by a broken line of at 
most three edges. Since there is no subset of • • •, Cj^ whose sum 
corresponds to tt, this process can be continued till we have any 
pomt P of the convex regions a^, • • •, and their boundaries 
joined by a broken line b to ij. If P is on tt the process of con- 
structiug b is such that all points of b except P are in [P], whereas 
if P is in [P] all points of b are in [P]. 

Hence any two points of [P] can be joined by a broken line con- 
sisting only of such points ; and, since every point of jp is on the 
boxmdary of one of af, any P can be joined to any point 

P of by a broken line every point of which, except P, is in [P]. 
A precisely similar statement is true of [Q]. 

Consider now any broken line V joining a point P to a point Q. 
The points which are on this broken line and also on any a} and its 
ends constitute a finite number of points and segments. Hence 
meets the lines •••, in & finite number of points and seg- 
ments, each of the segments beiner contained entirely in an a\ 
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These points and the ends of these segments we shall denote by 
• • •, A <‘aken in the sense on the broken line from F to Q, 
Since F and are within or on the boundary of the same convex 
region, A^ is either in [P] or on jp. If -4^ is in [P] the same con- 
sideration shows that A^ is in [P] or on jp. If none of the A*s were 
on p, this process would lead to the result that Aj^ is in [P], and 
hence Q would also be in [P], contrary to hypothesis. Hence one of 
the A's is on p, and hence any broken line joining a point P to a 
point Q contains a point on p. 

It now follows that [P] and [Q] are both regions. Tor we have 
seen that any point P can be joined to any other P by a broken line 
consisting entirely of points of P. By Theorem 71 any point P is 
contained in a triangular region containing no points of p. This tri- 
angular region contains no Q, because if it did a segment joining it 
to P would, by the argument just made, contain a point of p. Hence 
[P] satisfies the definition of a two-dimensional region given in § 155. 
A similar argument applies to [Q], Hence we have 

Theorem 75. Any simple polygon p which corresponds to a sym- 
bol ^ columns of is 

fJie boundary of two mutually exclusive regions which include all 
points of the plane not on p and are such that any two points of 
the same region can be joined by a broken line which is in the region. 
Any broken line joining a point of the one region to a point of the 
other region contains a point of the polygon. 

Corollary 1. Any point F of p can be joined to any point not 
on p by a broken line containing no other point of p. 

Corollary 2. If a segment ST meets p in a single point 0 which is 
not a vertex of p^ S and T are in different regions with respect to p, 

Froof Let and P' be two points in the order {SS^OT^T} and 
such that the segment S^OT^ contains no point of l^, l^, • • •, l^ ex- 
cept 0. By § 185, S' and T' are in two convex regions a^ which 
have an edge in common. Since this edge is an edge of _p, the 
columns of H^ corresponding to these two a^’s must be one in the 
set Cj, Cg, • • -, Cj^, and the other in the set • • •> Hence, if S' 
and S are in [P], T' and T are in [Q], and vice versa. 

Theorem 76. Any simple polygon p which corresponds to a sym- 
bol • • •, Xa) which is not the sum of a set of columns of 
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is the bouuddTy of o, Tcgioyi which includes cill points of the pla/ne 
not on p. A.ny two points not on p can he joined hy a hnohen line 

%ot meeting jg. 

Proof, By Theorem 71 any point not on p can be enclosed in 
a triangular region containing no point of p. Hence the theorem 
will be proved if we can show that any two points not on p are 
joined by a broken line consisting only of such points. If this were 
not so, we could let be any point not on p and let [F] be the 
set of all points not on p which can be joined to by broken 
lines not meeting p. As in the proof of Theorem 75, \P~\ would 
have to consist of a number of regions (P, together with those points 
of their boundaries which were not on p] and the boundary of [P] 
could consist only of points of p. But the boundary of [P] must 
consist of the polygon or polygons whose symbol is obtained by 
adding the columns of corresponding to the ^^'s in [P]. By 
§ 183 no subset of the points of can be a simple polygon. Hence 
p would be the the boundary of [P] and be expressible linearly in 
terms of the boundaries of contrary to hypothesis. 

Every polygon whose edges are on Z^, • • •, corresponds to a 
symbol which either is or is not expressible linearly 

in terms of the columns of H^. Hence the arbitrary simple polygon 
p with which this section starts and which determines the lines 
h’ described either in Theorem 75 or in Theorem 76. 

Hence we have 

Theorem 77. Definition. The polygons of a plane a fall into 
two classes the individuals of which are called odd and even respeo 
lively . A polygon of the first class is the loundary of a single region 
comprising all points of a not on the polygon, A polygon of the 
second class is the boundary of each of two regions which contain all 
points of a not on the polygon, have no point in common, and are 
such that any broken line joining a point of one region to a point of 
the other contains a point of the polygon. 

The odd polygons are also called unicursal, and the even polygons 
are also called hounding, A line is an example of an odd polygon, 
and the boundary of a triangular region is an example of an even 
one. The segments ~d, /3, y as defined in § 26 are the edges of an 
odd polygon. 
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Theoeem 78. Tico polygons of which one is even and which are 
such that neither j^olygon has a certeoc on the other have an even 
(or zero) number of points in common. 

Proof. Let be an even polygon, let be any other polygon, 
and let the points of intersection of the polygons be 
in the order ^2 * * * respect to p^. If 71 = 0 the theorem 

is verified. If n were 1 the edge of p^ containing would have its 
ends in different regions with respect to and hence the broken 
line composed of all p^ except the side containing would have 
to contain a point of p^, contrary to h^^pothesis. If tz- > 1 the inter- 
val of p^ which has R^ and R^ as ends and contains no other points 

is a broken line which belongs (except for its ends) entirely to 
one of the two regions [P] and [^] determined by pp^ and by Cor. 2, 
Theorem 75, the interval of p^ similarly determined by R^ and 
belongs entirely to the other of the two regions [P] and [<>]. Thus, 
if are a set of points of p^ in the order {P^^S^R^S^R^ 

. . • and is in [P], all the S's with odd subscripts are 

in [P] and all the S's with even subscripts are in [Q]. But by 
Cor. 2, Theorem 75, is in since is in [P], Hence n is even. 

CoEOLLAEY. A Ime coplanar with and containing no vertex of 
an &ven polygon meets it in an even (or zero) number of points. 

Theoeem 79. Two odd polygons such that neither has a vertex on 
the other meet in an odd number of points. 

Proof. Let the polygons be p^ and p^, let the lines containing 
the sides of p^ be and let be a line containing no 

vertex of either polygon. According to the results stated at the end 
of the last section, p^ is expressible by addition, modulo 2, as the 
sum of Z,j, and a number of boundaries of a^’s. The latter combine 
into a number of even polygons, the edges of which are either 
edges of p^ or of l^. Hence these even polygons have no vertices 
on p^ and contain no vertices of p^. Hence by Theorem 78 they 
have an even (or zero) number of points in common with p^. Thus 
our theorem will follow if we can show that has an odd number 
of points in common with p^. 

By the argument just used p^ can be expressed as the sum, 
modulo 2, of a line m and a number of even polygons which have 
no vertices on Z,. The latter meet in an even (or zero) numte 



472 THEOKEMS OX SENSE AND SEPARATION [Chap.ix 

of points, and m meets in one point. Hence meets in an 

odd number of points. 

COROLLAKY 1. Two odd jpolygoTis always have at least one point 
in common. 

Corollary 2, If p is a simple polygon and iheve exists an odd 
polygon p^ meeting p in an even (ot zero) numher of points and such 
that neither polygon has a vertex on the oilier^ then p is even. 

Since the plane of a convex region always contains at least one 
line not having a point in common with the region, the last result 
has the following special case, which, on account of its importance, 
we shall list as a theorem. 

Theorem 80. Any simple polygon lying entirely in a convex 
region is even. 

To complete the theory of the subdivision of the plane by a 
polygon, there are needed a number of other theorems which can 
be handled by methods analogous to those already developed. They 
are stated below as exercises. 

EXERCISES 

1. If a simple polygon p lies entirely in a convex region R, the points of R 
not on p fall into two regions such that any broken line joining a point of 
one region to a point of the other has a point on p. One of these regions, 
called the interior of the polygon, has the property that any ray (with respect 
to R) whose origin is a point of this region meets p in an odd number of points, 
provided it contains no vertex of p. The other region, called the exterior of 
the polygon with respect to R, has the property that any ray whose origin is 
one of the 2 )oints of this region meets p in an even (or zero) number of points, 
provided it contains no vertex of p, 

2. If p is any even polygon in a plane n, one of the two regions determined 
by p, according to Theorem 77, contains no odd polygon and is called the 
interior of p. The other contains an infinity of odd polygons and is called the 
exterior of p. 

3. If one line coplanar with and not containing a vertex of a simple poly- 
gon meets it in an odd (even or zero) number of points, every line not con- 
taining a vertex and coplanar with it meets it in an odd (even or zero) number 
of points. 

4 . If the boundary of a convex region consists of a finite number of linear 
segments, together with their ends, it is a simple polygon. 

5. A simple polygon which is met by every line not containing & vertex in 
two or no points is the boundary of a convex region. 
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6. For any simple polygon there exists a set of n — 2 tri- 

angular regions such that (1) every point of the interior of the polygon is in 
or on the boundary of one of the triangular regions, (2) every vertex of one 
of the triangular regions is a vertex of the polygon, and (3) no two of the 
triangular regions have a point in common. 

*7. By use of convex regions and matrices analogous to and Hg, prove 
Theorem 77 for any curve made up of analytic pieces (i.e. 1-cells which 
satisfy analytic equations). 

188. Polygonal regions and polyhedra. Definition. A planar 
polygonal region is a two-dimensional region R for which there 
exists a finite number of points and linear regions such that any 
interval joining a point of R to a point not in R, but coplanar with 
it, meets one of these points or linear regions. A (three-dimensional) 
polyhedral region is a three-dimensional region R for which there 
exists a finite number of points, linear regions, and planar polygonal 
regions such that any interval joining a point of R to a point not in R 
meets one of these points, linear regions, or planar polygonal regions. 

Let R be a planar polygonal region and let be a set 

of lines coplanar with R and containing all the points and linear 
regions such that any interval joining a point in R to a point not 
in R meets one of these points or one of these linear regions. Let 
us adopt the notation of § 185. 

If a point P of one of the two-dimensional convex regions a^ is 

in R, all points of the a^ are in R, for aU such points are joined to 

P by intervals not meeting 

Since any point not on • • •, is interior to a triangular 

region containing no points of ^g, • • •> no such point can be a 
boundary point of R. 

Let c/?, • • •, be the a^'s which have points in R. As we have 
seen, all points of these a^'s are in R. All points of their bound- 
aries are either in R or on its boundary; for every point of the 

boundary of an a^^ (r == 1, • • •, Ar) may be joined to a point of a^ 
that is, to a point of R, by a segment of points of R, and hence 
is either a point of R or of its boundary. 

Any point £ of the boundary of R is on the boundary of one of 

• • •> triangular region T containing £ contains 

points of R and hence contains a triangular region T' of points of R. 
The region T' must have points in common with at least one a\ 
If T be chosen so as to contain no points of anv a® which does 
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not have B on its boundary, any having a point in common with 
T is one of Hence every boundary point of R is on 

the boundary of one of a? • • •, Hence the set of points of R 
and its boundary is identical with the set of all points of 
and their boundaries. In other words, 

Theokkm 81, Bot any plctiiKiT jpolygoTictl region R there is d finite 
set of eonrex polygonal regions R^, . • such thdt the set of all 
points of Rj, * • -, R» oLnd their "boundaries is identical with R and 
its houndary. 

As a consequence, any set of points which consists of planar 
polygonal regions and their boundaries can be described as a set of 
points in a set of convex polygonal regions and their boundaries. 
Therefore no generality is lost in the following definition of a 
polyhedron by stating it in terms of convex polygonal regions. 

Definition. A set of points [P] is called a polyhedron if it sat- 
isfies the following conditions and contains no subset which satisfies 
them: [P] consists of a set of distinct points af, a^,* • *, seg- 
ments a\, a \, . . •, a\, and convex planar polygonal regions a\, a\, 
. . a® such that each a^ is bounded by two a^*s and each a^ by 
a simple polygon whose vertices are a^ ’s and -whose edges are a^ 'a ; 
no a^ or a^ contains an a® and no two of the a^'s or a^*a have a 
point in common; each a^ is on the boundary of an even number 
of a^'s. The points a^ are called the vertices^ the segments the 
edges, and the planar regions (B the faces of the polyhedron. 

Just as any point of a polygon can be regarded as a vertex, so 
any point of an edge of a polyhedron can be regarded as a vertex, 
and any segment contained in a face and joining two of its vertices 
can be regarded as an edge. 

The relations among the vertices, edges, and faces of a polyhedron 
can be described by means of matrices and analogous to 
those of § 186. In the first matrix, 

the element ^1. is 0 or 1 accordii^ as a/ is not or is an end of af 
In the second matrix, u /ax 

the element is 0 or 1 according as a\ is not or is on the bound- 
ary of a\. The theory of the polyhedron can be derived from a 
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discussion of these matrices just as that of the projective plane 
(a special polyhedron) has been derived in the sections above. 

Thus the polygons which can be formed from the vertices and 
edges of the polyhedron are denoted by symbols of the form 
3,s in § 186. They are all expressible as sums^ 
modulo 2, of the boundaries of the faces together with P — 1 other 
polygons. The number F is called the coimectwity of the polyhedron 
and is the same no matter how the polyhedron is subdivided into 
faces, edges, and vertices. It is determined by the following relation: 

^0 ““ ® 
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1. Any polygonal region can be regarded as composed of a finite set of 
triangular regions together with portions of their boundaries, no two of the 
triangular regions having a point in common. 

2. If R is a polygonal region, every broken line joining a point of R to a 
point not in R has a point on the boundary. 

3. Por any three-dimensional polyhedral region R there is a finite set of 

polyhedral regions R^, Rg, • • •, ^hat the set of all points of R^, Rg, • • 

R„ and their boundaries is identical with R and its boundary. R^, R^t * * *, Rn 
may be so chosen as all to be tetrahedral regions. 

4. If a polyhedron is the boundary of a convex region, each edge of the 
polyhedron is on the boundaries of two and only two of its faces. 

189. Subdivision of space by planes. The theorems of § 185 
generalize at once into the following. The proofs (with one excep- 
tion) are left to the reader. 


Theorem 82. The points of space which are not upon any one of a 
finite set of planes tt^, tt^, • * rr^fall into a finite number of convex 
regions such that any segment joining two points of different regions 
contains at least one point o/ tt^, tt^, • • •, The number satisfies 

.cx • 7*x ^ — l)(7t— 2) , 

the %neguamy n^a^^ — + n. 


As in § 185, we indicate the points of intersection of n planes 




<« 


or any one of them by a®; the linear convex regions determined 
by these points upon the lines of intersection, by 
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or any one of them by ; the planar convex regions determined 
by the lines of intersection upon the planes, by 

or any one of them by and the spatial convex regions deter- 
mined by the planes, by ^ ^ ^ 

or any one of them by a\ 

Theokem 83. If the planes coaxial^ the 

houTidary of each a^ is cotajposed of a finite nuTnber of a s and of 
those a}’s and a°'s which hound the in question. Each a^ is upon 
the houndary of two and only two a^'s. 

COKOLLABY 1. If the planes tt^, • • •> coaxial^ = 0, 0, 

and the houndary of each is composed of two a^*s together with the 
common line of the planes. 

COKOLLABY 2. If the planes are not all concurrenty any line through 
a point I of one of the regions meets the loundary in two points 
P, Q. The segment FIQ consists entirely of points of the a®, and the 
complementary segment entirely of points not in the a . 

Theobem 84. If an a} is on the boundary of an a®, it is on the 
houndaries of two and only two a^'s of the boundary of the a?. Any 
plane section of an a? is a two-dimensional convex region bounded by 
a simple polygon which is a plane section of the boundary of the a . 

COBOLLABY. The boundary of each a^ is a polyhedron. 

Theobem 85. The numbers a^, a^, are subject to the relation 

Froof. The proof is made by induction. In the case of two planes, 
a = Q a:=:0. «r=2, ^=2. Assuming that the theorem is true 
for n planes, let us see what is the effect of introducing a plane 
This plane is divided by the other planes into a number of 
convex two-dimensional regions equal to the number of in 
which it has points ; but it divides each of these a^'s into two a^s. 
Hence the adjunction of these new a^s and a®*s increases a^ and 
by equal amounts. The plane 7r„^i, according to Theorem 8, Cor. 1, 
divides in two each a^ which it meets ; but it has a new a^ in com- 
mon with each such region. Here, therefore, and are increased 
by equal amounts. The plane divides in two each a^ which it 
meets ; but it has a point in common with each such region. Hence, 
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in this case, and are increased by equal amounts. Hence, if 
the formula is true for planes, it is true for 72 . + 1 . 

CoEOLLAEY. 27ie number of cx^’s for • • • , which are not 

on lines of intersection of jp airs of the planes tt^, • • •, is the 
number by which — a,^for the planes tt^, • • •> exceeds 
for the planes tt^, 

Proof, New a^’s are produced by the introduction of in two 
ways : (1) w,, may meet an a } of tt^, tt^, • • in a point ; if so, this 

(P is separated into two and a new is introduced ; ( 2 ) tt^ may 
meet an a^ of tt^, — , 7 r„_i in a new a\ The only new a% pro- 

duced by the introduction of rr^ are accounted for imder (1). Hence 
( 2 ) accounts for the increase of a^ — as stated above. 

190* The matrices and Hj. The relations among the 

convex regions determined by n planes which are not coaxial may 
be described by means of three matrices, which we shall call H^, 
and H,. In the first matrix, 

i* = 1 , 2 , • • •, (Tq ; y = 1 , 2 , • • •, and = 1 or 0 according as a\ is 
or is not an end of aj. In the second matrix, 

t = 1 , 2 , • • / = 1 , 2 , • • •, ; and 77 ?. = 1 or 0 according as aj is 

or is not on the boundary of In the third matrix, 

i = l, 2 , • • y = l, 2 , • - a^i and 77 ?. = ! or 0 according as a\ is 
or is not on the boundary of aj. Examples of these three matrices are 
those given in § 152 to describe the tetrahedron. It will be noted 
that has two I’s in each column, and H^ two I’s in each row. 

Corresponding to the matrix H^, there is a set of linear 
equations (modulo 2 ) 

(H,) (i = l, 2,. 

Let the symbol {x^ • • •, where the are 0 or 1, be taken 

to represent a set of a^'s containing a^ i£ = 1 and not containing 
it if a?j.= 0 . Just as in § 186, this set of a^'s will be the edges of 
a polygon or set of polygons if and only if (x^, • • •, is a 

solution of (H^). 

Just as in § 186, the sum of two sets of polygons (modulo 2 ) will be 



478 THEOREMS OX SEXSE AXB SEPARATION [Chap.ix 

taken to be tbe set of polygons represented by the sum of the symbols 
(‘^V for the two sets of polygons. The sum, modulo 2, of 

two sets of polygons and p,^ is therefore the set of polygons whose 
edges appear either in p^ or in p^ but not in both p^ and p^. 

By the reasoning in § 186, — 1 of the equations (H^) are linearly 

independent, and the other one is linearly dependent on these. The 
columns of are the symbols for the boundaries 

of the a^’s and hence are solutions of (HJ. 

Corresponding to the matrix H^, there is a set of linear 
equations (modulo 2) ^ 

(HJ = 

Let the symbol (x^, ' * •> where the a?/s are 0 or 1, be taken 

to represent a set of containing al'il and not containing 

it if = 0. If this symbol is a solution of (H 2 ), it represents a 
set of such that each a} is on the boundaries of an even number 
(or zero) of them ; i.e. it represents the faces of a polyhedron or a 
set of polyhedra 

The columns of represent the boundaries of the <x®’s. By 
Theorem 84 any of the boundary of an is on the boundaries 
of two and only two a^’s of this boundary. Hence the columns of 
Hg are solutions of (H^). 

Corresponding to the matrix there is a set of linear 
equations (modulo 2) 

(Hj) {i = l,2,...,a^ 

Let the symbol {x^, x^), where the Xj^'s are 0 or 1, be taken 

to represent a set of containing al if Xj^ = l and not containing 
it if Xj^ = 0. If this symbol is a solution of (H^^), it represents a 
set of of which there is an even number on each a\ It is easily 
seen that the only such set of a*’s is the set of all in space. 
Hence the only solutions of (H^) are (0, 0, • • •, 0) and (1, !,•••, 1). 
Hence there are cc^ — 1 linearly independent equations in (H^) on 
which all the rest are linearly dependent. 

Let the ranks ^ of the matrices H^, H^, H^ be respectively. 

*The rank of a matrix is the number of rows (or columns) in a set of linearly 
independent rows (or columns) on which all the other rows (or columns) are 
linearly dependent. 
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THE EAHK OF 
By what has been seen above 

The discussion in the next section will establish that 


191. The rank of Hj. Let ns now suppose that tt^, are 

not all on the same poiat and that the notation is so assigned that 
TT^, TTg, TTg, TT^ are the faces of a tetrahedron. By inspection of 
the matrices given in § 152, it is clear that for the case 7 i = 4, 
0 :^ = 4, a^ = 12 , ^2 = 16, 0 :^= 8 , and r^=8 (a set of linearly inde- 
pendent columns of upon which the rest depend linearly is the 
set of columns corresponding to t,,, and r^). 

The number of solutions of (H^) in a linearly independent set upon 
which all the other solutions depend is — a^-^1 = 9. Hence one 
solution which does not depend linearly upon the columns of H^, 
together with a set of eight linearly independent columns of 
constitute a set of linearly independent solutions of (H^) upon which 
all the others depend linearly. Any solution representing a projective 
line, e.g. ( 1 , 1 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ), will serve this purpose. 

In case n>4, the columns of fall into three classes : ( 1 ) those 
representing the boundaries of in * 7 r„; ( 2 ) those representing 
the boundaries of which are not in but have an in tt^; 
and (3) those representing the boundaries of which have no 

in 7r„. 

Any column of Class (1) is expressible as a sum of columns of 
Classes (2) and (3). For the whose boundary it represents is on 
the boundary of an whose boundary has no other in common 
with TT^ (cf. § 150). Since each on the boundary of an is 
on the boundary of two and only two of the boundary of the 
a* (Theorem 84), it follows that the given colunon is the sum of 
the columns which represent the boundaries of the other a^’s on 
the boundary of the These columns are ail of Classes (2) or (3). 

Each which is not on a line of intersection of two of the planes 
TTi, Wg, • • •, is the linear segment in which one of the 
determined by tt^, tt^, • • •, is met by tt^. Hence the row of H^^ 
corresponding to this contains just two I’s in columns of Class 
( 2 ), and the sum of these two columns of Class (2) is the symbol for 
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the boundary of one of the determined by tt^, tt^, • • 
Moreover, the columns of of Class (2) form a set of pairs of 
this sort, since every of is either on a line of intersection of 
two of the planes tt^, • • •, 
tw'O not in tt^. 

No one of such a pair of columns of can enter into a linear 
relation among a set of columns of Classes (2) and (3) unless the 
other does. For this column would be the only column of the set 
containing a 1 in the row corresponding to the common to the 
boundaries of the represented by the two columns, and hence 
the sum of columns could not reduce to (0, 0, • • •, 0). 

Let be the matrix consisting of the columns of Class (3) of 
Hg and the sums of the pairs of columns of Class (2) discussed in 
the last two paragraphs. According to the last paragraph the rank 
of H' is less than the rank of by the number of these pairs of 
columns ; and by the corollary of Theorem 85 this number is the 
difference between the values of for tt^, Wg, • * 

*^ 2 ’ * * *^ 1 * 

The columns of H' are the symbols in terms of the a^^s deter- 
mined by TT^, TTg, • • for the boundaries of the determined 
by TT^, TTg, • • •, Hence any two rows of this matrix which cor- 

respond to a pair of into which an determined by 
. . 7 r^_i is separated by must be identical ; and if one of each 
such pair of rows is omitted, H' reduces to the for tt^, • • 
Hence H' has the same rank as the for tt^, tt^, • • 

Since the difference in the ranks of for tt^, tt^, . . tt^ and of 
H' is the same as the difference between the values of for 

TT^, TTg, . • • 7 r„ and for • • •, 7r„_i, it follows that the introduc- 

tion of TT^ increases the rank of H^ by the same amount that it 
increases — Since = for ^ == 4, the same relation holds 

for all values of n. Hence we have 

Theorem 86. For a set of planes tt^, tt^, • • •, Tr,^ which are not all 

concurrent, _ 

^1^ “o— ^2- 

By Theorem 85 this relation is equivalent to 

^ 2 “ ^ 8 =^ 2 - 

192. Polygons in space. Theorem 87. The symbol (x^, x^, . . x^ 
for a lim is not linearly dependent on the columns cf H^ 
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Proof. Let -tt be any plane not containing any of tbe points 
The boundary of any is an even polygon in the sense of § 187 
and is met by tt in two points or none, the two points being on 
different edges, if existent. The stun, modulo 2, of two sets of poly- 
gons each of which is met by tt in an even number (regard- 

ing zero as even) of points is a set of polygons p met by tt in an 
even number of points ; for if ^ meets in 2 points and p^ in 
2 points, and if Jc^ of these points are on edges common to and 
p^, TT must meet p in 2 Jc^+ 2 2 points. Hence any polygon 

which is a sum of the boundaries of the a^’s is met by ^ in an 
even number of points; i.e. any polygon represented by a symbol 
linearly dependent on the columns of is met by 
TT in an even number of points. Since no line is met by tt in an 
even number of points, the symbol representing it cannot be a sum 
of any number of columns of 

Theorem 88. All solutions ofCB^d are linearly dependent on a set 
of rfi.e. — a^) linearly independent columns o/ and the symbol 
(aj^, 

Proof. It has been shown that the rank of is cc^—1. The 
number of variables in the equations (H^) is The number of 
linearly independent solutions in a set on which all the rest are 
linearly dependent is therefore Since the rank of is 

■” columns of are solutions of (H^), there are 

linearly independent columns of which are solutions of (H^) ; and 
since the solution of (H^) which represents a line is not linearly 
dependent on these, the statement in the theorem follows. 

In the proof of Theorem 87 it appeared that any polygon which 
is a sum, modulo 2, of a set of polygons bounding is met by a 
plane which contains none of its vertices in an even number of 
points. Since a line is met by a plane not containing it in one point, 
an argument of the same type shows that any polygon which is a 
sum, modulo 2, of a Kne and a number of polygons bounding a^s 
is met by a plane containing none of its vertices in an odd number 
of points. Thus we have, taking Theorem 88 into account: 

Theorem 89. Deeinition. A polygon which is the sum, modulo 
of a member of polygons which hound conmx planar regions is met 
by any plane not containing a vertex in an even number of points 
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ami is called an even polygon, A polygon icfiicli is the simi^ modulo 
of a line and a number of polygons which hound co 7 ivex planciT regions 
is met hy any plane not containing a vertex in an odd number of 
points and is called an Q&il polygon. Any polygon is either odd or even. 

Suppose a polygon p is the sum, modulo 2, of the boundaries of 
a set of convex regions The set of points [P] in 

a® or on their boundaries is easily seen (by an argument analogous 
to that given in the proof of Theorem 75) to he a connected set 
By an extension of the definition in § ISO may be said to be the 
boundary of [P]. From this point of view an even polygon is a 
bounding polygon and an odd polygon is not. 

193. Odd and even polyhedra. It has been seen in § 190 that 
the solutions of (H^) represent polyhedra or sets of polyhedra. The 
converse is also true, as is obvious on reference to the definition of 
a polyhedron. The sum of two symbols {x^y ^^ 2 ’ * ‘ repre- 

sent sets of polyhedra is a symbol representing a set of polyhedra. 
This is obvious either geometrically or from the algebraic considera- 
tion that the sum of two solutions of (H^) is a solution of (H^). 

The set of polyhedra p represented by the symbol which is the 
sum of the symbols for two sets of polyhedra p^ and p^^ is called the 
sumy modulo 2, of p^ and p^. As in the analogous case of polygons, 
^ is a set of polyhedra whose faces are in p^ or in p^ but not in both 
p^ and p^. 

The number of variables in (H^) is and the rank of is 
by Theorems 86 and 85. Hence the solutions of (H^) are 
linearly dependent on a set of linearly independent solutions. 
Since any of the columns of are linearly independent, such 

a set of columns, together with one other solution linearly independent 
of them, will furnish a set of linearly independent solutions of (H^). 

The symbol for any plane is a solution of (H^) linearly inde- 
pendent of the columns of For let I be any line meeting no 
or ad. Any column of represents the polyhedron bounding an a®, 
and such a polyhedron is met by Z in two points or none. By 
reasoning analogous to that used in the proof of Theorem 87, it fol- 
lows that I meets the sum, modulo 2, of the boundaries of any number 
of in an even number of points or none. Since I meets each plane 
in one point, the symbol for is not linearly dependent on the 
columns of Hg. By the last paragraph we now have 
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Theoeem 90. Any solution of (H^) is linearly dejpendent on a ^ — \ 
columns of and the symbol for any one of the planes rr^, 

COEOLLAEY 1. Any polyhedron is the st&m, modulo 2, of a subset 
of a set of polyhedra consuting of one plane and all polyhedra vjhich 
bound convex regions. 

Proof Let tt^, • • •, tt^ be a set of planes containmg all vertices, 
edges, and faces of a given polyhedron and such that tt^, tt^, 
are not concurrent. By the theorem the given polyhedron is eithei 
expressible as a sum of the boundaries of some of the deter*, 
mined by tt^, • • •, or as a sum of one of these planes and 
some of the a®’s. 

In the course of the argument above it was shown that any poly- 
hedron expressible in terms of the boundaries of the a®’s was met in 
an even number of points by any line not meeting an a^ or an a\ 
One of the planes tt^, -tt^, • • is met by such a line in one point. 
Hence any polyhedron which is the sum of such a plane and a number 
of the boundaries of a^’s is met by this line in an odd number of 
points. Hence 

CoROLLAEY 2. DEFINITION. A polyhedron which is the sum, 
modido 2, of a number of boundaries of convex three-dimensional 
regions is met in an even number of points by any line not meeting 
a vertex or an edge. Such a polyhedron is said to be even. A poly- 
hedron which is the sum, modulo 2, of a plane and a number of 
boundaries of convex three-dimensional regions is met in an odd 
number of points by any line not meeting a vertex or an edge. Such 
a polygon is said to be odd. 

EXERCISE 

Let p be a polygon and tt a polyhedron such that tt contains no vertex of 
p and p contains no vertex or edge of tt. If p and ir are both odd they have 
an odd number of points in common. If one of them is even they have an 
even number (or zero) of points in common. 

194, Regions bounded by a polyhedron. An even polyhedron p 
is the sum of the boundaries of a set of convex three-dimensional 
polyhedral regions, and we may assign the notation so that these 
regions are denoted by ai , . • •, 

The polyhedron p is also the sum of the boundaries of 
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because the sum of all the columns of Hs is (0, 0, • • 0). There is 

no other linear expression for p in terms of the boundaries of the 
because there is only one linear relation among the col umn s 
of Ha. 

This is all a direct generalization of what is said at the beginning 
of § 187. As in § 187, it is easily seen that the points of ai^ 
together with those points of their boundaries which are not on p, 
constitute a region bounded by p; and that the points of 
• • *, aa^\ together with those points of their boundaries which are 
not on p, constitute a second region bounded by p. With a few addi- 
tional details (which are generalizations of those given in the proof 
of Theorem 75) this constitutes the proof of the following theorem : 

Theorem 91. Any even polyhedron is the houndary of each of two 
and only two regioTis which contain all points of space not on the 
polyhedron. These regions are such that any broken line joining a 
point of one region to a point of the oth&r contains a point of tlw 
polyhedron. Any two points of the same region can be joined by a 
broken line consisting entirely of points of the region. 

By a similar generalization of Theorem 76, we obtain 

Theorem 92. Any odd polyhedron is the boundary of a single 
region containing all points not on the polyhedron. Any two points 
of this region can be joined by a broken line not containing any point 
of the polyhedron. 

Corollary. Any point P on a polyhedron can be joined to any 
poini not on it by a broken line containing no point of the polyhedron 
except P. 

195 , The matrices Ei and E2 for the projective plane. Definition. 
A segment, interval, broken line, polygon, two-dimensional convex 
region, or three-dimensional convex region associated with a sense- 
class among its points is called an oriented or directed segment, 
interval, broken line, polygon, two-dimensional convex region, or 
three-dimensional convex region. 

Definition. Let be any segment which, with its ends A and J5, 
is contained in a segment and let s^ denote the oriented segment 
obtained by associating with one of its sense-classes. The sense- 
class of is contained in a sense-class of s which is either S(AO) 
or S (OA) if 0 is any point of aK In the first case A is said to be 
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positively related to and in the second case A is said to be nega- 
tively related to 

To aid the intuition, we may think of an oriented segment as marked with 
an arrow, the head of which is at the end which is positively related to the 
oriented segment. 

Obviously, if one end of an oriented segment is positively related 
to it, the other end is negatively related to it, and vice versa. 

Definition. The sense-class S(A^A^A^ of a polygon^^^^ • • • 
and the sense-class S {AB) on the edge A^A^ are said to agree in 
case of the order {A^ABAJ- and to disagree in case of the order 
{A^BAA^. 

Eeturning to the notation of § 186, the segments al^ • • niay 
each be associated with two senses. They thus give rise to 2(X^ 
directed segments. Assigning an arbitrary one of the two senses to 
each o}y we have oriented segments to which we may assign the 
notation • • •, We shall denote the oriented segment obtained 

by changing the sense-class of sf by — si and call it the negative of $^. 

The relations of the to the points a®, • • may be indicated 
by means of a matrix which we shall call E^. In the matrix 
the element of the ith row and yth column shall be 1 , — 1 , or 0 , 
according as the point a? is positively related to, negatively related 
to, or not an end of, the oriented segment $j. 

It is clear that the signs 1 and — 1 are interchanged in the yth 
column of this matrix if the sense-class of sj is changed. Since the 
sense-class of each segment is arbitrary, a matrix equivalent to E^ 
can be obtained from the matrix H^, § 186, by arbitrarily changiag 
one and only one 1 in each column to — 1 . 

In the case of the triangle, by letting the segments a, d, ) 8 , 7 , 7 
give rise to s^, s^, • 1 ’^sp^^tively, we derive the following matrix 
feom of § 161: 


E, : 


The elements of the matrix E^ may be regarded as the coefficients 
of a set of linear equations analogous to the equations (H^) of §186, 
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wliere, however, the variables and coefficients are not reduced with 
respect to any modulus. These eq[uations arise as follows: 

Let {x^y be a symbol in which the x'b can take on any 

integral values, positive, negative, or zero, and let this symbol rep- 
resent a set of oriented segments comprising si counted times if 

is positive, — 5 / counted — times if x^ is negative, and neither 
si nor — si if x^ is zero, i taking on the values 1, 2, • • •, oc^. 

The sense-class of an oriented polygon agrees with a definite sense- 
class of each of its sides and thus determines a set of oriented seg- 
ments. The symbol • • •, x^l) for this set of oriented segments 

may also be regarded as a symbol for the oriented polygon. Each 
vertex of the polygon is positively related to one of the oriented 
segments represented by {x^y x^l) and negatively related to 

another. Thus if si and 5 / meet at a certain vertex to which they 
are both positively related according to the matrix E^, we have 
that l and Xj= — 1 or that a?—— 1 and Xj—1 in the symbol 
x^ for any directed polygon containing the sides a,, and aj. 
The x's corresponding to the segments not in the polygon must of 
course be zero. Hence the symbol • • •, x^D must satisfy the 
linear equation whose coefficients are given by the row of cor- 
responding to the vertex in question. If and Sj are oppositely 
related to a vertex according to the matrix E^, we must have x~l 
and Xj = l or x~ — l and x~--l in the symbol for any directed 
polygon containing the sides a. and aj. Hence in this case also the 
linear equation given by the corresponding row of E^ must be satis- 
fied. Finally, the equation given by a row of E^ corresponding to 
a point which is not a vertex of the polygon is satisfied because 
all the xls corresponding to edges meeting at that point are zero. 
Hence the symbol for a directed polygon micst be a solution of the 
linear equations whose coefficients are the elements of the rows of the 
matrix E^. These equations shall he denoted by (E^). In the case of 
the triangle they are + a;, + a;, = 0, 

( 6 ) x^ + x^-x^-x^=Q, 

By reasoning entirely analogous to that of § 186, it follows that 
any solution of (EJ in integers represents one or more directed 
simple polygons. The situation here differs from that described in 



§ 1 ^] 


MATEICES OF OEIENTATIOIT 


48T 


the modulo 2 case, in that the same side may enter into more than 
one polygon and the same polygon may be counted any number of 
times in a set of polygons. 

Since each column of the matrix contains just one 1 and 
one ”1, the sum of the left-hand members of the equations (E^) 
vanishes identically. There can be no other linear homogeneous 
relation among the equations (E^), because the matrix E^ and the 
equations (E^) when reduced modulo 2 are the same as and 
(H^), and so any linear relation among the equations (E^) would 
imply one among (HJ.* Hence the number of linearly independent 
equations of (E^) is The number of variables being the 

number of linearly independent solutions is — a:^-f 1. In view of 
Theorem 74, this number is equal to 

It will be recalled that in the modulo 2 case one class of solu- 
tions of Equations (H^) is given by the columns of the matrix H^. 
These columns are the notation for the polygons bounding the con- 
vex regions ai, • . •, If each of these polygons be replaced by 
one of the two corresponding directed polygons, a set of solutions is 
determined for the equations (E^). These solutions are obtained 
directly from the matrix by introducing minus signs so that the 
columns become solutions of (EJ. This is possible in just two ways 
for each column, because each polygon bounding an has two and 
only two sense-classes. A matrix so obtained shall be denoted by 
Ejj. In the case of the triangle such a matrix is 

0-1 0 
10-10 
0 110 
-1 0 0-1 

0 0 1-1 

1-1 0 0 / 

It is evident on inspection that the rank of this matrix is equal 
to the number of columns. That is to say, unlike those of H^, the 

* The coefficients of any linear homogeneous relation among the rows of may 
be taken as integers having no common factor. Hence on reducing modulo 2 it 
would yield a linear relation among the rows of But as the only linear relation 
among the rows of is that the sum of all the rows is zero, there is no linear rela- 
tion among the rows of E^ not involving all the rows. There could not be two spch 
relations among all the rows of E^, because by Combining them we could derive a 
relation involving a subset of the rows. 
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mlumns of are linearly iindepeTident The same proposition holds 
good for the matrix in the general case. Tliis can be proved as 
follows : 

By the reasoning used above for the rows of and it fol- 
lows that any linear relation among the columns of implies one 
among the columns of Since the only such relation among the 
columns of involves all the columns, we need only investigate 
linear homogeneous relations among the columns of E^ in which all 
the coefi&cients are different from zero. If such a relation existed, 
two columns of corresponding to regions having an edge in 
common would have numerically equal multipliers in the relation, 
else the elements corresponding to the common edge would not 
cancel. But since any two of the convex regions can be joined 
by a broken Line consisting only of points of these regions and of 
the edges of their bounding polygons, it follows that all the coeffi- 
cients in the relation would be numerically equal, ie. they could all 
be taken as -h 1 or — 1. 

Now the n lines containing all the points and segments 

of our figure are not all concurrent ; three of them, say h* form 
a triangle. Let us add together all the terms of the supposed rela- 
tion corresponding to regions in one of the four triangular regions 
determined by Z^, Z^. The elements corresponding to edges interior 
to this triangular region must aU cancel, because they cannot cancel 
against terms corresponding to regions exterior to the triangular 
region. The sum must represent an oriented polygon of which the 
edges are all on the boundary of the triangular region. This oriented 
polygon, by § 183, must be identical with the boundary of the tri- 
angular regions associated with one of its two sense-classes. If we 
operate similarly with the other three triangular regions determined 
by Z^, Z^, Zg, we obtain three other oriented polygons. But since the 
linear combination of the columns of E^ is supposed to vanish, each 
edge of the four triangular regions should appear once with one 
sense and once with the opposite sense, and this would imply that 
in the case of a triangle there would exist a linear homogeneous 
relation among the columns of E^, contrary to the observation above. 
Hence in every case the columns of are linearly independent 

Since there are only linearly independent solutions of the Equa- 
tions (Ej), it follows that all the solutions of (E^) are linearly 
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dependent on the eolmnns of E^. This is in sharp contrast with the 
property of the equations (HJ stated at the end of § 186. 

196. Odd and even polygons in the projective plane. Let us apply 
the results of the section above to the theory of odd and even poly- 
gons. Since any polygon is expressible in terms of the columns of 
an odd polygon must be so expressible. Let us write this expres- 
sion in the form 

t=l 

where • * *, represent the columns of p is the symbol for 
the given oriented polygon, and p and are integers which 

may be taken so as not to have a common factor. 

Since the coefficients do not have 2 as a common factor, (7) does 
not vanish entirely wLen reduced modulo 2. But since an odd polygon 
is not expressible in terms of the columns of p must contain the 
factor 2, and (7) must reduce, modulo 2, to an identity among the 
columns of H^. The only such identity is the one involving all 
the columns of H^. Hence the y/s are all odd. But in order that 
the edges not on the odd polygon p shall vanish, the y's correspond- 
ing to having an edge in common must be equal. Since any two 
points not on p can be joined by a broken line not meeting p 
(Theorem 76), it follows that all the y’s are equal If they are all 
taken equal to ± h, it is obvious that p = 2h Hence we have the 
theorem ; 

Theobem 93. The symbol p for any odd polygon is expressible in 
the form ^ 

( 8 ) 

i=l 

where each e^ is + 1 or — 1. 

This theorem may be verified in a special case by adding the columns of 
the matrix Eg given above for a triangle. The sum is (0, 0, 2, — 2, 0, 0), which 
represents a line counted twice. The number 2 is called the coefficient of torsion 
of the two-sided polygon (cf . Poincar^, Proceedings of the London Mathematical 
Society, Vol. XXXII (1900), p. 277. The systematic use of the matrices E^, Eg, 
etc. is due to Poincar6). 

Another form of statement for Theorem 93 is the following : If the 
region bounded by an odd polygon p be decomposed into convex regions 
each bounded by an even polygon, emh edge of p is on the boundary of 
two of these convex regions. 
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An even polygon f is also expressible in tlie form (7). Aside 
from a common factor of all the coefficients, there is only one ex- 
pression for p of the form (7), for if not, by eliminating ‘p we could 
obtain a linear homogeneous relation among the columns of E^. 

Let R be one of the two regions bounded (Theorem 75) by p, 

which contains one of the convex regions ai for which the corre- 

sponding Hi in (7) is not zero. Any two s‘^’s corresponding to a^’s 
having an edge in common must be multiplied by numerically 
equal y’s in (7) in order that the symbol for the common edge 
shall not appear in p. Since any two points of R can be Joined by 
a broken line consisting entirely of points of R, this implies that 
tlie coefficients y,. corresponding to the a“’s in R are all numerically 
equal to an integer Ic. From this it follows that the sum of the 

terms in the right-hand member of (7) which correspond to a^’s in 

R is equal to p, because each edge of p is an edge of one and only 
one of the a^’s in R. Since the equality Just found is of the form 
(7), and (7) is unique, we have that p and • • •, y^, are all numeri- 
cally equal to A;. Obviously the factor Tc can be divided out of (7). 
Hence we have 

Theorem 94. The symbol p for an even polygon is expressible in 
the form 
(9) 

whm e. is +1 or —1. The aFs stieh that the e^s with the same 
subscripts are not zero are the a?s in one of the regions R referred to 
in Theorem 75. 

DEFmiTlON. By the interior (or inside) of an even polygon is meant 
that one of the two regions determined according to Theorem 94 
which contains the afs having the same subscripts as the non-zero 
e!s in (9). The other region is called the exterior of the polygon. 


EXERCISE 

Identify the interior of a two-sided polygon as defined above with the 
interior as defined in § 187. 

197. One- and two-sided polygonal regions. Let A^, • • A 

be a polygon which is the boundary of a convex region R for which 
there is a convex region R' containing R and its boundary. If 0 and 



§197] 


MATRICES OF OEIElfTATIO]Sr 


491 


O' are any two points of R, then S{0A^A^=S{0' A^A„) (of. § 161) with 
respect to R' because 0 and O' are on the same side of the Jii.e in 

R ■ S(OA^A^ = S{OA^A^=. . .=S(OA„AJ 

because and are on opposite sides of the line OA^, A^ and A^ 
are on opposite sides of the line OA^, etc. 

A sense-class in R, which we shall call positive, determines a 
positive sense-class in any convex region containing R, i.e. the 
sense-class containing the given sense-class of R. This, in view of 
the paragraph above, determines a unique sense-class on the poly- 
gon bounding R, by the rule that if S{OA^A^) is positive, where 0 
is in R, then S(A^A^A^) is positive on the boundary of R; and if 
S(OA^AJ is positive, then S(A,^A^AJ is positive on the boundary of R. 
From § 161 it follows without difficulty that this determination is 
independent of the choice of the convex region R'. 

Conversely, it is obvious that by this rule a sense-class on the 
boundary of R determines a definite sense-class in R. 

Definition. Let be any planar convex region which, with its 
boundary, is contained in a convex planar region R, and let a} be 
any segment on the boimdary of a^. Let s^ denote the oriented 
segment obtained by associating a} with one of its sense-classes, 
and denote the oriented region obtained by associating with 
one of its sense-classes. The sense-class of is contained in a 
certain sense-class of R which may be denoted by 8 {GAB), where 
0 is in and A and B are on a}. If S{AB) is the sense-class of 
then and 5^ are said to be positively related \ and if S{AB) is not 
the sense-class of they are said to be negatively related. 

As pointed out above, this definition is independent of the choice 
of R. Let R^ and R^ be two convex regions having no point in com- 
mon and bounded by two polygons A^A^A^ • • • A^AJB^ * * • 

respectively which have in common only the vertices A^ and A^ and 
the points of the edge A^A^. Suppose, also, that R^, R^ and their 
boundaries are contained in a convex region R. These conditions are 
satisfied if and R^ are a^'s, and A^A^ is an a^, determined by a set 
of lines four of which are such that no three are concurrent. 

The rule given above for determining positive sense on the 
boundaries of R^ and R^ requires that if 8 {0 A A„) is positive for 
0 a point of R„ then 8 (A^AA^) must be posit ive on tlie boundary 
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of where A is a point of the edge point of R^, 

it is on the opposite side of the line from 0 in R. Hence 
S((yA^A^) is positive, and hence S(A^AAj) must be the positive sense- 
class on the boundary of R. 

Let Rj and R^ be two of the a^s determined by a set of lines 
let the boundary of R^ associated with the positive 
sense-class as determined in the last paragraph be denoted by 
according to the notation of § 196 ; and let the 
boundary of R^ associated with the positive sense-class determined 
at the same time be • • •> The notation may be assigned 

so that and refer to the edge A^A^ common to the boundaries 
of Rj and R^. In this case, if — and if 1, 

for the positive sense for the boundary of R^ is S (A^AA^) and for 
the boundary of R^ is S (A^AAJ. Hence the sum of the two sym- 
bols . . •, Xa) and (y,, • • •, is the symbol for the bound- 

ary of the region R' composed of R^, R^ and the common edge A^A^, 
this boundary being associated with a sense-class which agrees 
with the positive sense-class on any edge of the boundary of R^ or 
R^ which is an edge of the boundary of R^ 

By repeated use of these considerations it follows that if a set of 
a^'s with their boundaries constitute a convex region R and its 
boundary, the symbol • • *, for the boundary of R asso- 

ciated with a sense-class which is designated as positive, is the sum 
of the symbols for the boundaries of the a^% each associated with 
its positive sense-class. In other words, the symbol for the boundary 
of R associated with its positive sense-class is the sum of a set of 
columns of H^, each multiplied by -f- 1 or — 1 so that it shall be the 
symbol for the boundary of the corresponding associated with the 
sense-class which is positive relatively to the positive sense-class 
of R. By comparison with Theorem 94, it follows (as is obvious 
from other considerations also) that any polygon which is the 
boundary of a convex region is even. 

The argument in the paragraph above applies without essentia] 
modification to any region bounded by a polygon and having a 
unique determination of sense according to § 168. Hence any poly- 
gon bounding a two-sided region is even. 

Moreover the steps of the argument may be reversed as follows : 
If the symbol for any oriented polygon p be expressible in terms 
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of the colmnns of H2, in the form (7), where the non-zero coefficients 
are 64 ^, • • •, Cijc, p is the boundary of the region R consisting of 
and those points of their boundaries which are not 
on p. If R' is a convex region contained in R, and its positive 
sense-class be determined as agreeing with the positive sense-class of 
one of the regions it must agree with that of every 

with which it has a point in common ; for otherwise the symbols 
for the common edges of two of the a*^s would not cancel in (7). 
If R" is any other convex region contained in R, and its positive 
sense-class is also determined by this rule, the positive sense-classes 
of R' and R" must, by definition, agree in any region common to 
R' and R". Hence R is two-sided according to § 168. Thus we 
have by comparison with § 196 

Theorem 95. The interior of an even polygon is a two-sided region, 

198. One- and two-sided polyhedra. Let the vertices of a poly- 
hedron be denoted by ^2°, • • *, the edges by 
and the faces by ai®, • • •, Assigning an arbitrary one of its 
sense-classes to each edge, there is determined a set of oriented 
segments S2h * * •, and a matrix 

El = 

in which f = 1, 2, • • •, ao ; j = 1, 2, * • •, ax ; and is -f 1, — 1, or 
0, according as is positively related to, negatively related to, or 
not an end of s/. 

Assigning an arbitrary one of its sense-classes to each face, there 
is determined a set of oriented planar convex regions Si^, s^^ * • •, Sa^ 
and a matrix 

ii>2 — 

in which i = 1, 2, • • *, <Xi ; J= 1, 2, • • -, 0:2 ; and €*,2 is 4. 1, — or 0, 
according as is positively related to (cf. § 197), negatively related 
to, or not on the boundary of s/. By the last section each column 
of E2 is the symbol (xi, X2, • • in the sense explained in § 195, 

for an oriented polygon obtained by associating the polygon bound- 
ing one of the s with one of its sense-classes. Changing the sense- 
class assigned to any to determine the corresponding s^ amounts to 
multiplying all elements of the corresponding column of E2 by — 1. 

For simplicity let us at first restrict attention to polyhedra in 
which each edge is on the boundaries of two and only two faces. 
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In this case there are just two non-zero elements in each row of 
Hence the sum of the columns of will reduce to (0, 0, • • 0) if 

and only if the sense-classes have been assigned to the faces of the 
polyhedron in such a way that one of these elements is 4- 1 and 
the other — 1 in each row. This means that each is positively 
related to one of the r’s on whose boimdary it is and negatively 
related to the other. Thus the faces are related as are the 
which constitute a two-sided region bounded by an even polygon 
in the plane {§ 197). 

EefCsITIOX. a polyhedron for which the sense-classes can be 
assigned to the edges and faces in such a way that each edge is 
positively related to one of the faces on whose boundarj^ it is and 
negatively related to the other, is said to be two-sided, or bilateral ; 
and one for which this assignment of sense-classes is not possible is 
said to be onesided, or unilateral. 

Changing the assignment of sense-classes on an edge amounts 
merely to multiplying the corresponding column of and row of 
l^y __ and changing the assignment of sense-classes on a face 
amounts to the same operation on a column of E^. Consequently 
the polyhedron is two-sided if there is a linear relation whose coeffi- 
cients are I's and — I’s among all the columns of E^, and it is one- 
sided if there is no such relation. It is also obvious from these 
considerations that if a polyhedron satisfies the definition of two- 
sidedness (or of one-sidedness) for one assignment of sense-classes to 
its edges, it does so for all assignments. We therefore infer at once : 

Theorem 96. A polyhedron is one- or two-sided according as the 
Tank of Eg is or — 1. 

By reference to § 195 we find 

Corollary. The projective plane is a one-sided polyhedron. 

In tLe case of any polyhedron in which each edge is on the boundary of 
only two faces, it is seen that the only possible linear relation among the 
columns of Eg reduces to one in which each coefficient is + 1 or — 1, for any 
other relation would imply that a subset of the faces determines a polyhedron. 

Theorem 97. A polyhedron bounding a convex region R which is 
contained with its boundary in a convex region R^, is two-sided. 

Proof. Let sense-clasrses be assigned to the edges in an arbitrary 
way, but let sense-classes be assigned to the faces according to the 
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following rule: Let a given sense-class S{FQET) in R' be desig- 
nated as positive. Let O be any point of R and A, B, (7, three non- 
collinear points of a face of the polyhedron. The sense-class S{ABC) 
is assigned to this face if and only if S(OABC) is positive. 

There is no difficulty in proving that if C and JD are two points 
of an edge s/ of the polyhedron bounding R, and B and B' points 
of the two faces having this edge on their boundaries, then B and 
B' are on opposite sides of the plane OCB. Hence 

S(OCDB) ¥= S(OOJ>B^). 

Hence the sense-classes are assigned according to the rule above to 
the two faces having the edge on their boundaries in such a way 
that s} is positively related to one and negatively related to the other. 

Definition. By an oriented polyhedron is meant the set of oriented 
two-dimensional convex regions [ 5 ^] obtained by associating each face 
of a two-sided polyhedron with a sense-class in such a way that if 
sense-classes are assigned arbitrarily to the edges to determine directed 
segments, each of these directed segments is positively related to one 
of the oriented two-dimensional convex regions on whose boundary 
it is and negatively related to the other. The 5^’s are called the 
oriented faces of the oriented polyhedron, and the its ooneTited 
edges. 

OOEOLLAKT. A given two-sided polyhedron determines two and only 
two oriented polyhedra according to the definition above. 

Definition. Let be a three-dimensional convex region which 
is contained with its boundary in a couvex region R, and a two- 
dimensional convex region on the boundary of a®. Let s® denote 
associated with one of its sense-classes, and let s^ denote aj^ associated 
with one of its sense-classes. The sense-class of / is contained in 
one of the sense-classes, say S, of R. Let 0 be a point of a®, and 
A, B, C three points of such that S{OABC) is S. Then if S{ABC) 
is the sense-class associated with to form s^, and 5 ® are said to 
be positively related. Otherwise they are said to be negatively related. 

By § 161 this definition is independent of any particular choice 
of the convex region R containing a® and its boundary. From what 
has been proved above it follows that if each a^ on the boundary 
of an a® is associated with, a sense-class in such a way as to be posi- 
tively related to the oriented region determined by (35® and one of its 
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sense-classes, this set of oriented two-dimensional convex regions is 
an oriented polyhedron. 

The definitions made in this section are extended to polyhedra 
in which each edge is on an even number of faces (instead of only 
two, as we have been supposing) as follows : 

Djbfinitiox. a polyhedron is said to be two-sided if sense-classes 
can be assigned to the edges and faces in such a way that each 
resulting oriented edge is positively related and n^atively related to 
equal numbers of the resulting oriented faces. 

EXERCISES 

1. An odd polyhedron is one-sided and an even polyhedron is two-sided. 

2. Make a discussion of one- and irwo-sided polyhedral regions in space 
analogous to the discussion for the two-dimensional case in § 197. 

199. Orientation of space. The matrices of § 195 can be general- 
ized to the three-dimensional case. Let $1, be the oriented 

segments obtained by assodating each of the segments a}, al^ 

with an arbitrary one of its sense-classes. In the first matrix, 

t = 1, 2, • . y=l, 2, . . and 4 is +1, —1, or 0 according 
as is positively related to, negatively related to, or not an end 
ot sj, Ej can be formed from by changing one 1 to a —1 in 
each column. The choice of the —1 in theyth column amounts to 
the choice of the sense-class on which determines sj. As an 
exercise, the reader should form from the given for a tetra- 
hedron in § 152. 

Sets of oriented segments are represented as in § 195 by sym- 
bols of the form (x^, x^, • • •, where the x's are positive or 
negative integers. By the same argument as in § 195, if this symbol 
represents a set of oriented segments each of which is an edge of a 
polygon associated with that one of its sense-classes which agrees with 
a fixed sense-class of the polygon, it is a solution of the equations, 

(Ej) 0, (i = l,2,.. a^) 

and, conversely, any solution of these equations is the symbol for one 
or more such sets of oriented segments. Thus any solution of (E^) 
may be regarded as representing one or more oriented polygons. 
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Let Sj, * ' *> ^4 oriented two-dimensional convex regions 

obtained by associating each with an arbitrary one of its sense- 
classes. The oriented two-dimensional regions obtained by associating 
the /’s with the opposite sense-classes may be denoted by 
— Sg . • * — ^4 r^P^ctively. In the second matrix, 

E,= {e|), 

i = 1, 2, • • ; y = 1, 2, • . ; and €| is 1, — 1, or 0 according as sj 

is positively related to, negatively related to, or not on the boundary 
of Sj. Eg can be formed from by changing some of the I’s in 
each column of to — I’s in such a way that each column shall 
be a symbol x^, • • x^^) for a set of s^'s whose sense-classes all 
agree with that of the oriented polygon determined by associatmg 
the boundary of with one of its sense-classes. This is possible 
by the argument at the beginning of § 197, since each column 
of Hg is the symbol for the boundary of one and only one a\ As an 
exercise, the reader should form from the given for a tetra- 
hedron in § 152. 

A symbol of the form (x^, in which each is a posi- 

tive or negative integer or zero may be taken to represent a set of 
oriented two-dimensional convex regions which includes sf counted 
X. times if x. is positive, — s? counted — times if x^ is negative, 
and does not include s? if is zero. If this symbol represents an 
oriented polyhedron (§ 197), it is a solution of the equations 

(E,) = = 

J = 1 

For consider the ^'th of these equations : 

<^ 1 + 4 ^ 2 +* • • + 

If an oriented face of the oriented polyhedron is positively related 
to it contributes a term -fl to the left-hand member of this 
equation ; for if is this oriented face, Xj^== 1 and 1 ; and ii 
is this oriented face, ^ 2 ?;^.== — 1 and ^=—.1. An oriented face which 
is negatively related to 5 J contributes a term — 1 to the left-hand 
member of this equation ; for if is this oriented face, Xj^=l and 
— 1 ; and if — is this oriented face, — 1 and 1. Hence 
there are as many terms equal to -|-1 as there are oriented iaices 
positi''^"'*Y related to sJ, and as many terms equal to —1 as there are 
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oriented faces negatively related to $]. If neither nor — is in 
the oriented polyhedron, or if does not have on its boundary, 
the Ath term of this equation is zero, for in the first case 0 and 
in the second case 4=0. Hence by the definition of an oriented 
polyhedron, each of the equations (E^) is satisfied if 
represents an oriented polyhedron. In particular (Theorem 9/) the 
symbol for either oriented polyhedron determined by the boundary 
of an is a solution of (E^)- 

One-sided polyliedra do not give rise to solutions of (E^). 

Let si and - si, s® and - 4 and -4 be the pairs of 

oriented three-dimensional convex regions determined by al, • * •, 4 
respectively according to the definition in § 197. In the third matrix, 

£ 3 = (4)^ 

i?==l, 2 , - - •, y =: 1 , 2 , . . a:^; and 4 is + 1 , “ 1 , or 0 according 
as 5 / is positively related to, negatively related to, or not on the 
boundary of sf. The matrix Eg can be formed from Hg by changing 
l»g to — I's in the columns of Hg in such a way that the resulting 
columns are the symbols for oriented polyhedra and therefore solu- 
tions of {EJ. This is possible by Theorem 96. As an exercise, the 
reader should form Eg from the Hg given for a tetrahedron in § 152. 

The sum of the columns of is (0, 0, • • •, 0) because each row 
of contains one -f 1 and one — 1. There can be no other linear 
relation among the columns of E^, because this would imply, on 
reducing modulo 2 , more than one linear relation among the columns 
of Hj. Hence the rank of is oCq—I, and the number of solu- 
tions of in a Hnearly independent set on which aU the solutions 
are linearly dependent is a^—a^+1. 

Since the rank of is and since every homogeneous Hnear 

relation among the columns of E^ implies one among the columns 
of Hg, the rank of Eg is at least — It is, in fact, at least 
— because, by Theorem 93, the symbols for a set of columns 
which represent oriented polygons bounding all the 
of a projective plane satisfy a relation of the form 

( 10 ) + — 2 Z, 

where I is the symbol for a line in this plane and 

-pi or — 1 . Reducing modulo 2, this gives rise to a homogeneous 

linear relation among the columns of which is not one of those 
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obtained by reducing the homogeneous linear relations among the 
columns of E^. 

Thus there are at least a ^ + 1 linearly independent columns 

of E^. These are all solutions of (E and as there are not more than 
+ 1 linearly independent solutions of (E^), there are not more 
than a ^ + 1 linearly independent columns of E^. Hence the 

rank of E^ is — which by Theorem 85 is the same as 

S - ^3 + 1- 

In consequence, the symbol {x^, for any oriented poly- 

gon is linearly expressible in terms of the symbols for oriented poly- 
gons which bound convex planar regions. It can easily be proved 
that in case of an odd polygon this expression takes the form (10) 
where, however, the polygons denoted by • • •» Cj^ are not neces- 
sarily all in the same plane. 

Since the number of variables in the equations (E^) is and the 
rank of E^ is ~ + 1, the number of solutions in a linearly inde- 

pendent set on which all solutions are hnearly dependent is ■— 1. 
The columns of Eg are all solutions of (E.^). Hence the rank of Eg 
cannot be greater than — 1. It cannot be less than — 1, because, 
on reducing modulo 2, this would imply that the rank of H^ was 
less than — 1. Hence the rank of Eg is — 1. Since the symbol 
for any oriented polyhedron whose oriented faces are s^s or — is 
a solution of (E^), it follows that it is expressible linearly in terms 
of the symbols for oriented polyhedra which bound convex three- 
dimensional regions. 

Since the rank of Eg is — 1, the set of equations 

(Eg) ^ (i = 1, 2, . . «g) 

must have one solution distinct from (0, 0, . • •, 0). When reduced 
modulo (2) this solution must satisfy (Hg) and therefore, by § 190, 
reduce to (1, !,•••, 1). Since each equation in the set (Eg) has 
only two coefficients different from zero, and these coefficients are 
± 1, it follows that all the x's are numerically equal in a solution 
ajg, • . ., of (Eg). Since the equations are homogeneous, all 
the x^B may be taken to be -f-1 or —1. 

The ith of these equations is of the form 
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being +1 or —1 according as s- is positively or negatively 
related to and being +1 or —1 according as sf is positively 
or negatively related to Hence, if tbe set of regions represented 
by a solution in which the so's are db 1 includes that one of and 
to which sf is positively related, it also includes that one of 
Sy® and — to which sf is negatively related ; and if it includes that 
one of and - s? to which sf is negatively related, it also includes 
that one of sf and ~ to which sf is positively related. 

Hence the existence of a solution of (E^) other than (0, 0, • • •, 0) 
implies the existence of a set of 5 ®’s and — such that each is 
positively related to one of them and negatively related to another. 
Since the notation Sj and — sf may be interchanged by multiplying 
the yth colunm of by —1, the notation may be so arranged that 
(1, !,•••, 1) is a solution of E^. With the notation so arranged, 
each sF is positively related to one s* and negatively related to another. 
We thus have 

Theorem 98. If each of the a^s determiTied by a set of planes 
TTj, • • •> ^ projective space is arbitrarily associated with one 

of its sense-classes to determine an oriented planar convex region 
each of the a^s can be associated with one of its sense-classes to deter- 
mine a three-dimensional convex region s^ in such a way that each 
is positively related to one s^ and negatively related to another. 

The set of 5 ®’s described in this theorem is a generalization of an 
oriented polyhedron as defined in § 198. If the definition of uni- 
lateral and bilateral polyhedra be generalized to any number of 
dimensions, it is a consequence of this theorem that the three- 
dimensional space is a bilateral polyhedron. In general, it can easily 
be verified, by generalizing the matrices E^, E^, Eg etc., that projec- 
tive spaces of even dimensionality are unilateral polyhedra and 
projective spaces of odd dimensionality are bilateral polyhedra. 

EXERCISE 

An odd two-dimensional polyhedron in a three-dimensional space is one-sided 
and an even one is two-sided. 
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Circular cone, 317 
Circular points, 120, 155 
Circular transformations, 225 ; direct, 
225, 462 ; types of direct, 246, 248 
Clebsch, A., 366, 368, 369, 377 
Clifford, W. K., 293, 347, 361, 874 
Clifford parallel, 374, 375, 377, 444 
Clockwise sense, 40 
Closed curve, 401 
Closed cut, 14 
Coble, A. B., iii 
Coefficient of torsion, 489 
Cole, F. N., 222 

Collinear vectors, 84 ; ratio of, 85 
Collineations, affine, 72, 287 ; direct, 61, 
64, 65, 107, 438, 451 ; direct, of a 
quadric, 260; equiaffine, 105; focal 
properties of, 201 ; involutoric, 267 ; 
opposite, 61, 438, 451 ; in real projec- 
tive space, 252 

Commutative law of multiplication 
equivalent to Assumption P, 3 
Complementary segments or intervals, 46 
Complex elements, 156 
Complex function plane, 268 
Complex geometry, 6, 29 
Complex inversion plane, 264, 265 
Complex line, 8 ; order relations on, 437 ; 
and real Euclidean plane, correspond- 
ence between, 222 

' unplex plane, 154 ; inversions in, 235 
)inplex point, 8, 166 
'one, circular, 317 
Confocal conics, 192 
Confocal system of quadrics, 348 
Congruence of lines, 275, 283 ; elliptic, 
4&; right-handed and left-handed 
elliptic 444 

Congruent figures, 79, 80, 94, 124, 134, 139, 
144, 297, 303, 352, 369, 373, 375, 394 
Conic, 82, 168, 199 ; absolute, 350, 371 ; 
asymptotes of, 73 ; axis of, 191 ; center 
of, 73 ; central, 73 ; confocal, 192 ; 


diameter of, 73 ; directrix of, 191 ; 
eccentricity of, 396 ; eleven-point, 82 ; 
equation of, 202, 208 ; exterior of, 171, 
174, 176; focus of, 191; interior of, 
171, 174, 176 ; invariants of, 207 ; latus 
rectum of, 198 ; metric properties of, 
81 ; nine-point, 82 ; normal to, 1 73 ; 
ordinal and metric properties of, 170 ; 
outside of, 171; parameter of, 198: 
projective, affine, and Euclidean clas- 
sification of, 186, 210, 212 ; a simple 
closed curve, 402 ; vertex of, 191 
Conjugacy under a group. 39 
Conjugate imaginary elements, 182 
Conjugate imaginary lines, 281, 282, 444 
Conjugate points with respect to a chain, 
243 

Connected set, 404 ; of sets of points, 405 
Connectivity of a polyhedron, 475 
Constructions, ruler and compass, 180 
Continuity, assumptions of, 16 
Continuous, 404 
Continuous curve, 401 
Continuous deformation, 406, 407, 410, 
462 

Continuous family of points, 404 
Continuous family of sets of points, 405 
Continuous family of transformations, 
406 

Continuous group, 406 
Continuum, 404 

Convex regions, 385-394 ; linear, 47 ; 
sense in overlapping, 424; oriented 
or directed three-dimensional, 484 ; 
oriented or directed two-dimensional, 
484 

Coolidge, J. L., 229, 360, 362 
Coordinate system, positive, 407, 408, 
416 ; right-handed, 408, 416 
Coordinates, harycentric, 106, 108, 292 ; 
polar, 249 ; rectangular, 311 ; tetra- 
cyclic, 253, 254, 255 

Correspondence, between the complex 
line and the real Euclidean plane, 
222 ; betv^een the real Euclidean 
plane and a complex pencil of lines, 
238 ; between the rotations and the 
points of space, 328; perspective, 
271 ; projective, 272 
Cosines, direction, 314 
Cremona, L., 168, 251, 348 
Criteria, of sense, 49 ; of separation, 56 
Crossings of pairs of lines, 276 
Cross ratio, equianharmonic, 259 ; of 
points in space, 56 

Curvature, center of, 201 ; circle of, 201 
Curve, 401 ; bilinear, 269 ; closed, 401 ; 
a conic a simple closed, 402 ; equi- 
distantial, 356 ; normal, 286 ; path, 
249, 356, 406 ; positively or nega- 
tive! v oriented, 462 ; rational, 280 ; 
simple, 401 
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Cut-point, 14, 21 

Cuts, open and closed, 14 ; algebraic, 35 
Cyclic projectivity, 268 

Darboux, G., 251, 324 
Bedekind, R., 60 

Deformation, continuous, 406, 407, 410, 
452 

Degenerate circle, 253, 266 
Degenerate sphere, 315 
Dehn, M., 290 
De Paolis, R., 362 
Describe, 401 

Diagonals of a quadrangle, 72 
Diameter, of a conic, 73 j end of, 151 ; 

of a quadrilateral, 81 
Dickson, L. E., 35, 339, 341 
Differential of arc, 366 
Dilation, 95, 348 

Direct collineatxon, 61, 64, 65, 107, 438, 
451 ; of a quadric, 200 
Direct projectivities, 37, 38, 407 
Direct similarity transformations, 135 
Direct transformations, 225, 452 
Directed, oppositely, 433 ; similarly, 433 
Directed broken line, 484 
Directed interval, 484 
Directed polygon, 484 
Directed segment, 484 
Directed tluree-dimensional convex re- 
gion, 484 

Directed two-dimensional convex re- 
gion, 484 

Direction-class, 433 
Direction cosines, 314 
Directions, bundle of, 436 ; pencil of, 433 
Director circle, 200 

Directrices of a skew involution or line 
reflection, 258 

Directrix, of a circle, 192; of a conic, 
191 ; of a parabola, 193 
Disagree (sense-classes), 485 
Displacement, 123, 129, 138, 143, 297, 
317, 326, 362, 369, 373 ; parameter rep- 
resentation of, 344 ; parameter repre- 
sentation of elliptic, 377; parameter 
representation of hyperbolic, 380 ; 
types of hyperbolic, 355 
Distance, 147, 157, 311, 364, 373 ; alge- 
braic formulas for, 365 ; of transla- 
tion, 326, 327 ; unit of, 147 
Doehlemann, K., 229, 230 
Double elliptic plane, 875 
Double elliptic plane geometry, 376 
Double points of projectivities, 5, 114, 177 
Doubly oriented line, 440, 442, 445, 447, 
449 

Doubly perspective, 448 
Down, 303 

Eccentric anomaly, 198 
Eccentricity of a conic, 196 


Edges, of a broken line, 454 ; of a poly- 
hedron, oriented, 495 
Eisenhart, L. P., 368 
Elementary transformations, 409, 411-' 
414, 418, 419, 421, 423, 430, 431, 434- 
437, 447, 455, 456; restricted, 410, 
414, 420, 430 

Elements, complex, 156 ; imaginary, 7, 
156, 182 ; ideal, 71, 287 ; improper, 71 
Eleven-point conic, 82 
Ellipse, 73, 140 ; area of, 150 ; foci of, 
189 ; im^inaiy, 187 
Elliptic congruence, 443 
Elliptic displacements, parameter rep- 
resentation of, 377 
Elliptic geometry, double, 375 
Elliptic geometry of three dimensions, 
373 

Elliptic pencils of circles, 242 
Elliptic plane, 371 ; double, 375 ; single, 
371, 375 

Elliptic plane geometry, 371 
Elliptic points, 373 
Elliptic polar systems, 218 
Elliptic projectivity, 5, 171 
Elliptic transformations, direct circular, 
248 

Emch, A., 230 
End of a diameter, 161 
Ends of a segment or interval, 45, 427 
Enriques, F., 302 
Envelope of lines, 406 
Equation of a conic, 202, 208 
Equations of the affine and Euclidean 
groups, 136, 136, 305; linearly inde- 
pendent, 406 ; and matrices, modular, 
464 

Equiaffine collineations, 105 
Equiaffine group, 105, 291 
Equianharmonic cross ratio or set of 
points, 259 

Equidistantial curves, 356 
Equilateral hyperbola, 169 
Equivalence, of ordered point triads, 
96, 288, 290 ; of ordered tetrads, 290 ; 
with respect to a group, 39 
Euclid, 360 

Euclidean classification of conics, 186, 
210 

Euclidean geometry, 117, 118, 119, 135, 
144, 287, 300, 302 ; assumptions for, 
59, 144, 302 ; as a limiting case of 
non-Euclidean, 375 

Euclidean group, 117, 118, 186, 144; 

equations of, 116, 136, 305 
Euclidean line, 68 

Euclidean plane, 58, 60-63, 71 ; and com- 
plex line, correspondence between, 
222, ^8 ; inversion group in the real, 
225 ; sense in, 61 

Euclidean spaces, 58^ 2 / 87 ; sense iu, 
Euler, E., 832, 837 
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ETen polygons, 470, 482, 489; in the 
projective plane, 489 
Even poiyhedra, 482, 483 
Expansion, 348 
Extension, assumptions of, 2 
Exterior, of an angle, 432 ; of a conic, 
171, 174, 176 ; of a polygon, 472 ; of an 
even polygon, 490 ; of a quadric, 344 
Exterior bisector, 179 

Faces of a polyhedron, 474 ; oriented, 
495 

Family of points, continuous, 404 
Family of sets of points, continuous, 405 
Family of transformations, continuous, 
406 

Fano, a., 11, 285, 286 

Feuerbach, 169, 233 

Field, Galois, 35 

Fine, H.B., 3, 18 

Finzel, A., 369 

Focal involution, 195 

Focal properties of collineations, 201 

Foci of an ellipse or hyperbola, 189 

Focus, of a circle, 192 ; of a conic, 191 ; 

of a parabola, 193 
Follow, 13, 37, 47, 48 
Forward, 303 

Foundations, of complex geometry, 29 ; 

of general projective geometry, 1 
Fubini, G., 362 
Function plane, 268 
Functions, trigonometric, 154 
Fundamental circles, 254 
Fundamental theorem of projectivity 
for a chain, 22 

Galois field, 35 
Gauss, C.F., 40, 361 
Generalization, by inversion, 231 ; by 
projection, 167, 231 
Geometrical order, 46 
Geometries, projective, 36 
Geometry, affine, 72, 147, 287 : assump- 
tions for Euclidean, 69, 144, 302 ; com- 
plex, 6, 29 ; corresponding to a group, 
70, 71, 78, 199, 285, 302 ; double ellip- 
tic, 375 ; elliptic, 371 ; Euclidean, 117, 
118, 119, 135, 144, 287, 800, 302; 
Euclidean, as a limiting case of non- 
Euclidean, 375 ; foundations of gen- 
eral projective, 1 ; generalized, 285 ; 
history of non-Euclidean, 360; hy- 
perbolic plane, 350 ; inversion, 219 ; 
inversion plane and hyperbolic, 357 ; 
modular, 253 ; of nearness, 303 ; non- 
Euclidean, 350 ; parabolic metric 
group and, 119, 130, 135, 144, 293; 
real inversion, 241 ; of reals, 140 ; 
three-dimensional elliptic, 373 ; three- 
dimensional hyperbolic, 369 
Grassman. F 168, 290 


Gravity, center of, 94 
Group, affine, 71, 72, 287, 305; conju- 
gacy under, 39; continuous, 406; of 
displacements, 129; equiaffine, 106, 
291 ; equivalence with respect to, 39 ; 
Euclidean, 116, 117, 118, 135, 144, 305 ; 
geometry corresponding to, 70, 71, 78, 
199, 285, 302 ; homothetic, 95 ; inver- 
sion, in the real Euclidean plane, 225, 
226 ; one-parameter continuous, 406 ; 
parabolic metric, and geometry, 119, 
130, 136, 144, 293 ; the projective, of 
a quadric, 259 ; special linear, 291 ; 
subgroups of the affine, 116 
Groups, algebraic formulas for certain 
parabolic metric, 135 ; equations of 
the affine and Euclidean, 116, 135, 
306 

Half turn, 299, 370 
Half twist, 324 
Halstead, G.B., 361 
Hamel, G., 28 
Hamilton, W.R., 339 
Harmonic homology, 257 
Harmonic separation, 45 
Harmonic sequence, 10, 33, 34 ; limit 
point of, 10 
Hatton, J. L. S., 168 
Heath, T. L., 3^ 

Heine, E., 60 
Hermitian forms, 362 
Hesse, 0., 284 
Hilbert, D., 103, 181, 394 
Homology, harmonic, 257 
Homothetic group, 95 
Homothetic transformations, 95 
Horocycle, 366 
Horosphere, 370 
Huntington, E. V., 3, 33 
Hyperbola, 73; equilateral, 169; foci 
of, 189 ; rectangular, 169 
Hyperbolic direct circular transforma- 
tions, 248 

Hyperbolic displacements, parameter 
representation of, 880 ; types of, 355 
Hyperbolic geometry, of three dimen- 
sions, 369 ; and inversion plane, 357 
Hyperbolic lines, 350 
Hyperbolic metric geometry in a plane, 
360 

Hyperbolic pencils of circles, 242 
Hyperbolic plane, 350 
Hyperbolic points, 360 
Hyperbolic projectivity, 6, 171 
Hyperbolic space, 869 

Ideal elements, 71, 287 
Ideal lines, 287, 860 
Ideal minimal lines, 265 
Ideal plane, 287 

Ideal points, 71, 266, 268, 287, 860 
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Ideal space, 58 
Imaginary circle, 187, 229 
Imaginary elements, 7, 156, 182 ; con- 
jugate, 182 

Imagiiiarv ellipse, 187 
Imaginary one-dimensional form, 156 
ImaLinai y lines, conjugate, 281, 282, 444 
Iina 1 ay/ ] oints, 8, 156 
Imaginary sph(*re, rotations of, 335 
Improper elements, 71 
Incomplete symbol, 41 
Independence of assumptions, 23; proofs 
of, 24-29 

Indnity, circle at, 293 ; line at, 58, 71 ; 
plane at, 287 ; points at, 71, 241, 268, 
287, 352 ; space at, 58 
Inside, of a conic, 171 ; of a quadric, 344 
Interior, of an angle, 432 ; of a conic, 
171, 174, 176; of an interval or seg- 
ment, 45 ; of a polygon, 472 ; of an 
even polygon, 490 ; of a quadric, 344 ; 
of a triangle, 389 
Interior bisector, 179 
Intermediate positions, 407 
Interval, 45, 46, 47, 60, 456 ; directed, 
484 ; ends of, 45, 427 ; oriented, 484 
Intervals, complementary, 46 
Intuitional description of the projective 
plane, 67 

Invariant subgroup, 39, 78, 106, 124 
Invariants of a conic section, 207 
Inverse matrix, 308 
Inverse points, 162 

Inversion, 162, 241, 266 ; generalization 
by, 231 ; in a complex plane, 235 
Inversion geometry, 219 ; real, 241, 268 
Inversion group in the real Euclidean 
plane, 225, 226 

Inversion plane, 268; complex, 264, 265; 

hyperbolic geometry and, 357; real, 241 
Inversor, Peaucellier, 229 
Involution, absolute, 110 ; focal, 195 ; 
order relations with respect to, 45 ; 
orthogonal, 119; skew, 258; axes and 
directrices of skew, 258 
Involutoric collineations, 257 
Involutoric projectivities, products of 
pairs of, 277 
Involutoric rotation, 299 
Irrational points, 17, 21 
Isogonality, 231 
Isomorphic, 3 

Isotropic lines, 120, 125, 265, 294 
Isotropic plane, 294 
Isotropic rotation, 299 
Isotropic translation, 317 

Jordan, C., 453 
Juel, C., 250, 251 

Klein, F., 71, 249, 278, 284, 286, 361, 362, 
374, 375, 446 


Kline, J. R., 375 
Koenigs, G., 324, 339 

Eatus rectum of a conic, 198 
Left-handed Clifford parallels, 374, 444 
Left-handed conjugate imaginary lines, 

444 

Left-handed doubly oriented lines, 442, 

445 

Left-handed elliptic congruence, 444 
Left-handed ordered pentads of points, 
442 

Left-handed ordered tetrad of points, 
442 

Left-handed regulus, 443 
Left-handed sense-class, 407, 416 
Left-handed triad of skew lines, 443, 447 
Left-handed twist, 417, 443 
Length of a circle, 148 
Lennes, N. J., 18, 457 
Lewis, G. N., 96, 138, 362 
Lie, S., 341 

Like sense-classes of segments, 436, 437 
Limit point of harmonic sequence, 10 
Limiting points of pencils of circles, 159 
Lindemann, F., 366, 368, 369 
Line, of centers, 159 ; complex, 8 ; 
doubly oriented, 440, 442, 445, 447, 
449 ; Euclidean, 68, 60 ; hyperbolic, 
350; ideal, 287, 350; imaginary, 156; 
at infinity, 68, 71 ; ordinary, 71, 287, 
350 ; oriented, 426 ; real, 166 ; sides 
of, 69, 392 ; similarly oriented with 
respect to, 426; translation parallel 
to, 288 

Line pairs, measure of, 163 
Line reflections, 109, 115, 258; direc- 
trices, or axes of, 258 ; orthogonal, 
120, 122, 126, 299, 317, 352, 370 
Linear convex regions, 47 
Linear group, special, 291 
Linearly dependent circles, 256 
Linearly dependent solutions of E^, 488 
Linearly independent columns of Eg, 488 
Linearly independent equations 
466 

Lines, broken, 464 ; congruence of, 275, 
383 ; conjugate imaginary, 281, 282, 
444 ; crossings of pairs of, 276 ; en- 
velope of, 406 ; ideal minimal, 266 ; 
meetings of pairs of, 276 ; minimal or 
isotropic, 120, 125, 265, 294 ; negative 
pairs of, 417 ; ordinary minimal, 265 ; 
orthogonal, 120, 138, 293, 350, 352 ; 
pairs of, 50, 163 ; parallel, 72, 287, 
361 ; perpendicular, 120, 138, 293, 369, 
373 ; positive pairs of, 417 ; singular, 
286 ; elementary transformations of 
triads of skew, 447; right- and left- 
handed triads of skew, 443 ; subdi- 
vision of a plane by, 51-63, 460-464 ; 
vanishing, 86 
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LobadievsM, N. I., 361 
Logarithmic spirals, 249 
Lower side of a cut, 14 
Loxodromic direct circular transfor- 
mations, 248 
Lliroth, J., 9 

MacGregor, H. H., 250 
Magnitude of a vector, 86, 147 
Malfatti, G., 235 
Manning, H. P., 362 
3Iatrices, algebra of, 333; modular 
equations and, 464 ; sum of two, 333 
Matrices E, and Eg for the projective 
plane, 484 

Matrices Hg, and Hg, 396, 398-400, 
477 

Matrix, inverse, 308 ; orthogonal, 308 ; 

rank of, 478 ; scalar, 334 
Measure, of angles, 151, 153, 163; angu- 
lar, 163, 165, 231, 311, 313, 362, 365 ; 
of line pairs, 163 ; of ordered tetrads, 
290 ; of ordered point triads, 99, 312 ; 
of a simple n-point, 104 ; of triangles, 
99, 149, 312 ; unit of, 99, 140, 319 
Median of a triangle, 80 
Meetings of pairs of lines, 276 
Menelaus, 89 

Metric group and geometry, parabolic, 
119, 130, 135, 144, 293 
Metric properties of conics, 81 
Mid-point, 80, 125 
Milne, J. J., 168 
Minimal lines, 120, 125, 265, 294 
Minimal planes, 294 
Minimal rotation, 299 
Minimal translation, 317 
Minkowski, H., 394 

Mdbius, A. E., 40, 67, 104, 229, 252, 
292, 293 

Model for projective plane, 67 
Modular equations and matrices, 464 
Modular spaces, 33, 35, 36, 253 
Moore, E. H., 24, 35 
Moore, B. L,, 69 
Morley, F., 222 

Motion, rigid, 144, 297 ; screw, 320 
Moved, 406 

A’-dimensional chain, 250 
JV-dimensional segment, 401 
A'-dimensional space, 58 
A^-dimensions, generalization to, 304 
Nearness, geometry of, 303 
Negative ordered pairs of lines, 417, 418 
Negative of an oriented segment or re- 
gion, 486 

Negative points, 17 

Negative relations between points and 
segments, 486 
Negative rotations, 417 
Negative sense-class, 407, 416 


Negative translation, 418 
Negative twist, 417 
Negative of a vector, 84 
Negatively oriented curve, 452 
Negatively related sense-classes, 486, 
491, 495 

Net of rationality, 35; cuts in, 14; 

order in, 13 
Neutral throw, 245 
Nine-point circle, 169, 233 
Nine-point conic, 82 
Noncoilinear points, 96 
Nondegenerate circle, 266 
Nondegenerate sphere, 315 
Non-Euclidean geometry, 350 ; Euclid- 
ean geometry as a limiting case of, 
375 ; history of, 360 
Nonmoduiar spaces, 34 
Normal to a conic, 173 
Normal curve, 286 
Null vector, 83 
Numbered angle, 154 
Numbered point, 456 
Numbered ray, 154 
Numbers, complex, 219 

Odd polygons, in a plane, 470, 482 ; in 
the projective plane, 489 
Odd polyhedra, 482, 483 
On, 440 

One-dimensional form, imaginary, 156 ; 

order in, 46 ; real, 156 
One-dimensional projectivities, 166, 170- 
173; and quaternions, 339; repre- 
sented by points, 342 
One-sided polygonal regions, 490 
One-sided polyhedra, 493 
One-sided region, 437 
Open cut, 14 
Opposite, 433 

Opposite collineations in space, 438, 451 
Opposite projectivities, 37, 38 
Opposite to a ray, 48 
Opposite sense, 61 

Opposite transformations, 452 ; of a 
2-cell, 452 

Oppositely directed, 433 
Oppositely oriented, 448, 450 
Oppositely sensed, 246 
Order, 40 ; assumptions of, 32 ; geo- 
metrical, 46; in a linear convex re- 
gion, 47 ; in a net of rationality, 13 ; 
in any one-dimensional form, 46 ; on 
a polygon, 466 ; of a set of rays, 432 
Order relations, on complex lines, 437 ; 
in a Euclidean plane, 138 ; in the 
real inversion plane, 244 ; with respect 
to involutions, 45 

Ordered pair, of points, 268, 271 ; of 
rays, 139 

Ordered projective spaces, 32 
Ordinary lines, 71, 287, 350 
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Ordinary minimal lines, 266 
Ordinary planes, 287 
Ordinary points, 71, 266, 268, 287, 360 
Ordinary space, 68 
Orientation of space, 496 
Oriented, oppositely, 448, 450 ; similarly, 
448 ; similarly, with respect to a line, 
426 

Oriented broken line, 484 
Oriented 2-cell, 452 
Oriented 3-celi, 463 
Oriented curve, 452 
Oriented edges of a polyhedron, 495 
Oriented faces of a polyhedron, 495 
Oriented interval, 484 
Oriented line, 426 ; doubly, 440, 442, 445, 
447, 449 

Oriented points, 426 ; segments of, 426 
Oriented polygon, 484 
Oriented polyhedron, 496 
Oriented projective space, 463 
Oriented segment, 484 
Oriented segment or region, negative of, 
485 

Oriented simple surface, 463 
Oriented three-dimensional convex re- 
gion, 484 

Oriented two-dimensional convex re- 
gion, 484 

Origin of a ray, 48 
Orthogonal circles, 161 
Orthogonal involutions, 119 
Orthogonal line reflections, 120, 122, 
126, 299, 317, 362, 370 ; center of, 
122 ; pairs of, 126 

Orthogonal lines, 120, 138, 293, 350, 
362 

Orthogonal matrix, 308 
Orthogonal plane reflections, 296 
Orthogonal planes, 293 
Orthogonal points, 362 
Orthogonal polar system, 293 
Orthogonal projection, 313 
Orthogonal transformations, 308 
Outside of a conic, 171 
Outside of a quadric, 344 
Owens, F. W., 69, 371 

Padoa, A., 44 

Pairs of lines, 50, 163 ; crossing of, 276 ; 
measure of, 163 ; meetings of, 276 ; 
negative, 417 ; negative ordered, 418 ; 
positive, 417 ; positive ordered, 417 ; 
separation of plane by, 60 
Pairs, of orthogonal line reflections, 126 ; 
of planes, 60 ; of points, ordered, 268, 
271 ; of points, unordered, 271 
Paolis, R. De, 362 
Pappus, 5, 103, 118 

Parabola, 73 ; axis of, 193 ; directrix 
of, 193 ; focus of, 193 ; Steiner, 196 ; 
vertex of, 193 


Parabolic metric group and geometry, 
119, 130, 136, 144, 293 
Parabolic pencils of circles, 242 
Parabolic project! vities, 6, 171 
Parabolic direct circular transforma- 
tions, 248 

Parallel to a line, translation, 288 
Parallel lines, 72, 287, 361 
Parallel planes, 287 
Parallelogram, 72 

Parallels, Clifford, 374, 375, 377, 444 
Parameter of a conic, 198 ; continuous 
one-parameter family of sets of points, 
405; continuous one-parameter family 
of transformations, 406; continuous 
one-parameter group, 406 
Parameter representation, 344 ; of ellip- 
tic displacements, 377 ; of hyperbolic 
displacements, 380 ; of parabolic dis- 
placements, 344 
Paratactic, 374 
Pascal, E., 186, 235, 279, 280 
Path curve, 249, 356, 406 
Peaucellier inversor, 229 
Peirce, B., 341 

Pencil, base point of, 242; center of, 
429, 433 ; of directions, 433 ; of lines, 
correspondence between the real 
Euclidean plane and a complex, 238 ; 
of rays, 429 ; of segments, 433 
Pencils of circles, 167, 169, 242 ; limiting 
points of, 169 

Pencils of projectivities, 343 
Pentads of noncollinear points, rights 
and left-handed, 442 
Permutations, even and odd, 41 
Perpendicular bisector, 123 ; foot of a 
perpendicular, 123 

Perpendicular lines, 120, 138, 293, 369, 
373 

Perpendicular planes, 293, 369, 373 
Perpendicular points, 352, 369, 373 
Perspective, doubly, 448 
Perspective correspondence, 271 
Pieri, M., 244 
Pierpont, J., 3 
Planar convex regions, 386 
Planar region, 404 

Plane, of analysis, 268 ; complex, 164 ; 
complex inversion, 264-268 ; corre- 
spondence between a complex line 
and the real Euclidean, 222, 238; 
double elliptic, 375 ; elliptic, 371 ; 
Euclidean, 58-63, 71 ; function, 268 ; 
hyperbolic, 360; hyperbolic geometry 
and inversion, 357 ; ideal, 287 ^ at 
infinity, 287 ; intuitional descri^on 
of the projective, 67 ; inversion, 268 ; 
inversion group in the complex Eu- 
clidean, 236 ; inversion group in 
the real Euciidean, 226, 236 ; iso- 
tropic, 294 ; minimal, 294 ; model for 
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projective, 67 ; order relations in a 
Euclidean, 138 ; order relations in the 
real inversion, 244 ; ordinary, 287 ; 
orthogonal, 293 ; projective, 268 ; real, 
140, 156; real inversion, 241, 268; 
refleetions, orthogonal, 295 ; sense in 
a Euclidean, 61 ; sides of, 59, 392 ; 
single elliptic, 371, 375; subdivision 
of a plane by lines, 51, 53, 460-464 ; 
of symmetry, 295 

Planes, pairs of, 50 ; parallel, 287 ; per- 
pendicular, 293, 369, 373 ; subdivision 
of space by, 50, 54, 475-477 ; vanish- 
ing, 348 

Plucker, J., 292, 326 

Poincard, H., 341, 362, 489 

Point pairs, congruence of parallel, 80 ; 

mid-point of, 80 ; separation of, 44-47 
Point-plane reflection, 257 
point reflection, 92, 122, 300, 352, 414 
Point triads, measure of ordered, 99; 
equivalence of ordered, 96, 288, 290 ; 
sum of ordered, 96 

Points, complex, 8, 156 ; circular, 120, 
155 ; double, of a projectivity, 5, 114, 
177 ; elliptic, 373 ; equianharmonic 
set of, 269 ; hyperbolic, 350 ; ideal, 
71, 265, 268, 287, 350 ; imaginary, 8, 
156; at infinity, 71, 241, 268, 287, 
352 ; inverse, 162 ; irrational, 17, 21 ; 
negative, 17 ; noncollinear, 96 ; num- 
bered, 456 ; one-dimensional projec- 
tivities represented by, 342 ; ordered 
pairs of, 268, 271 ; ordinary, 71, 266, 
268, 287, 350 ; oriented, 426 ; orthogo- 
nal, 352; of a pencil, base, 242; of 
pencils of circles, limiting, 169 ; per- 
pendicular, 352, 369, 373 ; positive, 17 ; 
projection of a set of, 291; rational, 
17; real, 8, 156; rotations represented 
by, 342, 343; segments of oriented, 
426; singular, 235; in space, corre- 
spondence between the rotations and 
the, 328 ; in space, cross ratios of, 55 ; 
ultra-infinite, 352 ; unordered pairs 
of, 271 ; vanishing, 86 
Polar coordinates, 249 
Polar system, 215; absolute, 293, 373; 

elliptic, 218 ; orthogonal, 293 
Polygon, 464-459, 480, 481 ; bounding, 
470, 482; directed, 484; even, 470, 
482, 489 ; interior and exterior of, 
472, 490 ; odd, 470, 482, 489 ; order 
on, 466 ; oriented, 484 ; regions deter- 
mined by, 467 ; sum modulo 2 of, 481 ; 
unicursal, 470 

Polygonal regions, 473 ; one- and two- 
sided, 490 

Polyhedra, odd and even, 482, 483 ; one- 
and two-sided, 493 ; oriented, 495 ; 
oriented edges of, 495 ; oriented faces 
of, 495 ; sum modulo 2 of, 482 


Polyhedral regions, 473 
Polyhedron, 474; bilateral, 494; con- 
nectivity of, 475; edges of, 474; faces 
of, 474; one-sided, 494; oriented edges 
and faces of, 495 ; two-sided, 494, 496 ; 
unilateral, 494 ; vertices of, 474 
Positions, intermediate, 407 
Positive coordinate system, 407, 408, 
416 

Positive ordered pairs of lines, 417 
Positive pairs of lines, 417 
Positive points, 17 

Positive relation between points and 
oriented segments, 485 
Positive rotation, 417 
Positive sense-class, 40, 407, 416, 491 
Positive translation, 416 
Positive twist, 417 
Positively oriented curve, 452 
Positively related sense-classes, 485, 491, 
495 

Power, of a point with respect to a circle, 
162 ; of a transformation, 87, 230 
Precede, 13, 15, 37, 47, 48, 350, 387 
Product, of pairs of involutoric projec- 
tivities, 277 ; of two vectors, 220 
Projection, generalization by, 167, 231 ; 
orthogonal, 313; of a set of points, 
291 

Projective classification of conics, 186 
Projective correspondence, 272 
Projective geometry, 36; foundations 
of general, 1 

Projective group of a quadric, 259 
Projective plane, 268 ; intuitional de- 
scription of, 67; matrices and E.^ 
for, 484 

Projective space, collineations in a real, 
252 ; sense in, 64 

Projective spaces, ordered, 32 ; sense- 
classes in, 418 

Projectivities, bundle of, 342 ; cyclic, 
258 ; direct, 37, 38, 407 ; doable points 
of, 6, 114, 177; elliptic, 6, 171; hyper- 
bolic, 6, 171; one-dimensional, 170, 
171 ; opposite, 37, 38 ; parabolic, 6, 
171 ; pencil of, 343 ; powers of, 87 ; 
products of pairs of involutoric, 277 ; 
of a quadric, 273; real, 156, 170- 
173; representation by points of one- 
dimensional, 342; representation by 
quaternions of one-dimensional, 339 
Projectivity, assumption of, 2 
Prolongation of a segment, 48 
Proofs, independence, 24-29 

Quadrangle, diagonals of, 72 
Quadrics, absolute, 369, 373 ; axes of, 
316 ; conf ocal system of, 348 ; direct 
collineations of, 260; interior and 
exterior of, 344 ; projective group of, 
259; projectivities of, 273; real, 262; 
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ruled, 259 ; sides of, 344 ; sphere and 
other, 315 ; unruled, 259 
Quadrilateral, diameter of, 81 
Quaternions, 337-341, 378 ; and the one- 
dimensional projective group, 339 

Badical axis, 169 

Radii, tran^ormation hy reciprocal, 
162 

Bank, of Hg, 479 ; of a matrix, 478 
Rational curve, 286 
Rational modular space, 35, 36 
Rational points, 17 

Rationality, net of, 35 ; order in a net 
of, 13 

Ratios of coliinear vectors, 85 
Rays, 48, 60, 143, 350, 372, 387, 429; 
bundle of, 435 ; numbered, 154 ; oppo- 
site, 48 ; order of a set of, 432 ; 
oidered pair of, 139 ; origin of, 48 
Real and imaginary elements and trans- 
formations, 156 
Real inversion geometry, 241 
Real inversion plane, 241, 268; order 
relations in, 244 
Real line, 156 

Real one-dimensional form, 166 
Real plane, 140, 166 
Real points, 8, 156 
Real projective transformations, 156 
Real quadrics, 262 
Reals, geometry of, 140 
Reciprocal radii, transformation by, 162 
Rectangle, 123 
Rectangular coordinates, 311 
Rectangular hyperbola, 169 
Reflections, axes of line, 268 ; center of 
orthogonal line, 122; directrices of 
line, 268 ; line, 109, 115, 258 ; orthogo- 
nal line, 120, 122, 126, 299, 317, 362, 
370 ; orthogonal plane, 295 ; pairs of 
orthogonal line, 126 ; point, 92, 122, 
300, 352, 414 ; point-plane, 257 ; in a 
three-chain, 284 

Region, convex, 385-304; negative of 
an oriented segment or, 485 ; one- 
sided, 437 ; order in a linear convex, 
47 ; planar, 404 ; polygonal, 473; 
polyhedral, 473 ; sense in overlapping 
convex, 424 ; simply connected three- 
dimensional, 404 ; tetrahedral, 64, 
398, 399 ; three-dimensional, 404 ; tri- 
angular, 68, 389, 395 ; trihedral, 307 ; 
two-sided region, 437; vertices of a 
triangular, 63 

Regions, bounded by a polyhedron, 483 ; 

determined by a polygon, 467 
Regulus, right- and left-handed, 443 
Restricted elementary transformations, 
410, 414, 420, 480 
Reye, T., 168 
Rhombus, 126 


Ricordi, E., 360 
Riemann, B., 361 
Right angles, 153 

Right-handed Clifford parallels, 374, 444 
Right-handed conjugate imaginary lines, 

444 

Right-handed coSrdinate system,408,416 
Right-handed doubly oriented lines, 442, 

445 

Right-handed elliptic congruence, 444 
Right-handed ordered pentad of points, 
442 

Right-handed ordered tetrad of points, 
442 

Right-handed regulus, 443 
Right-handed sense-class, 40, 407, 416, 
442 

Right-handed triad of skew lines, 443, 
447 

Right-handed twist, 417, 443 
Rigid motion, 144, 297 
Rodrigues, O., 330 

Rotation, angle of, 325, 327 ; axis of, 
299 ; center of a, .122 ; involutorlc, 299 ; 
isotropic, 299 ; minimal, 299 ; nega- 
tive, 417 ; positive, 417 ; sense of, 142 
Rotations, 122, 128, 141, 299, 821, 328- 
337 ; correspondence between the 
points of space and, 328 ; of an imag- 
inary sphere, 335 ; represented by 
points, 342, 343 
Ruled quadric, 259 
Ruler-and-compass constructions, 180 
Russell, B., 41 
Russell, J. W., 168, 201 

Saccheri, G., 361 
Same sense, 61 
Scalar matrix, 334 
Schilling, M., 67 
Schweitzer, A. R., 32, 415 
Screw motion, 320 

Segment, 45, 46, 47, 60, 350 ; or inter- 
val, complementary, 46 ; directed, 
484 ; ends of, 45, 427 ; interior of 
interval or, 45 ; 9i-dimensional, 401 ; 
oriented, 484 ; prolongation of, 248 
Segments, bundle of, 436 ; of oriented 
points, 426; pencil of, 433; sense- 
classes of, 436, 437 
Segre, C,, 9, 250, 251 
Self -conjugate subgroup, 39, 78, 106, 124 
Sense, 32, 41, 61, 387, 413 ; clockwise, 
40 ; criteria for, 49 ; in a Euclidean 
plane, 61 ; in Euclidean spaces, 63 ; 
in a linear region, 47 ; more general 
theory of, 461 ; in a one-dimensional 
form, 40, 43 ; opposite, 61 ; in over- 
lapping convex regi ons, 424 ; positive, 
40, 407, 416 ; in a projective space, 
64; right-handed, 40, 407, 416, 442; 
of rotation, 142 ; same, 61 
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